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ABSTRACT. Epstein and Penner give a canonical method of decomposing a
cusped hyperbolic manifold into ideal polyhedra. The decomposition depends
on arbitrarily specified weights for the cusps. From the construction, it is
rather obvious that there appear at most a finite number of decompositions if
the given weights are slightly changed. However, since the space of weights is
not compact, it is not clear whether the total number of such decompositions
is finite. In this paper we prove that the number of polyhedral decompositions
of a cusped hyperbolic manifold obtained by the Epstein-Penner’s method is
finite.

1. INTRODUCTION

Let M be a noncompact complete orientable hyperbolic n-manifold of finite vol-
ume. We call such a manifold a cusped hyperbolic n-manifold. In [I], Epstein and
Penner give a canonical method of decomposing M into hyperbolic ideal polyhe-
dra. Starting with positive weights, i.e., positive real numbers, specified for the
cusps, they apply a convex hull construction in the Minkowsky space. The resul-
tant polyhedral decomposition is unchanged even if the weights are simultaneously
multiplied by a positive number.

Suppose that M has two or more cusps. Then the weights can be deformed
so that their ratio changes. From the definition, it is rather obvious that such
polyhedral decomposition is “stable” with respect to the weights. Namely, only a
finite number of polyhedral decompositions appear when the weights are slightly
changed. Thus the set of weights admits a locally finite stratification up to scalar
multiple, i.e., the set of weights providing the same polyhedral decomposition de-
fines a stratum of the stratification. Since the space of positive weights up to scalar
multiple is not compact, it is not clear whether this stratification contains only
finitely many members. In this paper, we find a good compactification for it and
prove the following finiteness property.

Theorem 1.1. The number of ideal polyhedral decompositions of a given cusped
hyperbolic n-manifold M obtained by the Epstein-Penner’s method is finite.
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By the way, Epstein and Penner further put a natural auxiliary Euclidean struc-
ture on each polyhedron of the decompositions and show that such singular Eu-
clidean structures are then projectively parameterized by the weights. However,
Theorem [[L1] does not concern this additional structure. What we study for the
rest of this paper are the underlying hyperbolic ideal polyhedral decompositions.

2. CONVEX HULL CONSTRUCTION

The Minkowsky (n + 1)-space M"*! is an (n + 1)-dimensional real vector space
with the bilinear form (-, -) of signature (n,1), i.e.,

(z,y) = —zoyo + T1y1 + - - + TnYn,

for z,y € M"*! with z = (2o, 21,...,2n), ¥ = (Yo,Y1,---,Yn). The hyperbolic
n-space is the subset of M™*! defined by

H" = {z = (z0,21,...,2Zn) | (x,2) = =1, 29 > 0}

equipped with the Riemannian metric which is the restriction of (-, -) to the tangent
spaces.
We define the positive light cone Ly and the set T by

Ly ={z=(20,21,...,2,) | {x,2) =0, 39 > 0} C M" T
Ty = {x = (z0,71,...,2,) | (x,2) <0, 29 > 0} C M"HL.
For each v € L, we define the set H, by
H,={zeH"|(v,x) > —1}.

Such H, is called a horoball in H". We can see that H, = H, implies v = v/, and
hence can associate a vector v(H) with each horoball H in H" so that H = H,g.
From the definition, the map v from the set of horoballs in H™ to L is bijective.
Suppose that M has p cusps. Let m : H" — M be the universal covering and
denote by T' the image of 71 (M) by the holonomy map. To define a decomposition
of M, we specify a weight, i.e., a nonnegative real number, for each cusp. Let
w; (j =1,...,p) be the weight specified for the j-th cusp and W = (wn,...,wp)
the collection of them, which we also call simply a weight. Suppose that W is an
element of (R>o)? — {0}, where R is the set of nonnegative real numbers and 0
denotes the origin of RP. Generalizing a convex hull construction of Epstein-Penner
[, we define the decomposition D(W) of M with weight W as follows. Let H;
( = 1,...,p) be a horoball with the following properties: (i) H; is stabilized by
a parabolic subgroup of " which corresponds to the j-th cusp. (ii) The volume of
H;/Stab(T', H;) is equal to w;, where Stab(I', H;) denotes the subgroup of I" which
stabilizes H;. (When w; = 0, put H; = (.) Then we define the following sets:

H;(W) ={vH;|y €T}, HW)= U H; (W),

Vi(W) =v(H;(W)), VW) =o(HW)).
Since W is not equal to 0, it has a non-zero entry; thus V(W) = (. Let C(W) be
the closed convex hull of V(W) in M™*1 that is, C(W) is the intersection of closed
half spaces of M"*! which contain V(W). Then, by Lemma 3.4 of [1], each ray in
T, from the origin intersects OC(W') at precisely one point. Thus the faces of C(W)
determine a decomposition D(W) of H" by the radial projection from the origin.
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Since V(W) is invariant under the action of I, so is D(W). Thus we can define the
decomposition D(W) by D(W)/I'. One of the results in [1] states:

Theorem 2.1 ([I]). If W has no zero entry, that is, if W € (Ry)?, then D(W) is
an ideal polyhedral decomposition with the property D(tW) = D(W) (¢t > 0).

We prove the following theorem in the last section.

Theorem 2.2. For W € (R>¢)? — {0} which may have zero entries, there exists
¢:P - P, Q- 1T Qp, = M

with the following properties:

1) ¢:PII--- 0P, Q1T --- T Q,, — M is unchanged even if the weight is
multiplied by a positive number.

(2) Each P; (j =1,...,np) is a finite sided convex ideal polyhedron of dimension
n.

(3) Each Q; (j =1,...,nq) is an n-dimensional complete hyperbolic manifold with
boundary consisting of a finite number of finite sided ideal polyhedra.

(4) The map ¢ is an onto continuous map.

(5) The restriction of ¢ to each P; or Q; is a local isometry and maps the interior
injectively.

(6) The images of P;’s and Q;’s do not intersect in the interior.

(7) The image of the interior of each Q; contains a cusp with weight 0 and is
homotopy equivalent to the cusp.

In the rest of this section, we characterize the polyhedra in 13(W) (see Proposi-
tion 7). At first, notice that the following lemma can be proved by the argument
in the proof of Proposition 3.5 of [I]. For a convex set C' C M"*! and a half space
AcC M if C C A and 9C NOA # (), we say that A is a supporting half space of
C.

Lemma 2.3. Let a be a point in M"*! and A = {z € M"™ | (z,a) < —1}. If A
is a supporting half space of C(W), then a is contained in T4 U L. Moreover, a is
contained in L if and only if it is a parabolic fixed point of I' corresponding to a
cusp with weight 0.

Note that, since C(W) is closed, 9C(W) is the union of faces of C(W). However,
in contrast with Proposition 3.5 of [I], some faces of C(W) may be infinite sided
polyhedra. To characterize such polyhedra, we need more observation.

The following lemma is a generalization of a well-known proposition in the theory
of polytopes. Since C(W) is the closed convex hull of an infinite point set, it is not
a trivial consequence of the general theory.

Lemma 2.4. Let a be a point in M"*! and A = {z € M"*!|(z,a) < —1}. If
A is a supporting half space of C(W), then 0ANC(W) is the closed convex hull of
OANV(W). Moreover, 0DANC(W) is a finite sided polyhedron if and only if a € T.

Proof. By Lemmal[Z3] a is contained in Ty U L. First, assume that a € T'y. Then
the intersection of 0A and Ly is a compact set. Thus 0A N L; has a compact
neighborhood in M™*1. Since V(W) is discrete in M"*! by Theorem 2.4 of [I],
the compact neighborhood of 9A N L contains only a finite number of elements of
V(W). Thus the intersection of V(W) and a sufficiently small deformation of A
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is contained in this finite set of points. Hence we can easily see that A NC(W) is
the closed convex hull of 9A N V(W) and is a finite sided polyhedron.

Next, assume that a € L. Then, by Lemma [Z3] a is stabilized by a parabolic
subgroup of T' corresponding to a cusp with weight 0. Since (yz,a) = (z,7 la) =
(z,a) for any v € Stab(T',a) and z € M"!, 9A is stabilized by Stab(I',a). Thus
OANC(W) is stabilized by the infinite group Stab(T", a). The following claim holds.

Claim 2.5. Suppose that a half plane « of A contains A N V(W). Then « is the
intersection of A and some half space B of M"*! containing V(W).

Before proving Claim [Z3] we see that the proof of Lemma [Z4] is completed by
using the claim. From the definition, it is obvious that the closed convex hull of
OANV(W) is contained in A NC(W). On the other hand, suppose that a point
x € 0A is not contained in the closed convex hull of 9A N V(W). Then there is
a half plane « of A such that « D AN V(W) and a # z. By Claim 2, there
is a half space B of M™*! such that B D V(W) and BN dA = a. Since x is not
contained in B, it is not contained in C(W). Thus A NC(W) is contained in the
closed convex hull of 94 N V(W). Hence 0ANC(W) is equal to the closed convex
hull of AN V(W).

Let v be a vertex of A NC(W). Since dA N C(W) is stabilized by Stab(T, a),
the point yv (v € Stab(T', a)) is also a vertex of 9A NC(W). Since Stab(T',a) is an
infinite group, the hull is an infinite sided polyhedron. This completes the proof.

Proof of Claim [ZZ Let S be the n-dimensional vector subspace of M"*! which
contains da, and s1,...,8, be points in da such that {s1,...,s,} is a basis of
S. Now, assume that a € S. Then we can see that the normal vector u of S
satisfies (u,u) > 0. If (u,u) = 0, then a is also a normal vector of S, and hence
0ANS = (. This contradicts the definition of S. If (u, u) > 0, then the intersection
of S and H" is an (n — 1)-dimensional totally geodesic hyperplane which contains
[a] in its boundary, where [-] denotes the projection from L onto OH". On the
other hand, since 9A N V(W) is stabilized by Stab(T', a), it is impossible that the
subset [0ANV(W)] of OH" is contained in one side of such a plane, a contradiction.
Thus a is not contained in S, and hence the set {s1,...,s,,a} is a basis of M"*!,

Choose a’ so that the plane {# € M"™!|(z,a 4+ a/) = —1} contains da. Then
(s1,a+ad') = - = (sp,a+a’) = —1. Since A also contains da, (s1,a) = -+ =
(Sn,a) = —1. Thus we have (s1,a’) = -+ = (sp,a’) = 0. Therefore the set of such
a’ forms a one-dimensional vector subspace of M" 1. Since {s1,...,sp,a} is a basis
of M"*1 (a,a’) # 0 for any such a’ # 0. Since

(a+ada+a)={a a)+2(ad)+(d,a) =2{a,d') + (d, ),

there exists ay, in the one-dimensional subspace formed by o’ such that (a + eay,
a+eaf) <0 forany 0 <e<1.

Let B be the half space of M"™! which is bounded by a plane considered in
the preceding paragraph and does not contain the origin. To be more precise, put
B = {z € M""! |(z,a + ea) < —1}. In the following, we observe that for a
sufficiently small € > 0, B has the desired properties, that is, 04 N B = « and
B D> V(W). By the definition of B, we can see that 9B N 0A = da. Since a + €ay
is contained in 7'y, the intersection of L and the complement of B is contained
in a compact subset of M"*1. On the other hand, since 94 N V(W) is stabilized
by the infinite group Stab(T',a), JA N V(W) consists of infinite points. Using this
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fact and the fact that V(W) is discrete in M" ™!, we can see that 9AN V(W) is not
contained in a compact set. Thus B N JA is equal to a.

Since V(W) is discrete in M"*! and since the intersection of L and the com-
plement of B is contained in a compact subset of M™t!, there are at most a finite
number of points of V(W) which are not contained in B. Since B D o D JANV(W),
those points are contained in the interior of A. Since B is a small deformation of
A depending only on €, we can find a sufficiently small ¢ > 0 such that there are
no such points, that is, B D V(W). This completes the proof. O

To make a detailed observation, we need additional definitions. Let x be a point
in H" and H a horoball in H". The distance d(x, H) between x and H is defined
by

d(, H) d(z,0H), ifxz ¢ H, and
x =
’ —d(z,0H), ifxeH.

Then the following lemma holds.

Lemma 2.6 (|2, Lemma 3.2]). For a point x € H" and a horoball H C H",
d(xz, H) = log(—(z,v(H))).

Let KC be a set of horoballs. For € H" and a horoball H € K, we say that H
is a nearest horoball to x in IC if

d(z,H) = min{d(z, K)| K € K}.

We denote by N (x, K) the set of nearest horoballs to z in K.

For v € OH™ and a set of horoballs IC, the highest horoballs in K with respect
to u are defined as follows: First, identify H"™ with the upper half space model by
a map which sends u to co. The highest horoballs in K with respect to u are the
horoballs in K with the largest Euclidean height except for the horoball centered
at u.

We can characterize the polyhedra in D(W) as follows.

Proposition 2.7. Let U be a set of points in OH". The ideal polyhedron P spanned
by U is a polyhedron in D(W) if and only if one of the following is satisfied:
(i) There is xo € H™ such that the set of centers of the nearest horoballs to xq in
H(W) is equal to U, and U is a finite set.
(ii) There is a parabolic fized point us € OH™ of T' corresponding to a cusp with
weight 0 such that the set of centers of the highest horoballs in H(W) with
respect to us s equal to U.

Proof. First, suppose that P is a polyhedron in 15(W) spanned by U. Let A =
{x € M"*! | (x,a) < —1} be a supporting half space of C(W) such that 9ANC(W)
projects onto P by the radial projection from the origin. Then, by Lemma 23]
a < T+ U L+.

Assume that a € Ty. Then, by Lemma Z4] 0A N C(W) is a finite sided poly-
hedron, and hence U is a finite set. Put 9 = a/+/—(a,a). Then 2y € H" and
A= {x e M| (x9,2) < —1/y/—{a,a)}. By Lemma [Z6 and the definition of A,
we can see that U is the set of centers of the nearest horoballs to zg in H(W).

Assume that a € L. Put H = v=%(2a) and us = [a] € OH". Then H is a
horoball with center u.,. We can see by the definition of A that (v,v(H)) < —2 for
any v € V(W) and the equality holds if and only if [v] € U. This is equivalent to



2436 HIROTAKA AKIYOSHI

the condition that the horoballs in H (W) which intersect H are those with centers
in U and are tangent to H. Hence, the highest horoballs in H(W') with respect to
Uso are those with centers in U.

Next, suppose that a subset U of OH" satisfies condition (i) or (ii) of this propo-
sition. Assume that condition (i) is satisfied. Then put a = —xzo/(xo,v(H)) for
arbitrary H € N(zo, H(W)) and A = {x € M"*! | (z,a) < —1}. Then, by Lemma
2.6, we can see that V(W) C A and [V(W) N OA] = U. Thus, by Lemma 2.4 the
polyhedron spanned by U is contained in 15(W)

Assume that condition (ii) is satisfied. Let H be a highest horoball in H (W) with
respect to Uoo. Let a be a point in Ly such that [a] = us and that (v(H),a) = —2.
Then each highest horoball in H(W') with respect to us is tangent to the horoball
v~ 1(a). Put A= {z € M"*!|(x,a) < —2}. Then we can see that V(W) C A and
[V(W)NndA] = U. Thus, by Lemma 2.4, the polyhedron spanned by U is contained

in D(W). O
3. FINITENESS OF THE HOROBALL PATTERN

Propositions and are the key for the proof of Theorems [T and Let
W = (w1,...,wp) be an element of (R>o)? — {0}. For the rest of this paper, we
will observe the following convention:

Convention 3.1. For a set of horoballs K(W) C H(W) and W’ € (R>¢)? — {0},
K(W’) is the set of horoballs in H(W') which share the centers with horoballs in
KW).

Proposition 3.2. Suppose that the j-th entry of W is equal to 0. Let us € OH™ be

a parabolic fized point of T corresponding to the j-th cusp. For W' € (R>q)? — {0},

denote by Hoo(W') the horoball in H(W') with center uoo if the j-th entry of W' is

not equal to 0. Then there are a horoball H; with center us, a neighborhood N; of

the weight W and subsets IC§J)(W), e ,IC,(%)(W), Egj) (W),..., El(j)(W) of H(W)

with the following properties:

(1) For any W' € N; and x € Hj, there are vy € Stab(T', H;) and k € {1,...,k;}
such that N'(yx, H(W")) is equal to IC,(CJ)(W') or IC,(CJ)(W') U{Ho(W")}.

(2) For any W' € Nj, there isl € {1,...,1;} such that the set of highest horoballs
in H(W') with respect to us is equal to L:l(j) (W").

Proposition 3.3. For any compact set K in H", there are a neighborhood N of
W and a finite subset M(W) of H(W) such that N'(z, H(W')) € M(W’') for any
x€ K and W € N.

Proof of Proposition [T2. Identify H" with the upper half space model by an isom-
etry which sends us to co. Since M is of finite volume, Stab(I',00) acts on the
horizontal (n — 1)-plane with height 0 by Euclidean isometries with a compact quo-
tient. Since V(W) is discrete in M1 the set of Euclidean heights of horoballs
in H(W) is bounded above and discrete in Ry. Let Z(W) be the set of highest
horoballs in H(W).

For a point x = (2/,t) in the upper half space R"~! x R and a positive number
R, we define the (n — 1)-dimensional ball Bj(z, R) in the horizontal plane with
height 0 by Bp(z, R) = {(z”,0)]||=" — 2’| < R}, where | - | is the Euclidean norm.
Since Stab(T", 00) acts on the horizontal (n — 1)-plane with height 0 by Euclidean
isometries with a compact quotient, we can find a positive number Ry with the
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following property: For any W’ € (R>)? — {0} and for a point z in the upper half
space, Bj,(x, Rp) contains the center of some highest horoball in H(W’).

Let § be the difference between the largest and the second largest Euclidean
heights of the horoballs in H(W). Let hy(W') (resp. h2(W')) be the Euclidean
height of the highest horoballs in Z(W”) (resp. H(W')—Z(W')). Then there exists a
compact neighborhood N; of W such that hy(W')—hao(W') > §/2 for any W’ € N;.
In particular, the highest horoballs in H(W') with respect to u~, are contained in
Z(W') for any W' € N;. Let Zo(W) be a system of representatives up to the action
of Stab(T", 00) on Z(W). Since Zo(W) is a finite set, the number of subsets of Zo (W)
is also finite. For each subset, consider the set of horoballs equivalent to the ones
in this subset up to the action of Stab(I',c0). Let Egj)(W), . ,El(f)(W) be such
sets. Then the set of highest horoballs in H(W’) with respect to Uso 18 equal to

some ﬁl(j)(W’) for any W’ € N;. Thus assertion (2) holds.

Put ho = max{hi(W’),ha(W') +6/4 + R3/5|W' € N;}. We shall denote by
B(x, R) the n-dimensional Euclidean ball in the upper half space with center x and
radius R. Let z = (2/,t) be a point in the upper half space with ¢ > hy. For W’ €
Nj, assume that B(z, R) intersects a horoball in H(W') — (Z(W') U {Hoo(W')}).
Then R is greater than or equal to t — ho(W’). Thus

R>t-— hg(W’) > h() — hg(W’)

] 2 ) 2
> ho(W') + 7 + % —he(W') = 5 %~
On the other hand, we can see that the intersection of B(x, R) and the horizontal
(n — 1)-plane with height hy(W’) is an (n — 1)-dimensional Euclidean ball with
radius \/R% — (t — h1(W’))2. By the inequalities hy(W’) — ho(W’') > §/2 and
R >t — ho(W'), we have t — hy(W’) < R — §/2, and hence the radius is greater
than \/R% — (R — 6/2)2 = \/R§ — §2/4 > Ry. Thus B(z, R) intersects a horoball
in Z(W') — {Hs(W')} in the interior.

Now, we can find the nearest horoballs in H(W') — { Ho(W’)} to a point =
(2, t) with ¢ > hg as follows: Note that any hyperbolic ball centered at = is a
Euclidean ball with center (z’,t') for some ¢ > ¢. Since t > hg > hy(W’'), there is
a sufficiently small positive number r such that the hyperbolic ball with center x
and radius r does not intersect any horoball in H(W') — { Hoo(W’)}. Then increase
the radius r gradually until the hyperbolic ball is tangent to some horoball in
HW') — {Hoo(W')}. Let B be such a hyperbolic ball. The nearest horoballs to
x in HW') — {Ho(W')} are those which are tangent to B. By the observation
in the preceding paragraph and the definition of Ry, we can see that each horoball
which is tangent to B is contained in Z(W') and that the Euclidean radius of the
intersection of B and the horizontal (n — 1)-plane with height hy(WW’) is smaller
than Rp. Since Stab(T",00) acts on each horizontal (n — 1)-plane by Euclidean
isometries with a compact quotient, it has a compact fundamental domain. Let
Z; (W) be the set of horoballs in Z(WW) which have centers in the Rg-neighborhood

of the fundamental domain and IC@(W), e ,IC,(J)(W) the subsets of Z; (W). Let
H; be the horoball consisting of the points with JEuclidean height greater than or
equal to hg. Then, by the above observation, we can see that for any W’ € N; and
x € Hj, there are v € Stab(I', H;) and k € {1,...,k;} such that N (yz, H(W')) is
equal to IC,(j)(W') or IC,@(W’) U {Hw(W")}. Thus assertion (1) holds. O
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Proof of Proposition[3.3. By Lemmal2Z6] we can see that the centers of horoballs in
N (z, H(W)) and those of N (z, H(tW)) coincide for any € H", W € (R>o)? — {0}
and ¢ > 0. Thus we can multiply W by any positive number ¢, without loss of
generality. So we assume that UH (W) contains K in its interior. Let M(W) be
the set of horoballs in H(W) which intersect K. Then there is a neighborhood N of
W such that UM (W') contains K in the interior and UM¢(W’) does not intersect
X for any W' € N, where M¢(W’) is the complement of M(W’) in H(W’). Thus
Nz, HW'")) € M(W') for any x € K and W’ € N. Since K is compact and
V(W) is discrete in M1, M(W) is a finite set. This completes the proof. O

4. PROOF OF THEOREMS [Tl AND

Proof of Theorem We define Py, Pa,... and Q1,..., Qn, as follows:
(i) {Py,P2,...} is a system of representatives of the finite sided n-dimensional
polyhedra in 15(W) up to the action of T'.
(ii) Each Q; is the quotient of an infinite sided polyhedron in D(W) by its stabi-
lizer in I', and {Q1,..., Qn, } is a system of representatives of such manifolds
up to the action of T.

By Proposition 2.7] we can define a map
¢: (PLIIPyIL- ) II(Q 1T+ 11Q,,) — M.

Condition (1) of this theorem is obviously satisfied by the definition.

We prove that the number of ideal polyhedra P; is finite. Since no ideal polyhe-
dron is contained entirely in a cusp, each P; intersects any compact core of M. Thus
it suffices to see that the subcomplex of 75(W) consisting of the finite sided poly-
hedra is locally finite in H". Let K be a compact subset of H" and R1,Ro,... the
distinct polyhedra in D(W) which intersect K. Let A; = {z € M" | (z,q;) < -1}
be a supporting half space of C(W) such that the face 04;NC(W) projects onto R;.
Since K is compact, there is a subsequence of {A;} which converges to some half
space A = {x € M"!|(z,a) < —1}. (We also denote the subsequence by {4;}.)
To be more precise, the sequence {a;} converges to a. By Lemma [24] each a; is
contained in T4. Since a is the limit of {a;}, a is contained in T} U L. Assume
that a is contained in 7'y. Then the intersection of A and L, is a compact set.
Thus A N L4 has a compact neighborhood. Note that for any sufficiently large
j, 0A; N L4 is contained in this compact neighborhood. On the other hand, since
V(W) is discrete in M"*1, the intersection of V(W) and the compact neighborhood
consists of finite points. Thus it is impossible that the infinite number of faces
0A; N C(W) are mutually distinct, a contradiction. Hence, by Lemma 23] a is
a parabolic fixed point of I' corresponding to a cusp with weight 0. Since {a;}
converges to a, by Proposition 2(i), there is a sequence {z;} C H" such that the
vertices of R; are the centers of horoballs in N (z;, H(W)), and we can see that
{m(x;)} exits the cusp with weight 0. This is impossible by Proposition 32 Thus
the number of ideal polyhedra Rq,Ra,... is finite. Hence condition (2) of this
theorem is satisfied.

Conditions (3), (4), (5) and (6) are clearly satisfied by the definition.

Finally, we prove that the image by ¢ of the interior of each Q; is homotopy
equivalent to the cusp contained in ¢(Q;). Let us be a parabolic fixed point of
I" such that the convex hull éj of the centers of highest horoballs in H(W) with

respect to U projects to Q;. By the definition of 75(W) and Proposition Z7(ii),
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we can see that intéj intersects 'y(intéj) (v € T) if and only if v € Stab(éj, I).
Since Stab(éj, I') is an image of the fundamental group of the cusp contained in
#(Q;), #(intQ;) = int éj/Stab(@j, I') is homotopy equivalent to the cusp contained
in ¢(Q;). O

Proof of Theorem [[1l First, we observe that for any W € (R>o)? — {0}, there is a
neighborhood N of W such that {D(W')| W’ € N} is a finite set. For simplicity,
assume that W = (wi,...,wg,...,w,) satisfies w; # 0 for j € {1,...,¢} and
w; =0forje{g+1,...,p}. Let H; (j =¢+1,...,p) be the horoball and N; (j =
¢+1,...,p) the neighborhood of W obtained by Proposition[3.2] Since w; # 0 for
j€{1,...,q}, it is easy to see that there are a horoball H; (j = 1,..., q) stabilized
by a parabolic subgroup of I' corresponding to the j-th cusp and a neighborhood
N;(j =1,...,q) of W with the following property: For j € {1,...,q}, z € H,
and W’ € N, the nearest horoball to = in H(W’) is the horoball which shares the
center with H;. Since M — U§:1 m(H;) is compact, there is a compact set M, in
H"™ which projects onto M — U§:1 m(H; ). For this Mo, let N’ be the neighborhood
of W obtained by Proposition B3. Put N = ﬂé’:l N; N N’. Then, we can see that
{D(W')|W' € N} is a finite set.

Put W = {(wy,...,wp) | Z?=1 w; =1} C (R>0)? — {0}. Then, by Theorem 22

we have
{DW) W € (Rx0)” = {0}} = {D(W) |W € W}.

By the above observation, for any W € W, there is a neighborhood N of W such
that {D(W)|W € N} is a finite set. Thus we can see that {D(W)|W € W} is a
finite set, since W is compact. This completes the proof of Theorem [l O
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