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ON THE SOLUTIONS OF THE CONGRUENCE n2 ≡ 1 (mod φ2(n))

FLORIAN LUCA AND MICHAL KŘǏŽEK

(Communicated by David E. Rohrlich)

Abstract. In this note, we show that if n is a positive integer satisfying the
congruence n2 ≡ 1 (mod φ2(n)), then n ≤ 3.

For any positive integer n let φ(n) be the value of the Euler function at n.
Very little is known (see problem B37 in [2]) about the composite values of n for

which n ≡ 1 (mod φ(n)). D. H. Lehmer conjectured there there is no such n and
Pomerance (see [5]) showed that the number of composite n less than x satisfying
the above congruence is

O(x1/2(log x)3/4(log log x)−1/2).(1)

In this note, we look at the positive integers n satisfying

n2 ≡ ±1 (mod φ2(n)).(2)

Our result is

Theorem. If n satisfies congruence (2), then n ∈ {1, 2, 3}.

We begin with the following lemmas.

Lemma 1. Assume that d > 1 is not a square. Then, the smallest positive solution
(X1, Y1) of the Pell equation

X2 − dY 2 = 1(3)

satisfies

max(X1, Y1) < e3
√
d log d.(4)

Proof. The proof follows immediately from Theorem 13.5 on page 329 in [3].

Lemma 2. Let t ≥ 2 be an integer. Let py be the yth prime number in the arith-
metic progression (2tm+ 1)m≥1. Then,

py ≥ 2t−2y log y + 1 for all y ≥ 2t.(5)

Moreover, inequality (5) holds also when py is the yth prime in the arithmetic
progression (2tm− 1)m≥1.
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Proof. Assume that inequality (5) fails for some t ≥ 2 and some y ≥ 2t. For any
positive integers x, k, l such that x > k > l let π(x; k, l) denote the number of
primes p such that p ≤ x and p ≡ l (mod k). Then, by a result of Montgomery and
Vaughan (see [4]), we know that

π(x; k, l) <
2x

φ(k) log(x/k)
.(6)

We apply inequality (6) for x = 2t−2y log y + 1, k = 2t and l = 1 and get

y ≤ π(x; k, l) <
2 · (2t−2y log y + 1)

2t−1 log
(
y log y

4

) ,

or

2t−1y
(

log
(y log y

4

)
− log y

)
< 2,

or

log
( log y

4

)
<

1
2t−2y

≤ 1
4
,

or

log y < 4e1/4,

or

y ≤ 170.

Since 2t ≤ y ≤ 170, it follows that t ≤ 7. We now check that inequality (5) holds
for all values of t ≤ 7 and 2t ≤ y ≤ 170, which gives the final contradiction.

Let d be a positive integer which is not a square and let (Xj , Yj) be the jth
positive solution of the Pell equation

X2 − dY 2 = 1.

It is well-known that

Xj =
(X1 +

√
dY1)j + (X1 −

√
dY1)j

2
and

Yj =
(X1 +

√
dY1)j − (X1 −

√
dY1)j

2
√
d

.

In particular, (Yj)j≥1 is a Lucas sequence of the first kind and (Xj)j≥1 is a Lucas
sequence of the second kind. It is well-known that the sequence (Yj)j≥0 satisfies
the property that (Yi, Yj) = Y(i,j) for all positive integers i and j. A prime divisor
p of Yj is called primitive if p 6 | Yk for any k < j. From results of Carmichael
(see [1]), we know that Yj has a primitive divisor for all j ≥ 1 except maybe for
j ∈ {2, 3, 4, 6, 12}. Moreover, every primitive divisor of Yj is either a divisor of
d or is congruent to ±1 (mod j). We record these observations as

Lemma 3. If j ≥ 8 and j 6= 12, then Yj has primitive divisors and all of them are
either divisors of d or are congruent to ±1 (mod j).

We are now ready to prove the theorem.
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Proof. Assume that n ≥ 3. It is very easy to show that the congruence n2 ≡
−1 (mod φ2(n)) cannot occur. Indeed, for n ≥ 3, the number φ(n) is even. Now
the relation φ2(n) | (n2 + 1) is impossible because −1 is not a quadratic residue
modulo 4.

Assume now that n2 ≡ 1 (mod φ2(n)). It follows that there exists an integer
d ≥ 1 such that

n2 − dφ2(n) = 1.(7)

It is easy to see that d is not a square because the only consecutive squares are 0
and 1 but n ≥ 3. Let (X1, Y1) be the smallest solution of the Pell equation

X2 − dY 2 = 1.(8)

Equation (7) implies that n = Xm and φ(n) = Ym for some m ≥ 1. Since n and
φ(n) are coprime, it follows that n is square-free. Write

n = p1...pl,(9)

for some prime numbers 2 ≤ p1 < ... < pl. Notice first that since φ(n) is even, it
follows that p1 ≥ 3. Moreover, since

Ym = φ(n) = (p1 − 1)...(pl − 1),

it follows that

ω(n) = l ≤ ord2(φ(n)) = ord2(Ym).(10)

Let

m = 2tm1,(11)

where t ≥ 0 and m1 is odd. It is well-known that

ord2(Ym) = t+ ord2(Y1).(12)

By inequality (4), it follows that

ord2(Y1) ≤ log Y1

log 2
<

3
log 2

√
d log d.(13)

Hence,

l < t+
3

log 2

√
d log d.(14)

We now write
√
d <

Xm

Ym
=

l∏
i=1

(
1 +

1
pi − 1

)
,(15)

or

log(
√
d) <

l∑
i=1

log
(

1 +
1

pi − 1

)
<

l∑
i=1

1
pi − 1

.(16)

We now use the fact that pi > (i + 1) log(i + 1) + 1. Indeed, this follows, for
example, from a formula in [6], by noticing that pi is at least the i + 1st prime
number. With this inequality, we conclude that

l∑
i=1

1
pi − 1

≤ 1
3− 1

+
1

5− 1
+
∫ l+1

3

dx

x log x
<

3
4

+ log log(l + 1).(17)
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Combining inequalities (14), (16) and (17), we get

log(
√
d) <

3
4

+ log log
(
t+ 1 +

3
log 2

√
d log d

)
.(18)

Assume first that t ≤ 1. In this case, inequality (18) forces

d ≤ 136.(19)

Assume now that t ≥ 2. We first show that every prime divisor pi of Xm is, in
fact, a primitive divisor of Y2t+1s for some divisor s of m1. Indeed, to see why
this is so, assume that p is a prime such that p | Xm. Since Y2m = 2XmYm and
(Xm, Ym) = 1, it follows that p | Y2m and p 6 | Ym. Let j be the divisor of 2m such
that p is a primitive divisor of Yj . From the above arguments, it follows easily that
ord2(j) = ord2(2m). But this last equality and formula (11) imply that j = 2t+1s
for some divisor s of m1.

In particular, by Lemma 3, every prime pi is either a divisor of d or is congruent
to ±1 (mod 2t+1). Since, at any rate, (Xm, d) = 1, it follows that every prime pi
is congruent to ±1 (mod 2t+1). We now take a closer look at the primes q in the
arithmetic progression (2t+1s − 1)s≥1. We denote these primes by q1 < q2 < ... <
qj < .... For j < 2t+1, we certainly have qj ≥ 2t+1j − 1. When j ≥ 2t+1, it follows,
by Lemma 2, that

qj ≥ 2t−1j log j + 1.(20)

Hence,

l∑
j=1

1
qj − 1

≤
2t+1−1∑
j=1

1
2t+1j − 2

+
1

2t−1

l∑
j=2t+1

1
j log j

<
1

2t+1 − 2
+
∫ 2t+1−1

1

dx

2t+1x− 2
+

1
2t−1

∫ l

2t+1−1

dx

x log x

<
1

2t+1 − 2
+

log(2t+1 + 1)
2t+1

+
log log l

2t−1
.(21)

A similar argument for the first l primes rj from the arithmetic progression
(2t+1s+ 1)s≥1 shows that

l∑
j=1

1
rj − 1

<
1

2t+1
+

log(2t+1 − 1)
2t+1

+
log log l

2t−1
.(22)

Hence,

l∑
i=1

1
pi − 1

<

l∑
j=1

1
qj − 1

+
l∑

j=1

1
rj − 1

<
1

2t+1 − 2
+

1
2t+1

+
(t+ 1) log 2

2t
+

log log l
2t−2

.

(23)

From inequalities (14), (16) and (23), we get

log(
√
d) <

1
2t+1 − 2

+
1

2t+1
+

(t+ 1) log 2
2t

+
log log

(
t+ 3

log 2

√
d log d

)
2t−2

.(24)
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It is easy to check that the function appearing in the right-hand side of inequality
(24) is decreasing for t ≥ 2 (for all values of d ≥ 2). Hence, inequality (24) implies,
in particular, that

log(
√
d) <

1
6

+
1
8

+
3 log 2

4
+ log log

(
2 +

3
log 2

√
d log d

)
,

which implies that

d ≤ 161.(25)

Hence, inequalities (19) and (25) show that d < 162.
We have computed the first solutions of all the Pell equations (3) for all non-

square values of d < 162 and concluded that ord2(Y1) < 10. We now use inequality
(24) with the upper bound

3
log 2

√
d log d

on ord2(Y1) (see formula (13)) replaced by the upper bound 10 to conclude that

1
2

log 2 ≤ log(
√
d) <

1
2t+1 − 2

+
1

2t+1
+

(t+ 1) log 2
2t

+
log log(t+ 10)

2t−2
.(26)

Inequality (26) leads to t ≤ 4, therefore, l ≤ 14. Since now we know that Xm is
divisible by at most 14 odd primes, it follows that

√
d <

Xm

Ym
=

l∏
i=1

(
1 +

1
pi − 1

)
≤
(

1 +
1

3− 1

)(
1 +

1
5− 1

)
...
(

1 +
1

47− 1

)
< 3.61,

therefore d ≤ 13. Since ord2(Y1) ≤ 2 for d ≤ 13, it follows that l ≤ 6. Moreover, we
can now show that t ≤ 1. Indeed, if t ≥ 2, then the prime numbers pi are congruent
to ±1 (mod 8). Hence,

√
d <

(
1 +

1
7−1

)(
1 +

1
17−1

)(
1 +

1
23−1

)(
1 +

1
31−1

)(
1 +

1
41−1

)(
1 +

1
43−1

)
<
√

2,

which is impossible. Hence, t ≤ 1 and l ≤ t+ ord2(Y1) ≤ 3. It follows that
√
d <

(
1 +

1
3− 1

)(
1 +

1
5− 1

)(
1 +

1
7− 1

)
,

or d ≤ 3. Hence, d ∈ {2, 3}. Moreover, notice that p1 ∈ {3, 5}, because otherwise,
if p1 ≥ 7, then

√
d <

(
1 +

1
7− 1

)(
1 +

1
11− 1

)(
1 +

1
13− 1

)
<
√

2,

which is impossible.
Assume first that d = 2. The case p1 = 5 cannot occur, because the equation

X2
m − 2Y 2

m = 1

with 5 | Xm leads to

−2Y 2
m = 1 (mod 5),

which is impossible because −2 is a quadratic non-residue modulo 5.
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If p1 = 3, then, since X1 = 3, it follows that m is odd. Hence, ord2(Ym) = 1,
and therefore Xm is prime. Since 3 | Xm, it follows that Xm = 3 and n = 3.

Assume now that d = 3. The case p1 = 3 cannot occur because the equation

X2
m − 3Y 2

m = 1

with 3 | Xm leads to 0 ≡ 1 (mod 3), which is impossible. Finally, the case p1 = 5
cannot occur either because the equation

X2
m − 3Y 2

m = 1,

together with 5 | Xm, implies

−3Y 2
m ≡ 1 (mod 5)

which is impossible because −3 is a quadratic non-residue modulo 5.
The theorem is therefore proved.
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