
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 129, Number 10, Pages 2931–2940
S 0002-9939(01)05893-2
Article electronically published on February 15, 2001

ROUGH SINGULAR INTEGRALS ASSOCIATED
TO SURFACES OF REVOLUTION
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(Communicated by Christopher D. Sogge)

Abstract. Let 1 < p <∞ and n ≥ 2. The authors establish the Lp(Rn+1)-
boundedness for a class of singular integral operators associated to surfaces
of revolution, {(t, φ(|t|)) : t ∈ Rn}, with rough kernels, provided that the
corresponding maximal function along the plane curve {(t, φ(|t|)) : t ∈ R} is
bounded on Lp(R2).

1. Introduction

Let n ≥ 2 and y ∈ Rn. For the Calderón-Zygmund type kernel

K(y) =
Ω(y)
|y|n b(|y|)

and a suitable function φ on [0,∞), we define the singular integral operator T along
the surface

Γ = {(y, φ(|y|)) : y ∈ Rn}
by

Tf(x, s) = p. v.
∫
Rn
f(x− y, s− φ(|y|))K(y) dy.(1)

Here and in what follows, we always assume that b is a measurable function on
[0,∞), Ω is homogeneous of order zero on Rn, integrable on Sn−1 and satisfies∫

Sn−1
Ω(y) dσ(y) = 0.(2)

The kernel K(y), which has radial roughness introduced by the factor b(|y|), was
first studied by R. Fefferman in the context of singular integrals on Rn ([9]).

In [10], Kim, Wainger, Wright and Ziesler proved the following theorem.
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Theorem A ([10]). Let φ ∈ C2([0,∞)) be convex, increasing and φ(0) = 0. Let
Ω ∈ C∞(Sn−1) satisfy (2) and b ≡ 1. Then T in (1) is bounded on Lp(Rn+1) for
1 < p <∞.

In [3], Chen and Fan generalized the above result by requiring that Ω belongs to
a Block space introduced in [11] and b ∈ L∞([0,∞)).

Theorem B ([3]). Suppose Ω ∈ Bβr (Sn−1) for some β > 0 and r > 1. If the
maximal operator νφ on R given by

(νφg)(x) = sup
k∈Z

1
2k

∫ 2k+1

2k
|g(x− φ(t))| dt

is a bounded operator on Lp(R) for 1 < p <∞, then T is bounded on Lp(Rn+1) for
1 < p <∞.

The main purpose of this paper is to consider the Lp boundedness of T when
Ω ∈ H1(Sn−1), the Hardy space on the sphere; see [5] and [4] for the definition.
The method that we use in this paper comes from the work of Duoandikoetxea and
Rubio de Francia ([6]) and its extension obtained in Fan-Pan ([8]).

To state our main result, we need to introduce the maximal function Mφ asso-
ciated to the plane curve {(x, φ(|x|)) : x ∈ R}. For any measurable function f on
R2, Mφf is defined by

Mφf(x1, x2) = sup
k∈Z

1
2k

∫ 2k+1

2k
|f(x1 − t, x2 − φ(|t|))| dt.(3)

Here is our main theorem.

Theorem 1. Let φ : [0,∞) → R be continuously differentiable on (0,∞) and
satisfy

|φ(t)− φ(0)| ≤ Ctα

for some α > 0 and small t, where C is a constant independent of t. Let Ω ∈
H1(Sn−1), b ∈ L∞([0,∞)) and T be given by (1). Then T is bounded on Lp(Rn+1)
for 1 < p <∞, provided that Mφ in (3) is bounded on Lp(R2).

The condition imposed on φ(t) for t ∼ 0 ensures that the integral in (1) exists
in principle-value sense when, say, f ∈ S(Rn+1).

The Lp(R2) boundedness ofMφ is known for many φ’s. Below we shall mention
a few prominent cases:

(i) If φ is a real-valued polynomial, then Mφ is bounded on Lp(R2) for p > 1;
see [13].

(ii) Let h(t) = tφ′(t)−φ(t) for t > 0. If φ : R→ R is of class C2(0,∞), convex on
[0,∞) and φ(0) = φ′(0) = 0 and there exists an ε > 0 so that for each t > 0,
h′(t) > εh(t)/t, thenMφ in (3) is bounded on Lp(R2) for p > 1; see Theorem
1.5 in [2]. Moreover, if φ is either even or odd, convex on [0,∞), and there
exists a 0 < C < ∞ so that for each t > 0, φ′(Ct) ≥ 2φ′(t), then Mφ in (3)
is bounded on Lp(R2) for p > 1. For details, see [1] or [2].

(iii) For φ(t) = tα with α ∈ (0, 1],Mφ is bounded on Lp(R2) for p > 1; see [12].
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2. Proof of Theorem 1

We begin with the definition of the space H1(Sn−1). For f ∈ L1(Sn−1) and
x ∈ Sn−1, we define

P+f(x) = sup
0<t<1

∣∣∣∣∫
Sn−1

Ptx(y)f(y) dσ(y)
∣∣∣∣ ,

where

Ptx(y) =
1− t2
|y − tx|n

for y ∈ Sn−1.

Definition 1. An integrable function f on Sn−1 is in the space H1(Sn−1) if and
only if

‖P+f‖L1(Sn−1) =
∫
Sn−1

|P+f(x)| dσ(x) <∞

and we define

‖f‖H1(Sn−1) = ‖P+f‖L1(Sn−1).

A very useful characterization of the spaceH1(Sn−1) is its atomic decomposition.
Let us first recall the definition of atoms.

Definition 2. A function a(·) on Sn−1 is a regular atom if there exist ξ ∈ Sn−1

and ρ ∈ (0, 2] such that

(i) supp a ⊂ Sn−1 ∩B(ξ, ρ), where B(ξ, ρ) = {y ∈ Rn : |y − ξ| < ρ};
(ii) ‖a‖L∞(Sn−1) ≤ ρ−n+1;

(iii)
∫
Sn−1

a(y) dσ(y) = 0.

A function a(·) on Sn−1 is an exceptional atom if a(·) ∈ L∞(Sn−1) and

‖a‖L∞(Sn−1) ≤ 1.

The following can be found in [5] and [4].

Lemma 1. For any f ∈ H1(Sn−1) there are complex numbers λj and atoms (reg-
ular or exceptional) aj such that

f =
∑
j

λjaj

and

‖f‖H1(Sn−1) ∼
∑
j

|λj |.

The following lemma is a simple corollary of Theorem B.

Lemma 2. Let φ be the same as in Theorem 1. Let Ω ∈ Lr(Sn−1) for some
1 < r ≤ ∞, n ≥ 2 and T be given by (1). Then T is bounded on Lp(Rn+1) for
1 < p <∞, provided that Mφ in (3) is bounded on Lp(R2).
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Proof. It suffices to show that the Lp(R2) boundedess of Mφ implies the Lp(R)
boundedess of the maximal operator νφ.

For N ∈ N, let

(νNφ g)(x) = sup
−∞<k≤N

1
2k

∫ 2k+1

2k
|g(x− φ(t))| dt.

Then for f(x, y) = χ[0,2N+2](x)g(y),

χ[0,2N+1](x)(νNφ g)(y) ≤ (Mφf)(x, y).

Thus

2(N+1)/p‖νNφ g‖Lp(R) ≤ ‖Mφf‖Lp(R2) ≤ Cp‖f‖Lp(R2) = Cp2(N+2)/p‖g‖Lp(R).

By letting N→∞ (after dividing both sides by 2(N+1)/p), we obtain

‖νφg‖Lp(R) ≤ Cp21/p‖g‖Lp(R).

This finishes the proof of Lemma 2.

The following lemma in [7] is one of our main tools.

Lemma 3. Let l, m ∈ N and {σs,k : 0 ≤ s ≤ l and k ∈ Z} be a family of
measures on Rm with σ0,k = 0 for every k ∈ Z. Let {αsj : 1 ≤ s ≤ l and 1 ≤
j ≤ 2} ⊂ (0,∞), {ηs : 1 ≤ s ≤ l} ⊂ (0,∞) \ {1}, {Ms : 1 ≤ s ≤ l} ⊂ N, and
Ls : Rm → RMs be linear transformations for 1 ≤ s ≤ l. Suppose

(i) ‖σs,k‖ ≤ 1 for k ∈ Z and 1 ≤ s ≤ l;
(ii) |σ̂s,k(ξ)| ≤ C(ηks |Lsξ|)−αs2 for ξ ∈ Rm, k ∈ Z and 1 ≤ s ≤ l;
(iii) |σ̂s,k − σ̂s−1,k(ξ)| ≤ C(ηks |Lsξ|)αs1 for ξ ∈ Rm, k ∈ Z and 1 ≤ s ≤ l;
(iv) For some q > 1, there exists Aq > 0 such that∥∥∥∥sup

k∈Z
| |σs,k| ∗ f |

∥∥∥∥
Lq(Rm)

≤ Aq‖f‖Lq(Rm)

for all f ∈ Lq(Rm) and 1 ≤ s ≤ l.
Then for every p ∈ ( 2q

q+1 ,
2q
q−1 ), there exists a positive constant Cp such that∥∥∥∥∥∑

k∈Z
σl,k ∗ f

∥∥∥∥∥
Lp(Rm)

≤ Cp‖f‖Lp(Rm)(a)

and ∥∥∥∥∥∥
(∑
k∈Z
|σl,k ∗ f |2

)1/2
∥∥∥∥∥∥
Lp(Rm)

≤ Cp‖f‖Lp(Rm)(b)

hold for all f ∈ Lp(Rm). The constant Cp is independent of the linear transforma-
tions {Ls}ls=1.

The following result is just Lemma 5.1 in [7], which follows immediately from
Lemma 6.2 in [8] and is an extension of an earlier theorem due to Duoandikoetxea
and Rubio de Francia in [6].

Lemma 4. Let s, m ∈ N, η ∈ (0,∞) \ {1}, δ1, δ2 > 0, and L : Rs → Rm be
a linear transformation. Suppose that {σk}k∈Z is a sequence of measures on Rm
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satisfying:
(i) ‖σk‖ ≤ 1 for k ∈ Z;
(ii) |σ̂k(ξ)| ≤ C[min{(ηk|Lξ|)δ1 , (ηk|Lξ|)−δ2}] for ξ ∈ Rs and k ∈ Z;
(iii) For some q > 1, there exists Aq > 0 such that

‖σ∗(f)‖Lq(Rm) =
∥∥∥∥sup
k∈Z
| |σk| ∗ f |

∥∥∥∥
Lq(Rm)

≤ Aq‖f‖Lq(Rm)

for all f ∈ Lq(Rm).
Then for p ∈ ( 2q

q+1 ,
2q
q−1 ), there exists a positive constant Cp = C(p, s,m, η, δ1, δ2)

such that ∥∥∥∥∥∑
k∈Z

σk ∗ f
∥∥∥∥∥
Lp(Rm)

≤ Cp‖f‖Lp(Rm)(a)

and ∥∥∥∥∥∥
(∑
k∈Z
|σk ∗ f |2

)1/2
∥∥∥∥∥∥
Lp(Rm)

≤ Cp‖f‖Lp(Rm)(b)

hold for all f ∈ Lp(Rm). The constant Cp is independent of the linear transforma-
tion L.

In order to handle truncation in the phase space, we need the following useful
lemma, which is Lemma 6.4 in [8].

Lemma 5. For s ≤ d, let H : Rs → Rs and G : Rd → Rd be two nonsingular
linear transformations and ϕ ∈ S(Rs). Define J and Xr = Xr(ϕ,G,H) by

(Jf)(x) = f(Gt(Ht ⊗ idRd−s))(x)

and

Xrf(x) = J−1((|Φr| ⊗ δRd−s) ∗ Jf)(x),

where x ∈ Rd, r > 0, Gt and Ht are respectively the transposes of G and H, idRd−s
is the identity operator on Rd−s, δRd−s is the Dirac delta operator on Rd−s, and
Φ ∈ S(Rs) satisfies Φ̂ = ϕ. Let X = X(ϕ,G,H) be given by

Xf(x) = sup
r>0
|Xrf(x)|.

Then for 1 < p ≤ ∞, there exists a positive constant Cp = C(p, ϕ, s, d) such that

‖Xf‖Lp(Rd) ≤ Cp‖f‖Lp(Rd)

for all f ∈ Lp(Rd). The constant Cp is independent of the linear transformations
G and H.

Now let ∆γ(0,∞) denote the set of functions b on (0,∞) satisfying

sup
R>0

1
R

∫ R

0

|b(t)|γ dt <∞.

For y = (y1, · · · , yn) ∈ Rn, let ỹ = (y1, · · · , yn−1) ∈ Rn−1. We denote the north
pole (0, · · · , 0, 1) on Sn−1 by ρ1. Let F : R× Rn → R be of the form

F (t, y) = tlq(ỹ) +W1(t, y) +W2(t),(4)
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where q : Rn−1 → R is a polynomial, W1 satisfies

∂lW1

∂tl
(t, y) ≡ 0,(5)

and W2(·) is an arbitrary function.
The following estimate on the oscillatory integrals is Proposition 5.3 in [8] and

is of considerable importance to us.

Lemma 6. Let ρ ∈ (0, 1/4), l ∈ N, m ≥ 0, q(ỹ) =
∑m

j=0 qj(ỹ), where qj(·) is a
homogeneous polynomial of degree j on Rn−1 for 0 ≤ j ≤ m. Let F (t, y) be given by
(4) and (5). Suppose that b ∈ ∆γ for some γ > 1 and Ω(·) is a function satisfying

(a) supp(Ω) ⊂ B(ρ1, ρ);
(b) ‖Ω‖L∞(Sn−1) ≤ ρ−n+1.

If we assume qm(ỹ) =
∑
|β|=m αβ ỹ

β and ‖qm‖ =
∑
|β|=m |αβ |, then there exists

a positive constant C such that∫ 2k+1

2k

∣∣∣∣∫
Sn−1

eiF (t,y)Ω(y) dσ(y)
∣∣∣∣ |b(t)|t dt ≤ C

(
2klρm‖qm‖

)− 1
4mlγ .

The constant C may depend on l, m, n, and b(·), but it is independent of k, ρ,
W1(·, ·), W2(·), and the coefficients of q(·).

Proof of Theorem 1. Since Ω ∈ H1(Sn−1) and
∫
Sn−1 Ω(y) dσ(y) = 0, there are

regular atoms aj(·) and {Cj} ⊂ C such that

Ω(y) =
∑
j

Cjaj(y)

by Lemma 1.
Therefore, we only need to be concerned with the case where Ω(y) is a regular

atom on Sn−1. By Lemma 2 and using a rotation if necessary, we may assume that
there is a ρ ∈ (0, 1/4) such that

supp(Ω) ⊂ B(ρ1, ρ), where ρ1 = (0, · · · , 0, 1);

‖Ω‖L∞(Sn−1) ≤ ρ−(n−1);
∫
Sn−1

Ω(y) dσ(y) = 0.

For any integrable function a(·) on Sn−1 and a suitable mapping Γ : Rn → Rn+1,
we define the sequence of measures {σa,Γ,k}k∈Z by∫

Rn+1
F dσa,Γ,k =

∫
{y∈Rn:2k≤|y|<2k+1}

F (Γ(y))
a(y)
|y|n b(|y|) dy.

For y ∈ Rn \ {0}, let ỹ = (y1/|y|, · · · , yn−1/|y|). Let N = [3(n−1)
2 ] + 2 (this N is

chosen so that we can have both (9) and (10) for j = N). For j = 1, · · · , N − 2, let
bj = (−1)j 1

2 (1
2 − 1) · · · (1

2 − j + 1)/j!. Thus

|(1− t)1/2 − 1−
j−1∑
l=1

blt
l| ≤ Cjtj

for t ∈ [0, 1/4].
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We now define the mappings Γ0, Γ1, · · · , ΓN by

ΓN (y) = (y, φ(|y|)),
Γj(y) = (|y|ỹ, |y|(1 + b1|ỹ|2 + · · ·+ bj−1|ỹ|2(j−1)), φ(|y|)), j = 2, · · · , N − 1,

Γ1(y) = (|y|ỹ, |y|, φ(|y|)),
and

Γ0(y) = (0, |y|, φ(|y|)).

For ξ = (ξ1, . . . , ξn) ∈ Rn and η ∈ R, we shall establish estimates (ii) and (iii)
in Lemma 3 for {|σ̂Ω,Γj ,k(ξ, η)| : 1 ≤ j ≤ N and k ∈ Z}. By an inequality on page
551 of [6], we have

|σ̂Ω,ΓN ,k(ξ, η)| ≤
∫ 2k+1

2k

∣∣∣∣∫
Sn−1

e−i[tξ·y+ηφ(t)]Ω(y) dσ(y)
∣∣∣∣ |b(t)|dtt(6)

≤ C[2k|ξ|]−1/6‖Ω‖L2(Sn−1)

≤ C[2k|ρ3(n−1)ξn|]−1/6.

One observes that the variable η does not appear in the previous inequality. The
same is true for the Fourier estimates obtained from here on.

Now, for 2 ≤ j ≤ N − 1, we have∣∣σ̂Ω,Γj ,k(ξ, η)
∣∣ ≤ ∫ 2k+1

2k

∣∣∣∣∫
Sn−1

e−it[(ξ1,··· ,ξn−1)·ỹ+ξn
∑j−1
s=1 bs|ỹ|2s]Ω(y) dσ(y)

∣∣∣∣ |b(t)|dtt .
By applying Lemma 6 with q(ỹ) = −[(ξ1, · · · , ξn−1) · ỹ + ξn

∑j−1
s=1 bs|ỹ|2s], m =

2(j − 1), γ = 2 and l = 1, we obtain∣∣σ̂Ω,Γj ,k(ξ, η)
∣∣ ≤ C [2k ∣∣∣ρ2(j−1)ξn

∣∣∣]− 1
16(j−1)

.(7)

Finally, by Lemma 6 with m = 1, γ = 2 and l = 1, we have

|σ̂Ω,Γ1,k(ξ, η)| ≤
∫ 2k+1

2k

∣∣∣∣∫
Sn−1

e−it[(ξ1,··· ,ξn−1)·ỹ]Ω(y) dσ(y)
∣∣∣∣ |b(t)|dtt(8)

≤ C
[
2k |ρ(ξ1, · · · , ξn−1)|

]− 1
8 .

Let

L1(ξ, η) = ρ(ξ1, · · · , ξn−1), θ1 =
1
8

;

Lj(ξ, η) = ρ2(j−1)ξn, θj =
1

16(j − 1)
, 2 ≤ j ≤ N − 1;

LN(ξ, η) = ρ3(n−1)ξn, θN =
1
6
.

Then by (6)–(8), we have∣∣σ̂Ω,Γj ,k(ξ, η)
∣∣ ≤ C[2k|Lj(ξ, η)|]−θj(9)

for 1 ≤ j ≤ N, k ∈ Z, ξ ∈ Rn and η ∈ R. Next we shall verify that for (ξ, η) ∈
Rn+1, k ∈ Z and 1 ≤ j ≤ N ,∣∣σ̂Ω,Γj ,k(ξ, η) − σ̂Ω,Γj−1,k(ξ, η)

∣∣ ≤ C2k|Lj(ξ, η)|.(10)
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Let us begin with j = N . In this case, we have∣∣σ̂Ω,ΓN ,k(ξ, η)− σ̂Ω,ΓN−1,k(ξ, η)
∣∣

≤
∫ 2k+1

2k

∣∣∣∣∫
Sn−1

(
e−itξn[(1−|ỹ|2)1/2−1−

∑N−2
s=1 bs|ỹ|2s] − 1

)
Ω(y) dσ(y)

∣∣∣∣ |b(t)|dtt
≤ C

∫ 2k+1

2k
t|ξn|ρ2(N−1)‖Ω‖L1(Sn−1)

dt

t

≤ C2k|ρ3(n−1)ξn| = C|2kLN (ξ, η)|.
For 2 ≤ j ≤ N − 1, we have∣∣σ̂Ω,Γj ,k(ξ, η)− σ̂Ω,Γj−1,k(ξ, η)

∣∣
≤
∫ 2k+1

2k

∫
Sn−1

∣∣∣e−itξnbj−1|ỹ|2(j−1)
− 1
∣∣∣ |Ω(y)| dσ(y)|b(t)|dt

t

≤ C2k|ρ2(j−1)ξn| = C|2kLj(ξ, η)|.
Finally, for j = 1, we have∣∣σ̂Ω,Γ1,k(ξ, η)− σ̂Ω,Γ0,k(ξ, η)

∣∣
≤
∫ 2k+1

2k

∫
Sn−1

∣∣∣e−it(ξ1,··· ,ξn−1)·ỹ − 1
∣∣∣ |Ω(y)| dσ(y)|b(t)|dt

t

≤ C2kρ|(ξ1, · · · , ξn−1)| = C|2kL1(ξ, η)|.

This completes the proof of (10).

We still need to verify condition (iv) in Lemma 3. It suffices to establish the
Lp(Rn) boundedness of the operators σ∗Ω,j defined by

σ∗Ω,j(f)(x, s) = sup
k∈Z
|(σ|Ω|,Γj ,k ∗ f)(x, s)|,

where j = 1, · · · , N, x ∈ Rn, s ∈ R and 1 < p <∞.
Let us begin with σ∗Ω,1 which is given by

σ∗Ω,1(f)(x, s) = sup
k∈Z
|(σ|Ω|,Γ1,k ∗ f)(x, s)|.

Choose θ ∈ C∞0 (Rn−1) such that θ(t) ≡ 1 for |t| ≤ 1/2 and θ(t) ≡ 0 for |t| ≥ 1. For
k ∈ Z, we define νk by

ν̂k(ξ, η) = θ(2kρ(ξ1, · · · , ξn−1))σ̂|Ω|,Γ0,k(ξ, η)

for ξ ∈ Rn and η ∈ R. Let τk = σ̂|Ω|,Γ1,k−νk. Then by (10) and |σ̂|Ω|,Γ0,k(ξ, η)| ≤ C,
we have

|τ̂k(ξ, η)| ≤ |σ̂|Ω|,Γ1,k(ξ, η) − σ̂|Ω|,Γ0,k(ξ, η)|
+ |1− θ(2kρ(ξ1, · · · , ξn−1))||σ̂|Ω|,Γ0,k(ξ, η)|
≤ C

[
|2kL1(ξ, η)| + |2kρ(ξ1, · · · , ξn−1)|

]
= C2k|L1(ξ, η)|.

If 2k|L1(ξ, η)| > 1, by (9), we have

|τ̂k(ξ, η)| ≤ C(2k|L1(ξ, η)|)−1/8.



SINGULAR INTEGRALS ASSOCIATED TO SURFACES OF REVOLUTION 2939

Thus,

|τ̂k(ξ, η)| ≤ C
[
min{2k|L1(ξ, η)|, (2k|L1(ξ, η)|)−1}

]1/8
.(11)

Let

τ∗(f)(x, s) = sup
k∈Z
|(|τk| ∗ f)(x, s)|, ν∗(f)(x, s) = sup

k∈Z
|(|νk| ∗ f)(x, s)|

and

gτ (f)(x, s) =

{∑
k∈Z
|(τk ∗ f)(x, s)|2

}1/2

.

Then

σ∗|Ω|,1(f)(x, s) ≤ gτ (f)(x, s) + ν∗(f)(x, s)(12)

and

τ∗(f)(x, s) ≤ σ∗|Ω|,1(|f |)(x, s) + ν∗(|f |)(x, s)(13)

≤ gτ (|f |)(x, s) + 2ν∗(|f |)(x, s).

By the Lp(R2) boundedness ofMφ and Lemma 5, for 1 < p <∞, we have

‖ν∗(|f |)‖Lp(Rn+1) ≤ Cp‖f‖Lp(Rn+1).

Also, from (11), it is easy to deduce that

‖gτ (f)‖L2(Rn+1) ≤ C‖f‖L2(Rn+1).

Thus, (13) implies that

‖τ∗(f)‖L2(Rn+1) ≤ C‖f‖L2(Rn+1).

By invoking Lemma 4, we obtain

‖gτ (f)‖Lp(Rn+1) ≤ Cp‖f‖Lp(Rn+1)

for 4/3 < p < 4. Thus, by (13) again, we obtain

‖τ∗(f)‖Lp(Rn+1) ≤ Cp‖f‖Lp(Rn+1)(14)

for 4/3 < p < 4. By using (14), (13) and repeating the preceding argument, we
obtain

‖gτ (f)‖Lp(Rn+1) ≤ Cp‖f‖Lp(Rn+1)

for 1 < p <∞. Now, from (12), it follows that

‖σ∗|Ω|,1(f)‖Lp(Rn+1) ≤ Cp‖f‖Lp(Rn+1)

for 1 < p <∞.
Similarly, we can show that

‖σ∗|Ω|,j(f)‖Lp(Rn+1) ≤ Cp‖f‖Lp(Rn+1)(15)

for 1 ≤ j ≤ N . Now, by (9), (10), (15) and Lemma 3, we have∥∥∥∥∥∑
k∈Z

σΩ,ΓN ,k ∗ f
∥∥∥∥∥
Lp(Rn+1)

≤ Cp‖f‖Lp(Rn+1)



2940 SHANZHEN LU, YIBIAO PAN, AND DACHUN YANG

for 1 < p <∞. Noting that∑
k∈Z

(σΩ,ΓN ,k ∗ f) (x, s) =
∫
Rn
f(x− y, s− φ(|y|))Ω(y)

|y|n b(|y|) dy,

we thus obtain a proof of our theorem.
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