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PERIODIC POINTS AND NORMAL FAMILIES
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Abstract. Let F be the family of all functions which are holomorphic in
some domain and do not have periodic points of some period greater than one
there. It is shown that F is quasinormal, and the sequences in F which do
not have convergent subsequences are characterized. The method also yields
a new proof of the result that transcendental entire functions have infinitely
many periodic points of all periods greater than one.

1. Introduction and main results

Let X,Y be sets and let f : X → Y be a function. The iterates fn : Xn → Y
are defined by X1 := X, f1 := f and Xn := f−1(Xn−1 ∩ Y ), fn := fn−1 ◦ f for
n ∈ N, n ≥ 2. Note that X2 = f−1(X1 ∩ Y ) ⊂ X = X1 and thus Xn+1 ⊂ Xn ⊂ X
for all n ∈ N.

A point x ∈ X is called a periodic point of period n of f if x ∈ Xn and fn(x) = x,
but fm(x) 6= x for 1 ≤ m ≤ n − 1. A periodic point of period 1 is called a fixed
point. The periodic points of period n are thus the fixed points of fn which are not
fixed points of fm for any m less than n.

The following result is due to P. C. Rosenbloom [16].

Theorem A. Let f be a transcendental entire function and let n ∈ N, n ≥ 2. Then
fn has infinitely many fixed points.

This result generalized a result of P. Fatou [11, p. 345] dealing with the case
n = 2. Clearly, polynomials which are not of the form f(z) = z + c, c ∈ C, and
thus their iterates, also have fixed points.

M. Essén and S. Wu [9] proved a corresponding normality criterion, thereby
answering a question of L. Yang [18, Problem 8].

Theorem B. Let D ⊂ C be a domain and let G be the family of all holomorphic
functions f : D → C for which there exists n = n(f) > 1 such that fn has no fixed
point. Then G is normal.

The polynomial p(z) = −z+ z2 has no periodic point of period 2. The following
result of I. N. Baker [2] shows that it is essentially the only polynomial of degree
greater than one where periodic points of some period are missing.

Theorem C. Let f be a polynomial of degree d ≥ 2 and let n ∈ N, n ≥ 2. Suppose
that f has no periodic point of period n. Then d = n = 2. Moreover, there exists a
linear transformation L such that f(z) = L−1(p(L(z))), with p(z) = −z + z2.
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The following generalization of Theorem A was conjectured in [13, Problem 2.20]
and proved in [3, Theorem 1] and [4, §1.6, Satz 2].

Theorem D. Let f be a transcendental entire function and let n ∈ N, n ≥ 2.
Then f has infinitely many periodic points of period n.

Here we shall be concerned with normal family analogues of these results. The
method used will also lead to a new proof of Theorem D.

Let D ⊂ C be a domain, m ∈ N, m ≥ 2. By Fm = Fm(D) we denote the
family of all holomorphic functions f : D → C for which there exists n = n(f) ≥ m
such that f has no periodic point of period n. Clearly Fm+1 ⊂ Fm for m ≥ 2. In
particular, F3 ⊂ F2.

Since all linear transformations are contained in Fm, for all m ≥ 2, none of the
families Fm is normal. Also, if L is a linear transformation and if p(z) = −z + z2,
then L−1 ◦ p ◦ L ∈ F2. We shall show that in a certain sense all obstructions to
normality arise from these examples.

Recall that a family F of functions holomorphic in a domain D is called quasi-
normal (cf. [7, 14, 17]) if for each sequence (fk) in F there exists a subsequence
(fkj ) and a finite set E ⊂ D such that

(
fkj
)

converges locally uniformly in D\E.
If the cardinality of the exceptional set E can be bounded independently of the se-
quence (fk), and if q is the smallest such bound, then we say that F is quasinormal
of order q.

Note that the maximum principle implies that if a sequence (fk) of functions
holomorphic in D converges locally uniformly in D\{z1, . . . , zq}, but not in D,
then fk →∞ in D\{z1, . . . , zq}.

Theorem 1. F2(D) is quasinormal of order 1.

To compare this result with Theorem B of Essén and Wu [9] we note that our
hypotheses are weaker than theirs; that is, G ⊂ F2(D). As a consequence, we
obtain only quasinormality instead of normality.

The following result characterizes the sequences in F2(D) without convergent
subsequences.

Theorem 2. Let (fk) be a sequence in F2(D) which does not have a convergent
subsequence. Then there exists a compact set K ⊂ D such that fk →∞ locally uni-
formly in D\K. Moreover, for sufficiently large k there exists a simply-connected
domain Ωk ⊂ K satisfying minz∈K\Ωk |fk(z)| → ∞ and there exists a quasicon-
formal homeomorphism φk : C → C such that if pk is defined by pk(z) = 2z for
fk ∈ F3 and pk(z) = −z + z2 for fk ∈ F2\F3, then fk(z) = φ−1

k (pk(φk(z))) for
z ∈ Ωk.

Thus Theorem 2 says that if a sequence (fk) does not have a convergent subse-
quence, then fk → ∞ outside certain small domains, and in these domains fk is
quasiconformally conjugate to one of two specific polynomials.

2. Preliminaries for the proofs

As in [3, 9], one of the central tools comes from the Ahlfors theory of covering
surfaces. (An account of the Ahlfors theory can be found in [1], [12, Chapter 5] or
[15, Chapter XIII].) To state the result we need, let D ⊂ C be a domain and let
f : D → C be holomorphic. Given a Jordan domain V ⊂ C, we say that f has an
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island over V if f−1(V ) has a component whose closure is contained in D. Note
that if U is such a component, then f |U : U → V is a proper map.

Lemma 1. Let D ⊂ C be a domain and let D1, D2 ⊂ C be Jordan domains with
D1∩D2 = ∅. Let F be a family of functions holomorphic in D which is not normal.
Then there exists a function f ∈ F which has an island over D1 or D2.

Lemma 1 follows from [12, Theorem 5.5] (applied with a domain D3 contain-
ing ∞) and [12, Theorem 6.6]. For a different proof of Lemma 1 see [5, §5.1].

Another important concept used in [3, 9], and again used here, is that of a
polynomial-like map. By definition, if U, V ⊂ C are bounded, simply-connected
domains with U ⊂ V , and if f : U → V is a proper map (of degree d), then
the triple (f, U, V ) is called a polynomial-like map (of degree d). The fundamental
result about polynomial-like maps is the following (see [6, Theorem VI.1.1] or [8,
Theorem 1]).

Lemma 2. Let (f, U, V ) be a polynomial-like map of degree d. Then there exists
a polynomial p of degree d and a quasiconformal map φ : C→ C such that f(z) =
φ−1(p(φ(z))) for all z ∈ U . Moreover, φ(U) contains the filled Julia set of p and
thus, in particular, all periodic points of p.

If d = 1, then p has the form p(z) = az + b with a, b ∈ C. It is not difficult to
see that |a| > 1. With L(z) = z + b/(a − 1) we have p(z) = L−1(aL(z)). With
ψ(z) = z|z|αeiβ log |z| where α = log 2/ log |a| − 1 and β = − arg a/ log |a| we have
az = ψ−1(2ψ(z)). Replacing φ by ψ ◦ L ◦ φ we obtain the following:

Remark. If d = 1 in Lemma 2, then we can choose p(z) = 2z there.

A simple consequence of Lemma 2 (which, however, can also be proved directly)
is the following result.

Lemma 3. Every polynomial-like map has a fixed point.

Let f : D → C be holomorphic and let U, V ⊂ C be Jordan domains. It will be
convenient to use the notation U

f V if f |D∩U has an island over V . Note that if

U
f V and V

g W , then U
g◦f W . Also, if V

f V , then there exists U ⊂ V such
that (f, U, V ) is a polynomial-like map. Lemma 3 thus yields the following result.

Lemma 4. If V
f V , then f has a fixed point in V .

We shall use some elementary concepts from graph theory. We mention that
graph theoretic arguments like the ones below are also implicit in [9], even though
they are not formalized this way.

For a set V and a set E ⊂ V × V we call the pair G = (V,E) a digraph.
The elements of V are called vertices and those of E are called edges. (Note that
in contrast to the usual terminology we allow loops; that is, edges e of the form
e = (v, v) with v ∈ V .)

Let n ∈ N and w = (v0, v1, . . . , vn) ∈ V n+1. Then w is called a closed walk of
length n if (vk−1, vk) ∈ E for k ∈ {1, . . . , n} and v0 = vn. Note that we have not
excluded the case that vj = vk for j, k ∈ {1, . . . , n}, j 6= k. We call a closed walk
w = (v0, v1, . . . , vn) primitive if there do not exist p ∈ N, 1 ≤ p < n, such that
p|n and vj = vk for all j, k ∈ {1, . . . , n} satisfying p|(j − k). A primitive closed
walk is thus a closed walk which is not obtained by running through a closed walk
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of smaller length several times. Finally recall that the outdegree of a vertex v is
defined to be the cardinality of {u ∈ V : (v, u) ∈ E}.

Lemma 5. Let n ∈ N and let G = (V,E) be a digraph. Suppose that there exist
u, v ∈ V such that u 6= v and {(v, v), (u, v), (v, u)} ⊂ E. Then G contains a
primitive closed walk of length n.

Proof. Since (v, v) is closed walk of length 1 we may assume that n ≥ 2. Let
v0 := vn := u and vj := v for j ∈ {1, . . . , n − 1}. Then (v0, . . . , vn) is a primitive
closed walk of length n in G.

Remark. The hypotheses of Lemma 5 are satisfied if the cardinality of V is at least 2
and G is the complete digraph; that is, if E = V × V .

Lemma 6. Let q, n ∈ N, q ≥ 4, n ≥ 2. Let G = (V,E) be a digraph with q vertices
such that the outdegree of each vertex is at least q−1. Then G contains a primitive
closed walk of length n.

Proof. Suppose first that there exists v ∈ V such that (v, v) ∈ E. Since the
outdegree of v is at least 3 there exist v1, v2 ∈ V \{v} such that v1 6= v2 and (v, vj) ∈
E for j ∈ {1, 2}. If (v1, v) ∈ E or (v2, v) ∈ E, then we can apply Lemma 5 and the
conclusion follows. If (v1, v) 6∈ E and (v2, v) 6∈ E, then {(v1, v1), (v1, v2), (v2, v1)} ⊂
E, and again the conclusion follows from Lemma 5.

Suppose now that (v, v) 6∈ E for all v ∈ V . Then E = (V ×V ) \ {(v, v) : v ∈ V }.
Let v ∈ V and v0 := vn := v. For j ∈ {1, . . . , n − 1} we choose vj ∈ V \ {v}
inductively such that vj 6= vj−1 for j ∈ {1, . . . , n − 1}. Then (v0, . . . , vn) is a
primitive closed walk of length n in G.

Given pairwise disjoint Jordan domains D1, . . . , Dq ⊂ C and a holomorphic
function f we shall apply Lemmas 5 and 6 to the digraph G(f, {Dj}qj=1) whose
vertex set V and edge set E are given by V = {Dj : j = 1, . . . , q} and E =

{(Dj, Dk) ∈ V × V : Dj
f Dk}.

Lemma 7. If G(f, {Dj}qj=1) contains a primitive closed walk of length n, then f
has a periodic point of period n in each Dj belonging to the walk.

Proof. Let (Dj0 , Dj1 , . . . , Djn) be a primitive closed walk of length n. By Lemma 4
and the remarks made before Lemma 4 there exists a fixed point z0 ∈ Dj0 of fn

such that fk(z0) ∈ Djk for k ∈ {1, . . . , n − 1}. It follows from the definition of
primitivity that z0 has period n.

3. Proof of Theorems 1 and 2

Proof of Theorem 1. We may assume that D is bounded. Let q ∈ N, let z1, . . . , zq ∈
D be distinct and let (fk) be a sequence in F2 such that no subsequence of (fk) is
normal in a neighborhood of some zj. We will show that q = 1. This implies that
F2(D) is quasinormal, and in fact quasinormal of order at most 1.

For j ∈ {1, . . . , q} let Dj be a disk around zj such that Dj ⊂ D and Di∩Dj = ∅
for i 6= j. We consider the digraphs Gk = G(fk, {Dj}qj=1).

First we show that q < 4. We assume that this is not the case. Lemma 1 implies
that the outdegree of each vertex of Gk is at least q − 1 if k is sufficiently large.
Lemma 6 implies that for these k there is a primitive closed walk of length n for
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each n ≥ 2. From Lemma 7 we deduce that fk has a periodic point of period n for
each n ≥ 2, provided k is large enough. This is a contradiction. Hence q < 4.

We may now assume that q < 4 has been chosen maximal so that (fk) is normal
in D\{z1, . . . , zq}. It follows that fk → ∞ locally uniformly in D\{z1, . . . , zq}.
This implies that fk(∂Di) ∩ Dj = ∅ for i, j ∈ {1, . . . , q} and large k. Since no
subsequence of (fk) is normal, we also have fk(Di) ∩Dj 6= ∅ for i, j ∈ {1, . . . , q}
and large k. It follows that Di

fk Dj for i, j ∈ {1, . . . , q} and large k. Hence Gk is
the complete digraph if k is sufficiently large. On the other hand, since fk ∈ F2 for
all k ∈ N, there exists nk ∈ N, nk ≥ 2, such that f has no periodic point of period
nk. Thus Gk does not contain a primitive closed walk of length nk by Lemma 7.
Lemma 5 and the remark following it now show that q = 1.

Proof of Theorem 2. Again we may assume that D is bounded. Since no subse-
quence of (fk) converges to ∞ there exist M, δ > 0 and a sequence (zk) in D such
that dist(zk, ∂D) ≥ δ and |fk(zk)| ≤ M for all k. We define Hk := {z ∈ C :
|z − zk| < δ/2} and mk := minz∈∂Hk |fk(z)|. Choose ζk ∈ ∂Hk with mk = |fk(ζk)|.

Suppose that (mk) has a bounded subsequence
(
mkj

)
. Passing to further sub-

sequences if necessary, we may assume that zkj → z0 ∈ D and ζkj → ζ0 ∈ D.
Since

(
fkj
)

is quasinormal of order 1 by Theorem 1, we may also assume that
(
fkj
)

converges in D\{z1} for some z1 ∈ D. As noted before Theorem 1, we actually
have fkj → ∞ in D\{z1}. Since

∣∣fkj (zkj)∣∣ < M this implies that z1 = z0 and
hence that mkj =

∣∣fkj (ζkj)∣∣ → ∞. This is a contradiction. Hence (mk) does not
have a bounded subsequence; that is, mk →∞.

Let ∆k := {z ∈ C : |z| < mk/2}. Then fk(∂Hk) ∩∆k = ∅ for all k. For large k

we have mk > 2M and thus fk(zk) ∈ ∆k so that fk(Hk)∩∆k 6= ∅. Hence Hk
fk ∆k

for large k. Since D is bounded and mk →∞ we also have Hk ⊂ ∆k for large k. For
these k we put Ωk := f−1

k (∆k) ∩Hk. Let D1, . . . , Dq be components of Ωk. Then
Gk = G(fk, {Dj}qj=1) is the complete graph, and thus q = 1 by Lemmas 5 and 7.
Hence Ωk is connected and, by the maximum principle, even simply-connected.

Thus (f,Ωk,∆k) is a polynomial-like map. By Lemma 2 there exists a quasi-
conformal map φk : C→ C and a polynomial pk such that fk(z) = φ−1

k (pk(φk(z)))
for z ∈ Ωk. Now fk ∈ Fm(D) implies that pk ∈ Fm(C). From Theorem C we thus
deduce that if fk ∈ F3(D), then pk has degree 1. By the remark following Lemma 2
we may thus assume that pk(z) = 2z in this case. From Theorem C we can also
deduce that if fk ∈ F2(D)\F3(D), then pk has the form pk(z) = L−1

k (p(Lk(z)),
with p(z) = −z + z2 and a linear transformation Lk. Replacing φk by Lk ◦ φk we
obtain the conclusion.

4. A proof of Theorem D

Let (ak) be a sequence tending to ∞ such that (f(ak)) is bounded. Define
fk : C→ C by fk(z) = f(akz)/ak. Then fk(0)→ 0 and fk(1)→ 0.

Suppose now that f has only finitely many periodic points of period n. Theo-
rem 1 implies that (fk) is quasinormal of order 1 in C\{0}. It is not difficult to
show that no subsequence of (fk) is normal at 0, and this implies that fk → ∞ in
C\{0, 1}.

For sufficiently large k we have |fk(0)| < 2, |fk(1)| < 2, min|z|=1/2 |fk(z)| > 2
and min|z−1|=1/2 |fk(z)| > 2. This implies that there are components D0 and
D1 of f−1

k ({z ∈ C : |z| < 2}) satisfying 0 ∈ D0 ⊂ {z ∈ C : |z| < 1
2} and
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1 ∈ D1 ⊂ {z ∈ C : |z − 1| < 1
2}. It follows that G(fk, {Dj}1j=0) is the complete

graph. From Lemmas 5 and 7 we deduce that fk has a periodic point of period n
in D1, and thus f has a periodic point of period n in {z ∈ C : |z − ak| < 1

2 |ak|} for
large k. This is a contradiction.

5. Repelling periodic points

Let z0 ∈ C be a periodic point of period n of the holomorphic function f . Then
z0 is called repelling if |(fn)′(z0)| > 1.

M. Essén and S. Wu [10, Theorem 1] have generalized their Theorem B as follows.

Theorem E. Let D ⊂ C be a domain and let G be the family of all holomorphic
functions f : D → C for which there exists n = n(f) > 1 such that fn has no
repelling fixed point. Then G is normal.

Theorems C and D also have generalizations dealing with repelling periodic
points.

Theorem F. Let f be a polynomial of degree d ≥ 2 and let n ∈ N. Suppose that f
has no repelling periodic point of period n. Then one of the following cases holds:

(i) n = 1, d ≥ 2,
(ii) n = 2, d = 2,
(iii) n = 2, d = 3,
(iv) n = 2, d = 4,
(v) n = 3, d = 2.

Theorem G. Let f be a transcendental entire function and let n ∈ N, n ≥ 2.
Then f has infinitely many repelling periodic points of period n.

Theorem F is proved in [4, §1.4, Satz 1] while Theorem G can be found in [3,
Theorem 1] and [4, §1.6, Satz 2]. Examples in [4, §1.4] show that each of the five
exceptional cases listed in Theorem F does occur.

Here we give the following result.

Theorem 3. Let D ⊂ C be a domain and let F be the family of all holomorphic
functions f : D → C for which there exists n = n(f) > 1 such that f has no
repelling periodic point of period n. Then F is quasinormal.

It seems possible to describe the non-normal sequences in F similarly as in
Theorem 2, but we omit this here.

We only sketch the proof of Theorem 3. Given a holomorphic function f : D → C
and a Jordan domain V ⊂ C, we say that f has a simple island over V if f−1(V )
has a component U with U ⊂ D such that f |U : U → V is bijective. If, in
addition, U ⊂ V , then (f, U, V ) is a polynomial-like map of degree 1 and, as already
mentioned after Lemma 2 (and also easily proved directly), f has a repelling fixed
point in U in this case.

Instead of Lemma 1 we now use the following result from the Ahlfors theory.

Lemma 8. Let D ⊂ C be a domain and let D1, D2, D3 be Jordan domains with
pairwise disjoint closures. Let F be a family of functions holomorphic in D which
is not normal. Then there exists a function f ∈ F which has a simple island over
D1, D2 or D3.
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We also replace Lemma 6 by the following one.

Lemma 9. Let q, n ∈ N, q ≥ 6, n ≥ 2. Let G be a digraph with q vertices such that
the outdegree of each vertex is at least q − 2. Then G contains a primitive closed
walk of length n.

With these modifications, the proof of Theorem 3 proceeds similar to that of
Theorem 1. In fact one obtains that F is quasinormal of order less than 6. We
omit the details.

Essén and Wu [9, §4, Remark 1] have raised the question whether the conclu-
sion of Theorem B holds if one replaces “holomorphic” by “meromorphic” in the
definition of G. They show [9, §4, Remark 2] that the resulting family G is still
quasinormal of order less than 17.

Similarly we may replace “holomorphic” by “meromorphic” in Theorem 3. To
see this we note that in the meromorphic case an analogue of Lemma 8 holds if we
take five domains Dj instead of three domains – this is the celebrated “Ahlfors five
islands theorem”. And if we assume in Lemma 9 only that the outdegree of each
vertex is at least q − 4, then the conclusion still holds if q is sufficiently large.
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