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A UNIQUENESS THEOREM WITH MOVING TARGETS
WITHOUT COUNTING MULTIPLICITY

MIN RU

(Communicated by Steven R. Bell)

ABSTRACT. In this paper, we prove a uniqueness theorem for holomorphic
curves with moving targets without counting multiplicity.

1. INTRODUCTION

It is well known that two non-constant polynomials f, g over an algebraic closed
field of characteristic zero are identical if there exist two distinct values a, b such
that f(z) = a & g(x) = a and f(z) = b < g(z) = b. In 1926, R. Nevanlinna
(cf. [Nel) extended the above result to meromorphic functions. He proved that
two non-constant meromorphic functions of a complex variable which attain five
distinct values at the same points must be identical.

Wilhelm Stoll (cf. [St]) later extended Nevanlinna’s result to holomorphic curves
and obtained the following theorem.

Theorem Al. Let f1, fo,...,fn : C — P*(C) be linearly non-degenerated holo-
morphic curves. Let Hy, ..., Hy be hyperplanes in P™(C) located in general position.
Assume that f{'(H;) = - = fy'(H;) and denote by A; = f;7'(H;),1 < j < q.
Assume further that for each i # j,A;NA; = 0. Let A= U?Zl A Letl, 2 <1<,
be an integer such that for any increasing sequence 1 < j1 < jo < --- < j; < A,
fin (YA A fj,(2) =0 for every point z € A. If ¢ > 22~ +n+2, then fi,..., fr

A—1+1
are algebraically dependent over C, i.e., fy A--- A fx =0 on C.

In the case A = 2, Theorem Al gives the following statement.

Theorem A2. Let f, g: C — P*(C) be two linearly non-degenerated holomorphic
curves. Let Hy,...,Hs,yo be hyperplanes in P™(C) located in general position.
Assume that f~1(H;) = g~ '(H;),1 < j < 3n+2, and for each i # j, f~*(H;) N
fHHy) = 0. Let A= Uj_, f~'(Hj). If for every point 2 € A, f(z) = g(z), then
f=y

This paper generalizes W. Stoll’s result to moving targets. First, we introduce
some notation. For a holomorphic curve f : C — P*(C), we use f : C — C"*! — {0}
to denote a reduced representation of f, that is P(f) = f. We note that a hyperplane
H in P*(C) can be regarded as a point in P"(C*), where C* is the dual space
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of C. By a moving target we mean a holomorphic map g : C — P*(C*). Let
g : C — C*"" — {0} be a reduced representation of g. Then g(f) is an entire
function on C. Note that although the function g(f) depends on the choice of
representations, the zeros of g(f) however are independent of the the choice of
representations. Moving targets g; : C — P*(C*),1 < j < g, are said to be in
general position if there is zg € C such that the hyperplanes g;(20),1 < j < g,
are located in general position. Let fi, f2,..., fx : C — P"*(C) be non-constant
holomorphic curves. Let g; : C — P*(C*), 1 < j < ¢, be moving targets located
in general position. Assume that g;(f;) Z 0 for 1 < j < ¢,1 <t < ), and assume
that (g;(f1)) {0} = - = (g;(Ex) {0}, Let A; — (g(fr))"'{0}. Denote by
T[n+1, q] the set of all injective maps from {1,...,n+1} to {1,...,q}. For every z €
C—Ugperpni1,ql? [ 8s01)(2) A - Agpnt1)(2) = 0}, we define p(z) = #{j | z € A;}.
Then p(z) < n. For any positive number r > 0, define p(r) = sup{p(z) | |z| < r}
where the sup is taken over all z € C—Ugerp11,4{7 [ 85(1)(2)A - Ap(n+1)(2) = 0}
with |z| <r. Then p(r) is a decreasing function. Let

(1.1) d= TILIIOIO p(r).

Then d < n. If for each i # j, A; N A; = 0, then d = 1. A number ry > 1 exists
such that

(1.2)
p(z) <d <mn, if |z 2o and 2 & U {z | 8s)(2) A+  Agp(n+1)(2) = 0}
BET[n+1,q]
The following results are obtained in this paper.
Theorem 1. Let f1, fo,..., fr : C — P*(C) be non-constant holomorphic curves.

Let g; : C — P™*(C*) be moving targets located in general position and Ty, (r) =
o(maxi<i<x{T¥,(r)}), 1 <j < q. Assume that g;(f;) 0 for 1 <j<gq, 1<t <A,

and (g;(f1))71{0} = --- = (g;(£.))"*{0}. Denote by A; = (g;(f1))"'{0} and
let A = ?:1 Aj. Letl, 2 <1 < A be an integer such that for any increasing
sequence 1 < ji < jo < - < g1 < A £, ()N A (2) = 0 for every point
ze A Ifqg> Mi@%ﬁ”‘, then f1,..., fx are algebraically dependent over C, i.e,

fin---ANfy,=0onC.
When n =1 and A = 2, the above theorem yields the following result.

Corollary. Given two non-constant meromorphic functions f, g, assume that there
exist seven meromorphic functions ai,...,ar, with a; # a; for i # j, such that
Ty (r) = o(max{Ty(r), Ty(r)}), 1 < j <7, and such that f(z) = a;(z) & g(z) =
a;(z) for 1 <j<7. Then f =g.

We note that Qinde Zhang [Z] had a better result of six small functions, instead
of seven.

If we further assume that f;,1 < ¢ < ), are linearly non-degenerated, then we
have a better result as follows.

Theorem 2. In addition to the assumptions in Theorem 1 we assume further that
ft, 1 <t < A\, are linearly non-degenerated. Then fi1,..., fx are algebraically de-

pendent over C (in the sense that i A---Afx =0 on C) if ¢ > dr;\(fnil'fl))‘
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2. PROOF OF THEOREM 1 AND THEOREM 2

We first recall some standard notation and definitions in Nevanlinna theory (cf.
[St]).

Let f = [fo:...: fu] : C — P*(C) be a holomorphic map, where fo,..., f, are
entire functions without common zeros. The Cartan characteristic function of f is
defined by

2
., dO
Ty(r) = | Togma|f(re”)| 5= ~ logmax| £ (0).

For holomorphic maps f : C — P*(C), g : C — P*(C*), let ny 4(r) be the number
of zeros of g(f) in |z| < r, counting multiplicity, and let n;ng (r) be the number of
zeros of g(f) in |z| < r, where the zero multiplicity k is counted as usual if &k < n

and the zero multiplicity is counted only as n if & > n. The counting function is
defined by

" gt
Npg(r) = [ 28t = 0)10g

and the truncated counting function is

() nfy(®)
Nfg(T)Z/o . —2——dt —ny 4(0)logr.
If f is a meromorphic function, we use ngcn)(r, 0) to denote the number of zeros of
f in |z| < r, where the zero multiplicity & is counted as usual if k¥ < n and the
zero multiplicity is counted only as n if k > n. Let N J(cn) (r,0) be the corresponding
truncated counting function.
We recall the following Borel’s lemma.

Theorem 2.1. Let f = [fo : ... : fn] : C — P*(C) be a holomorphic map, with
fo, -y frnentire and no common zeros. Assume that f,,41 is a holomorphic function
and fo+ 4 fo+ far1=0. If > fi # 0 for any proper subset I of {0,...,n+ 1},
i€l

then ©

n+1

T¢(r) < Z N}?) (7,0) 4 Ogge(logr + log™ Ty(r))
§=0

for r — oo, where O¢,. means the estimate holds except for r in a set of finite
Lebesgue measure.

The proof of Theorem 2.1 is standard and can be found in [RW].
We then need the following “second main theorem type” inequality.

Theorem 2.2. Let f : C — P" be a non-constant holomorphic map. Let g; :
C — P™(C*) be moving targets in general position. Assume that g;(f) £ 0 for
j=1,...,q. If ¢ > 2n+1, then
-t (") +
) € 00 (s ) + Ol #1080

The proof of Theorem 2.2 also appeared in [RW]. We include the proof here for
the completeness.
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Proof of Theorem 2.2. Let I C {2,...,q} be the index set with the property that
i € I if and only if

(2.1) Tg (f) ZN}Z{ <11£1ax Ty, (r )) + Ocze(logr + log™ Ty (r)).

We first show that #I > n. Assume that I = {2,...,u}, and v < n. For
dimension reason, {g1,&n+1,---,82n+1} is always linearly dependent over Hol(C),
ie.

181 + Ant18n+1 + - - + A2nt182n41 = 0,

where a1, apy1,...,02n+1 are holomorphic functions on C. By solving the above
linear equations for aj, ani1,. .-, Gnio,

T[a1:an+1:~~~:a2n+1](T) < 2(""’ 1) (max Tg;( )) .

1<5<q
After rearranging the index we will have an equation
a181(f) + ant18nt+1(f) + - + amgm(f) =0,

and no proper subsum is identically zero as a function of z where m > n + 1;
moreover we may assume without loss of generality that functions

ai181 (f)v e 7amgm(f)

have no common zeros. Therefore, by Theorem 2.1, we conclude that
Teoso (r) < D N{) (1) +0 ( max T, (r )) + Ocae(logr + log™ Ty(r)).

This contradicts the fact that n + 1 is not in I. Thus #I > n. So (2.1) implies

Ty (r) SETL( )—i—O(max Ty, (r ))

g1 () 1<j<q
(2.2) .
(n +
Z g, ( (ggjaqu (r )) + Oege(logr + logt Ty (r)).
Denote by L, the collection of moving hyperplanes gi,...,g, located in general

position. We claim

(2.3)

Tr(r) < Y aN{(r)+0 (néz}:x Tg(r)) + Ocge(logr + log™ Ty (r)).
’ A
gEEq
We will prove (2.3) by induction on g. When ¢ = 2n+1, (2.3) is just (2.2), so (2.3)
holds. We assume (2.3) holds for ¢ and verify (2.3) for ¢ + 1. In fact, for L4141,
we can choose ¢ moving hyperplanes at a time and apply (2.3). This gives ¢ + 1
inequalities as (2.3). Summing up these ¢ + 1 inequalities, we have

2+1

qg+1 (n) +
a1 Ty(r) < geg: nN; (r) + O gglﬁzt}il Tg(r) | + Ocxc(logr +log™ Ts(r)).
q+1

This completes the proof of Theorem 2.2. O
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Proof of Theorem 1. We first apply Theorem 2.2 to f;,1 <t < A, to get
(2.4)

q
q N n
n(2n —+ 1 ft z:: t7g_[ <112ja§q T ( )) + Oezc(log r+ log Tft (7’))
Assume that f; A --- A £y # 0. We denote by pg a...af, the divisor associated with

fi A --- Afy. Denote by NMM,__AfA (r) the counting function associated with the
divisor fig, a...af, - We make the following claim.

Claim. For every 1<t< Aand r > rg,

(n) dn
(25) Z th,gJ — A -1 + 1NHf1/\»«»/\f/\ (T) + Z NngB(I)A...Agﬁ(”Jrl) (T)
B

where the sum is over all injective maps §: {1,...,n+ 1} — {1,...,q}.

We now prove the claim. Let z € A. Then for any increasing sequence 1 < j; <
J2 <o <gi <A
(2.6) fj1 (Z) VARERIAN sz (Z) =0.
We verify that f; A--- Afy vanishes at z with the vanishing order at least A\ — 1+ 1.
In fact, by the power series expansion for each component of f;, we can write, for
1<i< ),

£i(Q) = ai + (¢ — 2)hi((),
where a; is a constant vector and h;(¢) is a holomorphic vector-valued function de-
fined around z. Denote by T[a, A] the set of all increasing injective maps from
{1,2,...,a} to {1,2,...,A}. For each n € T[a, )], there exists a unique 7} €
T[A — o, A] such that (Imn) N (Im7n) = 0. Abbreviate €, = singn. (2.6) then
implies that, for any n € T'[l, \],
any N Nayg) = 0.

Thus,

-1

A—«
BAABR =) (C=2) Y e /\an(J) A(/\hfﬂ’@))
k=1

a=1 neT o, )\]
+(C—Z)/\h1/\'-~/\h,\.
The lowest exponent of (( — z) is A — [ + 1. This verifies that f; A --- A f) vanishes

at z with the vanishing order at least A — [ + 1. This, together with the property

of min{m,n} <n = ;=5 (A =+ 1) and the definition of d, implies that

q
(n) dn
z; th’gj (T) S )\ _ l + 1 N,Uffl/\---/\fA (T.) + zﬁ: Nﬂgﬁ(l)/\»«»/\gﬁ(.,L+1> (T)
=
So the Claim is proved.

We now proceed with our proof. By the First Main Theorem of the exterior
product (cf. [Si], P.327),

A q
(27) Nll«flA /\f>\ S Z and ll«g[,(())A NEB(n) T) S ZT
i=1 j=1
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Combining (2.5) and (2.7) yields

q A
(n) < dn
; Ny (r) < il ;Tfi(r) +0 lrgja%(ngj (r) ) +0(1).
This, together with (2.4), gives, for 1 <t < A,

A
q dn
—T < — Ty, Ty,

+ Ocac(logr + log* Ty, (r)).

Thus, by summing them up,
A

2n—|—1§:1 l—l—l Z

=1

A
+
+ 0 (112320{ Tg7( )) + Oexc(logr + tz:; log Tft (7‘)),

which gives a contradiction under the assumption that
dn?(2n + 1)\
A=Il+1
This completes the proof of Theorem 1. O

To prove Theorem 2, we need replace Theorem 2.2 with Theorem 2.3.

Theorem 2.3. Let f : C — P" be a linearly non-degenerated holomorphic map.
Let gj : C — P™(C*) be moving targets located in general position. If ¢ > n + 2,
then

(2.8) nLHTf(r) <> N () +0 (max T,, (r )) + Ocge(logr + log™ Ty (r)).

Proof of Theorem 2.3. Denote by L, the collection of moving hyperplanes g1, ..., g4
located in general position. We will prove (2.8) by induction on ¢. For any n + 2
moving hyperplanes g1, ..., gnt2 located in general position, we have the following
result due to S. Mori [M]:

1<

n+2
(29)  Trr) <Y N () +0 (max T,,(r )) + Ocze(logr +logt Ty ().
Jj=1
We note that the method of proving (2.9) is to transform the moving hyperplanes
to coordinate hyperplanes. For example, when n=1, the transformation is just like
S=9 93=9:
f=92 93—
So (2.8) holds for ¢ = n + 2. We now assume (2.8) holds for ¢, and verify (2.8) for
¢+ 1. In fact, for £44+1, we can choose ¢ moving targets at a time and apply (2.8).
This gives ¢ + 1 inequalities as (2.8). Summing up these ¢+ 1 inequalities, we have

q+1 (n +
< .
s 2Tf(r) < geﬁg N; () +0 (gglﬁaﬁil Ty(r )) + Oczc(logr +log™ Ty (1))
q+1

This completes the proof of Theorem 2.3. |
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Proof of Theorem 2. Assume that f; A --- A £y #£ 0. By the same method in the
proof of Theorem 1, replacing Theorem 2.2 by Theorem 2.3, we can derive

A
21100 2 7040 ()
A
+ Ocac(logr + Y log* Ty, (1)),
t=1
which gives a contradiction under the assumption that
dn(n + 2)A
A=Il+1
This completes the proof of Theorem 2. O
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