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CANONICAL MAPPINGS FOR POLYNOMIALS
AND HOLOMORPHIC FUNCTIONS ON BANACH SPACES

SEÁN DINEEN

(Communicated by Steven R. Bell)

Abstract. We obtain functional representations for the canonical mapping
into the bidual for spaces of holomorphic functions on certain Banach spaces.

1. Introduction

If E is a locally convex space with strong dual E′β , then the canonical mapping
JE into the bidual E′′ := (E′β)′

β
is obtained by letting (JEx)(φ) = φ(x) for x ∈

E. The topology on (E′β)′
β

is called the bidual topology. When the bounded and
equicontinuous subsets of E′β coincide (i.e. if E is infrabarrelled or quasibarrelled)
then JE is an isomorphism onto its range and if, in addition, JE is surjective,
then E is reflexive. Banach spaces are infrabarrelled and, in this case, JE is an
isometric embedding when E′β and E′′ are endowed with the usual norms of uniform
convergence on the unit ball.

In this abstract setting the bidual and the canonical image are realised as spaces
of linear functions on spaces which are themselves rather abstractly defined. In
complex function theory over infinite dimensional spaces we study H(E), the holo-
morphic functions on the locally convex space E, and it is useful to obtain concrete
representations for JH(E), JH(E)(H(E)) and H(E)′′ (H(E) is, of course, endowed
with some locally convex space structure). The analogous problem for polynomi-
als on Banach spaces, where Banach space methods suffice, has been extensively
studied over the last twenty years, and relatively recently the same question for
holomorphic functions of bounded type on a Banach space, where Fréchet spaces
are involved, has been investigated. We refer to [5] and [8] for background infor-
mation on infinite dimensional holomorphy and locally convex spaces respectively.

2. Polynomials and holomorphic functions

of bounded type

Let E denote a Banach space over C. For each positive integer n let P(nE)
(respectively Pω(nE), Pω∗(nE′′)) denote the space of all continuous n-homogeneous
polynomials on E (respectively all n-homogeneous polynomials on E which are
weakly (or σ(E,E′)) continuous on bounded sets, all n-homogeneous polynomials
on E′′ which are weak∗ (or σ(E′′, E′)) continuous on bounded sets). We identify
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P(0E) with the space of constant C-valued mappings on E. Clearly Pω(nE) ⊆
P(nE) and Pω∗(nE′′) ⊆ P(nE′′). Let B denote the open unit ball in E. We endow
P(nE) with the topology of uniform convergence over B, i.e. with the topology
generated by the norm ‖ · ‖B and give Pω(nE) the induced topology. The space
P(nE′′) is given the topology of uniform convergence over the unit ball of E′′, B′′,
and Pω∗(nE′′) is given the induced topology.

Proposition 1. If E is a Banach space and E′′ has the approximation property
and the Radon-Nikodým property, then

JPω(nE)(Pω(nE)) = Pω∗(nE′′),

Pω(nE)′′ = P(nE′′),

and

(JPω(nE)(P ))(x′′) = lim
α
P (xα)

for all P ∈ Pω(nE) and x′′ ∈ E′′ where (xα)α is any bounded net in E satisfying
limα JE(xα) = x′′ in the σ(E′′, E′) topology on E′′.

Remark. The above proposition is the culmination of research by a number of
different authors; we refer to [5] for details. The Radon-Nikodým Property on E′′

can be replaced by the weaker hypothesis that l1 does not belong to the completed
n-fold symmetric injective (or ε) tensor product of E′ (see [3] and [4]). If E is a
Q-reflexive Banach space (see [2] and [7]) and E′′ has the approximation property,
then P(nE) = Pω(nE) and Pω(nE)′′ is isomorphic to P(nE′′) but it is not known
if the spaces are isometrically isomorphic under this isomorphism.

Holomorphic functions on locally convex spaces can be introduced in many dif-
ferent ways (see [5, Chapter 3]) but for the purposes of this paper it is convenient
to use Taylor series expansions. If U is an open subset of a Banach space and
f : U −→ C, then f is holomorphic on U if, for each x0 ∈ U , there exists a
sequence (Pn,x0)∞n=0, Pn,x0 ∈ P(nE) for all n, such that

f(x0 + y) =
∞∑
n=0

Pn,x0(y)(1)

for all y in some neighbourhood of the origin. We call (1) the Taylor series expansion
of f about x0 and use the notation d̂fn(x0)

n! = Pn,x0 for all n. Let H(U) denote the
space of all holomorphic functions on U . Let Br denote the open ball of radius r,
0 < r ≤ ∞, in E centered at the origin. Let

Hb(Br) := {f ∈ H(Br); ‖f‖Bρ <∞ for all ρ < r}.
The space Hb(Br), endowed with the topology generated by the semi-norms, ‖ · ‖ρ,
0 < ρ < r, is a Fréchet space and functions in Hb(Br) are called holomorphic
functions of bounded type. We also let

Hω,b(Br) := {f ∈ Hb(Br);
d̂nf(x0)
n!

∈ Pω(nE) for all n}

and

Hω∗,b(B′′r ) := {f ∈ Hb(B′′r ) ;
d̂nf(x0)
n!

∈ Pω∗(nE′′) for all n}
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where B′′r is the ball of radius r in E′′ centered at the origin. We endow Hω,b(Br)
and Hω∗,b(B′′r ) with the Fréchet space topologies induced by Hb(Br) and Hb(B′′r )
respectively. The functions in Hω,b(Br) and Hω∗,b(B′′r ) are the holomorphic func-
tions on Br and B′′r which are weakly (respectively weak∗) continuous on bounded
sets. The following is the analogue of Proposition 1 for holomorphic functions of
bounded type ([6]).

Proposition 2. If E is a Banach space, E′′ has the approximation property and
the Radon-Nikodým property and 0 < r ≤ ∞, then

JHω,b(Br) =
∞∑
n=o

JPω(nE),(2)

JHω,b(Br)((Hω,b(Br)) = Hω∗,b(B′′r ),(3)

Hω,b(Br)′′ = Hb(B′′r ).(4)

3. Holomorphic functions on Banach spaces

To obtain results, similar to those in the previous section, for holomorphic func-
tions we must discuss various topologies on H(U). One of our main techniques is
the application of S-absolute decompositions of locally convex spaces. Let

S := {(αn)n;αn ∈ C, lim sup
n
|αn|1/n ≤ 1}.

Definition 1. A Schauder decomposition {En}n of a locally convex space E is an
S-absolute decomposition if the following two properties are satisfied:

(a) If x =
∑∞
n=1 xn ∈ E, xn ∈ En for all n and (αn)n ∈ S, then

∑∞
n=1 αnxn ∈ E.

(b) If p is a continuous semi-norm on E and (αn)n ∈ S, then

q(
∞∑
n=1

xn) :=
∞∑
n=1

|αn|p(xn)

defines a continuous semi-norm on E.

If cs(E) denotes the set of all continuous semi-norms on E and {En} is an
S-absolute decomposition for E, then

E = {
∞∑
n=1

xn;
∞∑
n=1

|αn|p(xn) <∞ for all p ∈ cs(E) and all (αn)n ∈ S}

= {
∞∑
n=1

xn; sup
n
|αn|p(xn) <∞ for all p ∈ cs(E) and all (αn)n ∈ S}

= {
∞∑
n=1

xn; lim
n
|αn|p(xn) = 0 for all p ∈ cs(E) and all (αn)n ∈ S}.

Hence the topology on E is generated by either of the following collections:

{
∞∑
n=1

xn −→
∞∑
n=1

|αn|p(xn)}p∈cs(E),(αn)n∈S ,

{
∞∑
n=1

xn −→ sup
n
|αn|p(xn)}p∈cs(E),(αn)n∈S .
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As a result of these representations we can switch, in spaces with S-absolute
decomposition, from supremums to summations in presenting either fundamental
systems of semi-norms or bounded sets. If {En}n is an S-absolute decomposition of
E, then {(E′n)β}n is an S-absolute decomposition of E′β ([5, Proposition 3.35]). If
U is an open subset of a Banach space we let τ0 denote the compact open topology
on C(U), the space of continuous C-valued functions on U . If F(U) is a linear
subspace of C(U) and p is a semi-norm on F(U) we say that p is ported by the
compact subset K of U if for every V open, K ⊂ V ⊂ U , there exists C(V ) > 0
such that

p(f) ≤ C(V )‖f‖V
for all f in F(U). Let τω(F(U)) denote the locally convex topology on F(U)
generated by the semi-norms on F(U) ported by compact subsets of U . Clearly
τω(F(U)) ≥ τ0.

Example. Let E denote an infinite dimensional separable Banach space. The τ0-
bounded subsets of C(E) are locally bounded and hence τω(C(E)) bounded. Hence
τ0 and τω(C(E)) define the same bounded subsets of (C(E)). By a theorem of
L. Nachbin [10] and T. Shirota [11] the space (C(E), τ0) is bornological. Since
τω(C(E)) ≥ τ0 this implies τω(C(E)) = τ0. On the other hand it is easily seen that
τ0 6= τω onH(E). The above shows that τω(C(E))|H(E) 6= τω(H(E)). We letHω(U)
denote the subspace of H(U), U an open subset of a Banach space, consisting of all
functions which are locally (with respect to the norm) uniformly weakly continuous.
If U is balanced, then the following lemma, which is easily proved using Taylor series
expansions at the origin, provides an alternative description of this space.

Lemma 1. If U is a balanced open subset of a Banach space and f ∈ H(U), then
f ∈ Hω(U) if and only if d̂nf(x0)

n! ∈ Pω(nE) for all n.

The Taylor series expansion at the origin gives rise to S-absolute decompositions
for various spaces of holomorphic functions and we have the following examples.

Let U be a balanced open subset of the Banach space E:
(a) (P(nE), ‖·‖B)∞n=0 is an S-absolute decomposition for (H(U), τω) and (Hb(U).
(b) (P(nE), τ0)∞n=0 is an S-absolute decomposition for (H(U), τ0).
(c) (Pω(nE), ‖ · ‖B)∞n=0 is an S-absolute decomposition for (Hω(U), τω).
(d) If (Hω∗(U), τω) is the subspace of (H(U), τω), U balanced open in E′′, consist-

ing of functions which are locally (with respect to the norm) weak∗ continuous,
then (Pω∗(nE′′), ‖ ·‖B′′)∞n=0 is an S-absolute decomposition for (Hω∗(U), τω).

The τω topology on H(U), U balanced, is generated by the semi-norms

pK,(βn)n(
∞∑
n=0

d̂nf(x0)
n!

) =
∞∑
n=0

‖ d̂
nf(x0)
n!

‖K+βnB(5)

where K ranges over the compact balanced subsets of U and (βn)n over c0 (see [5]
for further details).

Proposition 3. If U is a balanced open subset of a Banach space E, then

τω(H(U))|Hω(U) = τω(Hω(U)).

Proof. Since (P(nE), ‖·‖B)∞n=0 is an S-absolute decomposition for Hω(U) endowed
with the τω(Hω(U)) topology, the proof given in [5, pp. 211-212] for (H(U), τω) can
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be modified to show that the τω(Hω(U)) topology on Hω(U) is generated by all the
semi-norms satisfying (5). This completes the proof.

Since there is now no danger of ambiguity we write τω in place of τω(Hω(U))
and τω(H(U)). Our aim is to show that (Hω(U), τω) is ultrabornological, and hence
bornological and infrabarrelled, when E is a Banach space with the bounded ap-
proximation property. The result is known to hold for (H(U), τω) but the proof is
rather technical (see [5, Chapter 4]). However the proof can be modified to obtain
the result that we require for Hω(U).

Proposition 4. If U is a balanced open subset of a separable Banach space with
the bounded approximation property E, then (Hω(U), τω) is ultrabornological.

Proof. Let V := (Vn)n denote a countable open cover of U and let

HV,ω :=
{
f ∈ Hω(U); ‖f‖Vn <∞ for all n

}
.

We endow V := (Vn)n with the topology generated by the sequence of semi-norms

f −→ ‖f‖Vn , f ∈ Hω(U), n = 1, 2, . . . .

Since Pω(nE) is a Banach space for all n the space HV,ω is a Fréchet space. It
is easily seen that Hω(U) =

⋃
V HV,ω. Let τδ(Hω(U)) denote the inductive limit

topology on Hω(U) arising from lim−→ VHV,ω. Since HV,ω is a Fréchet space for all
V it follows that τδ(Hω(U)) is an ultrabornological topology. Moreover, since the
τδ(Hω(U))-bounded and the τω-bounded subsets of Hω(U) coincide, the topology
τδ(Hω(U)) is the bornological topology associated with τω (we refer to [5] for further
details). To complete the proof it suffices to show that all Banach-valued τδ(Hω(U))
continuous mappings on Hω(U) are τω continuous. We first suppose that E has a
Schauder basis (en)n. Let πn denote the canonical projection from E onto the span
of the first n-coordinates and let πn = Id − πn. The proof of the corresponding
result given in [5, Chapter 4] extends to Hω(U) once we have established that the
following results hold:

(a) if n is a positive integer, P ∈ Pω(nE), 0 ≤ m < ∞ and 0 ≤ j ≤ n, then the
mapping

Pm,j : x ∈ E −→ P̌ ((πm(x))j , (πm(x))n−j)(6)

belongs to Pω(nE) (P̌ is the unique symmetric n-linear form associated with P ),

(b) if (fn)n⊂Hω(U) and
∑∞

n=0 |
d̂nfn(0)
n! (x)|<∞ for all x ∈ U , then

∑∞
n=0

d̂nfn(0)
n!

∈ Hω(U).
To establish (a) we note that E has the approximation property and hence

Pω(nE) coincides with the Banach space of approximable n-homogeneous polyno-
mials. By density we may thus suppose that P = ϕn where ϕ ∈ E′. In this case
(6) reduces to the mapping

x ∈ E −→ ϕ(πm(x))jϕ(πm(x))n−j .

Since the mappings

x −→ ϕ(πm(x))j and x −→ ϕ(πm(x))n−j

belong to PA(jE) and PA(n−jE), respectively, and the space of approximable
polynomials is an algebra, (a) holds for all ϕn and hence for all P ∈ Pω(nE).
If the sequence (fn)n satisfies the hypothesis in (b), then by [5, Example 3.8]
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n=0

d̂nfn(0)
n! ) ∈ H(U) and, by Lemma 1, (b) holds. This completes the proof

when E has a Schauder basis.
If E is separable and has the bounded approximation property, then E is iso-

morphic to a complemented subspace of a Banach space with a Schauder basis.
The equality τδ(Hω(U)) = τω(Hω(U)) passes to complemented subspaces (see the
proof of [5, Lemma 4.17]) once it is observed that the extension of f ∈ Hω(U) to f̃
on U ×F , F an arbitrary Banach space, given by f̃(x+ y) := f(x) is holomorphic.
This completes the proof.

We next obtain a (Taylor) series representation of the bidual and then use this
to obtain a functional representation. For r > 0 let K(Br) denote the set of all
compact convex balanced subsets of Br. If K ∈ K(Br), then JE(K) ∈ K(B′′r ) and,
moreover, for ε > 0

(K +Bε)◦◦ = K◦◦ +B◦◦ε = JE(K) +B◦◦ε .(7)

If now E′′ has the approximation property and the Radon-Nikodým, then since
these two properties are invariant under renormings, Proposition 1 and (6) imply
that

{P ∈ Pω(nE); ‖P‖K+Bε ≤ 1}◦◦ = {P ∈ P(nE′′); ‖P‖JE(K)+B′′ε
≤ 1}(8)

and

JPω(nE)({P ∈ Pω(nE); ‖P‖K+Bε ≤ 1}) = {P ∈ Pω∗(nE′′); ‖P‖JE(K)+B′′ε
≤ 1}

(9)

for all K ∈ K(Br) and all ε > 0.

Proposition 5. If E is a Banach space with the bounded approximation property
and E′′ has the approximation property and the Radon-Nikodým property, then the
following hold:

(Hω(Br), τω)′′ = {
∞∑
n=0

Pn;Pn ∈ P(nE′′) and
∞∑
n=0

‖Pn‖JE(K)+βnB′′ <∞

for all K ∈ K(Br) and all (βn)n ∈ c0}.(10)

The bidual topology on (Hω(Br), τω)′′ is generated by the seminorms

pK,(βn)n(
∞∑
n=0

Pn) :=
∞∑
n=0

‖Pn‖JE(K)+βnB′′(11)

when K ranges over K(Br) and (βn)n over c0,

JHω(Br)(Hω(Br)) = {
∞∑
n=0

Pn;Pn ∈ Pω∗(nE′′) for all n and
∞∑
n=0

Pn ∈ Hω(Br)′′}

(12)

and

JHω(Br)(
∞∑
n=0

Pn) =
∞∑
n=0

JPω(nE)(Pn)(13)

for all
∑∞

n=0 Pn ∈ Hω(Br).
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Proof. Since {(Pω(nE), ‖·‖B)}∞n=0 is an S-absolute decomposition for (Hω(Br), τω)
the sequence {(Pω(nE)′′, ‖ · ‖B′′)}∞n=0 is an S-absolute decomposition for (Hω(Br),
τω)′′. As E has the approximation property and the Radon-Nikodým property, [5,
Proposition 3.35] implies that {(P(nE′′), ‖ · ‖B′′)}∞n=0 is an S-absolute decomposi-
tion for (Hω(Br), τω)′′. Since E has the bounded approximation property Proposi-
tion 4 implies that (Hω(Br), τω) is infrabarrelled and hence a fundamental neigh-
bourhood system at the origin in (Hω(Br), τω)′′ is given by

{
∞∑
n=0

Pn ∈ Hω(Br);
∞∑
n=0

‖Pn‖K+βnB ≤ 1}◦◦

where K ranges over K(Br) and (βn)n over c0. We are working with an S-absolute
decomposition and hence this fundamental neighbourhood system can be replaced
by

{
∞∑
n=0

Pn;Pn ∈ Pω(nE) : ‖Pn‖K+βnB ≤ 1 for all n}◦◦.

By (8) this set coincides with

{
∞∑
n=0

Pn;Pn ∈ P(nE′′), ‖Pn‖JE(K)+βnB′′ ≤ 1}

and once more using the S-absolute decomposition we obtain (10). Proposition 1
and (9) imply (11) and (12) while (13) follows from Proposition 2 and the easily
verified identity JE1×E2 ≡ JE1 × JE2 valid for any pair of locally convex spaces E1

and E2. This completes the proof.

To develop a functional representation we require the following result.

Proposition 6. If Pn ∈ P(nE′′) for all n and
∑∞

n=0 ‖Pn‖JE(K)+βnB′′ <∞ for all
K ∈ K(Br) and all (βn)n ∈ c0, then there exists δ > 0 such that

∞∑
n=0

‖Pn‖JE(K)+δB′′ <∞.

Proof. If the result is not true, then there exists K ∈ K(Br) such that for every
positive integer j

∞∑
n=0

‖Pn‖JE(K)+ 1
jB
′′ =∞.

Hence we can choose a strictly increasing sequence of positive integers (nj)j such
that

nj+1∑
nj+1

‖Pn‖JE(K)+ 1
jB
′′ ≥ 1

for all j. Let ln = 1 for n < n2 and ln = 1
j for nj ≤ n < nj+1, j ≥ 2. Then

(ln)n ∈ c0 and
∞∑
n=0

‖Pn‖JE(K)+lnB′′ =∞.

This contradicts our hypothesis and completes the proof.
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Proposition 6 and (10) may now be combined to prove the following result.

Corollary 1. If
∑∞
n=0 Pn ∈ Hω(Br)′′, then there exists an open subset U of E′′,

B′′r ⊂ U , and f ∈ H(U) such that
∑∞

n=0 Pn is the Taylor series expansion of f at
the origin in E′′.

This corollary allows us to identifyHω(Br)′′ with the space of holomorphic germs
on the closed subset

JE(Br) = B′′r ∩ JE(E) of B′′r .

Definition 2. Let

H(JE(Br) ⊂ B′′r ) :=
⋃
{H(V ); JE(Br) ⊂ V ⊂ B′′r }/∼

where f ∼ g if f and g coincide on a neighbourhood of JE(Br) in B′′r . Let

Hω∗(JE(Br)) := {f ∈ H(JE(Br) ⊂ B′′r );
d̂nf(x0)
n!

∈ Pω∗(nE′′) for all n}.

Proposition 7. If E is a Banach space with the bounded approximation property
and E′′ has the Radon-Nikodým property and the approximation property, then, for
0 < r ≤ ∞,

Hω(Br)′′ = H(JE(Br) ⊂ B′′r )

and

JHω(Br)(Hω(Br)) = Hω∗(JE(Br)).

The embedding JHω(Br)(f) is obtained term by term using local weak uniform con-
tinuity of the polynomials in the Taylor series expansion at the origin.

There is however another natural topology that may be placed on any space of
germs: the inductive topology. We denote this topology by τi. By definition

H(JE(Br) ⊂ B′′r ) = lim
−→
V

(H(V ), τδ)

where the inductive limit is taken over all open subsets of E′′ which contain JE(Br).
By (11) τi is stronger than the bidual topology on H(Br)′′ and by Lemma 1 the two
topologies have the same bounded sets, i.e. the locally bounded subsets of H(V )
where V ranges over all open subsets of B′′r containing JE(Br). This implies, in
particular, that the above representation for τi is a regular inductive limit and τi
is the bornological topology associated with the bidual topology on H(Br)′′. We
do not know if these topologies coincide and note that the inductive limit is not
countable for any infinite dimensional Banach space.

Remarks. (a) If E is a Banach space with the bounded approximation property, E′′

has the approximation property and the Radon-Nikodým property and Pω(nE) =
P(nE), then

(H(E), τω)′′ = H(JE(E) ⊂ E′′).
The Tsirelson-James space TJ∗ (see [2]) satisfies all the above hypotheses.

(b) If E is reflexive, then under the hypotheses of Proposition 7 we obtain
(Hω(E), τω)′′ = H(E). Moreover, if Pω(nE) = P(nE), then Hω(E) = H(E)
and (H(E), τω) is reflexive. The original Tsirelson space, T ∗, satisfies these re-
quirements and we recover a result in [1].
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(c) If x′′ ∈ E′′, E is a Banach space, and
∞∑
n=0

|JPω(nE)(
d̂nf(0)
n!

)(x′′)| <∞

for all
∑∞

n=0
d̂nf(0)
n! ∈ Hω(E), then the mapping

δx′′ : f ∈ Hω(E) −→
∞∑
n=0

(JPω(nE))(
d̂nf(0)
n!

)(x′′)

defines a τδ-continuous multiplicative linear functional on Hω(E) (since it is the
pointwise limit of a sequence of τδ -continuous linear functionals). If E is separable
and has the bounded approximation property, then τδ = τω and δx′′ is τω continuous
onHω(E). Moreover, using powers of f and neighbourhoods of a compact set we see
that δx′′ is τ0 continuous on Hω(E). Thus, in contrast to the case for holomorphic
functions of bounded type (see Proposition 2), we obtain the algebraic identity
Hω(E)′′ = H(E′′) if and only if E is reflexive.

(d) In [6] and [9] the approximation property on E′′ is replaced by using the τ0-
closure of JPω(nE)(Pω(nE)) in P(nE′′). This may also be used to obtain a variation
of some of the results presented here.

The author would like to thank Manolo Maestre for interesting and helpful re-
marks on the subject matter of this paper.
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