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(Communicated by Jonathan M. Borwein)

ABSTRACT. An example of a Lipschitz pseudocontractive map with a unique
fixed point is constructed for which the Mann iteration sequence fails to con-
verge. This resolves a long standing open problem.

1. INTRODUCTION

Let K be a nonempty closed convex and bounded subset of a real uniformly
convex Banach space and T': K — K be a nonexpansive mapping (i.e. ||[Tz—Tyl|| <
||z — y|| for all z,y € K). Then T has a fixed point z* € K (see, e.g., [I} [3, §]).
Unlike in the case of the Banach contraction mapping principle, trivial examples
show that the sequence of successive approximations z,11 = Tx,,z9 € K,n > 0,
for a nonexpansive map 1 even with a unique fixed point may fail to converge
to the fixed point. It suffices, for example, to take for T, a rotation of the unit
ball in the plane around the origin of coordinates (see, e.g., [10]). Krasnoselski [9],
however, has shown that in this example, one can obtain a convergent sequence
of successive approximations if instead of T one takes the auxiliary nonexpansive
mapping %(I + T), where I denotes the identity transformation of the plane, i.e.,
if the sequence of successive approximations is defined, for arbitrary zo € K, by

1
(1.1) Tpt1 = E(x" +Txzy,), n>0,

instead of by the usual so—called Picard iterates, xp41 = Txn, 20 € K,n > 0. It is
easy to see that the mappings T and %(I + T') have the same set of fixed points, so
that the limit of a convergent sequence defined by (1.1) is necessarily a fixed point
of T.

More generally, if E is a normed linear space and K is a convex subset of F,
a generalization of (1.1) which has proved successful in the approximation of fixed
points of nonexpansive mappings T : K — K (when they exist) is the following
scheme (Schaefer [12]):

20 € K, 2pt1 = (1= Nzy + Xz, n>0,1€ (0,1).
However, the most general iterative scheme now studied is the following:
(1.2) 0 € K, Tpt1 = (1 —cp)zn + cnTapn, n >0,
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where {c,} C (0, 1) is a real sequence satisfying appropriate conditions. Under the
following additional assumptions: (i) lime, = 0; (i) >,° ¢, = oo, the sequence
{zn} generated from (1.2) is generally referred to as the Mann sequence in light
of [I0]. The recursion formula (1.2) has also been used to approximate solutions
of numerous nonlinear operator equations and nonlinear variational inclusions in
Banach spaces (see, e.g., [3, 4} 6, [11]). A class of nonlinear mappings more general
than and including the nonexpansive mappings is the class of pseudocontractions.
A mapping T' with domain D(T') and range R(T") in E is called pseudocontractive
if (Tx—Ty,j(x—1y)) < |lz—vy|?* for each z,y € D(T) and some j(z —y) € J(z—y)
where J : E — 2F" is the normalized duality mapping (see, e.g., [4]). If K is
a compact convex subset of a Hilbert space, and T : K — K is Lipschitz and
pseudocontractive, then by the Schauder fixed point theorem, T has a fixed point
in K. All efforts to approximate such a fixed point by means of the Mann iteration
sequence proved abortive.

In 1974, Ishikawa introduced a new iteration scheme (defined below) and proved
the following theorem.

Theorem 1.1 ([7]). If K is a compact convex subset of a Hilbert space H, T :
K — K is a Lipschitzian pseudocontractive map and xg is any point of K, then
the sequence {x,}n>0 converges strongly to a fized point of T, where x,, is defined
iteratively for each positive integers n >0 by

Tp+1 = (1 - Oén)xn + anTyn,

where {an}, {Bn} are sequences of real numbers satisfying the conditions (i) 0 <
apn < B < 1; (i) limy— 00 Bn = 0; (iil) ano By, = oo.

Since its publication in 1974, it has remained an open question (see, e.g., [6])
of whether or not the Mann recursion formula defined by (1.2), which is certainly
simpler than the Ishikawa recursion formula (1.3), converges under the setting of
Theorem 1.1 to a fixed point of T if the operator T is pseudocontractive and con-
tinuous (or even Lipschitzian with constant L > 1). In [2, Proposition 8], Borwein
and Borwein gave an example of a Lipschitz map (which is not pseudocontractive)
with a unique fixed point for which the Mann sequence fails to converge; and in
[6], Hicks and Kubicek gave an example of a discontinuous pseudocontraction with
a unique fixed point for which the Mann iteration does not always converge. The
problem for continuous pseudocontraction still remained open.

It is our purpose in this paper to resolve this problem by constructing an example
of a Lipschitz pseudocontraction with a unique fixed point for which every nontrivial
Mann sequence fails to converge. This settles the above open question.

2. THE EXAMPLE

Let X be the real Hilbert space R? under the usual Euclidean inner product. If
r = (a,b) € X we define 2+ € X to be (b, —a). Trivially, we have (z,z1) = 0,
o]l = [l2ll, (@t y™) = (2,9), ot =yl = lo — yl| and (@, y) + (z,57) = 0 for
all z, y € X. We take our closed and bounded convex set K to be the closed unit
ball in X and put Ky = {z € X : |[z|| < i}, Ko = {z € X : § <|Jz]| < 1}. We
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define the map T': K — K as follows:

+ if zeK

Tl x—l—xL, if zeKs,.

We notice that, for x € K1 N K», the two possible expressions for Tz coincide and
that T is continuous on both K7 and K5. Hence T is continuous on all of K. We
now show that 7' is, in fact, Lipschitz: One easily shows that ||[T2—Ty|| = v2|lz—y/|
for z, y € K;. For x, y € K5, we have

2

T Y 2
= 2 il - ()
‘ el ~ Tl Talllo
1
= L =gl = (lall = Il
B
1
< L ooy
Bl
< 8le—yl.
Hence, for x, y € K5, we have
Y
T - Tyl < \ &y \+ o=yl + ket =y < Sl — .
Tl ~ Tl

so that T is Lipschitz on Ks. Now let & and y be in the interiors of K; and K
respectively. Then there exist A € (0,1) and z € K1NKj for which z = Az+(1—-\)y.
Hence

[Tz — Tyl T2 = T2|| + |7z = Ty||
V2|lz — 2| + 5[]z — ]|
Sl|lz — z[| +5]|z — g
Sllz —yll-

1IN VANIVANRVAN

Thus ||[Tz — Ty|| < 5||x — y|| for all z, y € K, as required.

The origin is clearly a fixed point of T. For z € K1, ||Tz||* = 2||z||?, and for
x € Ko, ||Tz||? = 1+ 2||z||* — 2||z||. From these expressions and from the fact that
Tz = 2t # z if ||z]| = 1, it is easy to show that the origin is the only fixed point
of T. We now show that no Mann iteration sequence for T is convergent for any
nonzero starting point:

First, we show that no such Mann sequence converges to the fixed point. Let
x € K be such that « # 0. Then, in case x € K7, any Mann iterate of x is actually
further away from the fixed point of 7' than x is. This is because ||(1=\)z+\Tz||* =
(1+ 22)||z]]2 > ||z||? for A € (0,1). If z € Ko, then, for any A € (0,1),
2
(1 = Nz + A\Tx|?

A
H(—+1—2A>x+mi
ll|l
A

2
<— +1- 2)\> + A2
fa

> 0.

]

More generally, it is easy to see that for the recursion formula (1.2), if 2y € K7, then
[|Znt1]| > ||xn|| for all integers n > 0, and if zg € Ka, then |[x,41]| > ‘/T§||xn|| for
all integers n > 0. We therefore conclude that, in addition, any Mann iterate of any
nonzero vector in K is itself nonzero. Thus any Mann sequence {z, }, starting from
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a nonzero vector, must be infinite. For such a sequence to converge to the origin,
z,, would have to lie in the neighbourhood K of the origin for all n > Ny, for some
real Ny. This is not possible because, as already established for K1, ||, || < [|Zn+1]|
for all n > Nj.

We now show that no Mann sequence converges to  # 0. We do this in the
form of a general lemma.

Lemma 2.1. Let M be a nonempty, closed and conver subset of a real Banach
space E and let S : M — M be any continuous function. If a Mann sequence for
S is norm convergent, then the corresponding limit is a fixed point for S.

Proof. Let x, be a Mann sequence in M for S, as defined in the recursion formula
(1.2). Assume, for proof by contradiction, that the sequence converges, in norm,
to x in M, where Sx # z. For each n € N, put ¢, = x,, — Sx,, — x + Sz. Since S
is continuous, the sequence ¢, converges to 0. Pick p € N such that, if m > p and
n > p, then |le,|| < M and ||z, — Tpl|| < w Pick any positive integer ¢
such that Zf{:; cn, > 1. We have that

p+q

||xp - x;DJqurlH = Z(xn - anrl)
n=p

= ch(m—Sx—l—en)

p+q |
n=p

p+q

ch(m — Sx)

v

‘ p+q

E Cné€n
n=p

Vv

p+q
|z — Szl 2|z — Sz
— Szl — > .
> e (Jlo - 52 - 257 ) > 2
n=p
The contradiction proves the result.

We now show that T is a pseudocontraction. First, we note that we may put
j(z) = x, since X is Hilbert. For x, y € K, put I'(z;y) = ||z —y|]* — (T2 —Ty,x—y)
(z,y)

||y
a pseudo—contraction, we need to prove that I'(xz;y) > 0 for all z, y € K. We only
need examine the following three cases:

and, if  and y are both nonzero, put A(z;y) = . Hence, to show that T is

1. z,y € K1:  An easy computation shows that (Twx — Ty, — y) = ||z — y||?
so that I'(z; y) = 0; thus we are home and dry for this case.
2. x,y € Ko: Again, a straightforward calculation shows that

1 1
lall = N2 + Nl — Nl + {a ) (2 )

]l 1yl
2]l = 2l + llyll = llyl* + Az y) Clllllyll = =l = [ly]) -
Hence T'(z;y) = 2||z|* + 2|lyll* = llzll = llyll = Az y)(@llllllyll = ll=]| = llyl]).
It is not hard to establish that (4|z|||ly|| — ||=|| — [ly||) = 0 for all z, y € K>.
Hence, for fixed ||z|| and ||y||, T'(z; y) has a minimum when A(z;y) = 1. This

<T.23 - Ty,x - y>
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minimum is therefore 2||z||? + 2||y||? — 4|z||||ly|| = 2(||z|| — ||y||)?. Again, we
have that I'(z;y) > 0 for all z, y € K5 as required.
3. x € K1,y € Ky:  We have
(Tz —Ty,z —y) = || + lyll = [lylI* = A3 )l

Hence I'(z;y) = 2|lyl|* = lyll+ (||| =2llll[ly[)A(z; y). Since [lz]|-2{|[[||y] <0
for x € K and y € K», I'(z;y) has its minimum, for fixed ||z|| and ||y|| when
Az;y) = 1. We conclude that

D(z;y) = 2lyl* = llyll + [l = 2llzllly]
= (lyll = [N [yl = 1)

>0forall z € Ky, y € K.
This completes the proof. O

Remark 2.2. In [11], Qihou proved that if K is a compact convex subset of a Hilbert
space and T : K — K is a continuous pseudocontractive map with a finite number

of

fixed points, then the Ishikawa iteration sequence defined by (1.3) converges

strongly to a fixed point of T. Consequently, while the Mann sequence does not
converge to the fixed point of T" in our example, the Ishikawa sequence does.

10.

11.

12.
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