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STRUCTURE OF CONTRACTIBLE LOCALLY C∗-ALGEBRAS

MARIA FRAGOULOPOULOU

(Communicated by David R. Larson)

Abstract. A locally C∗-algebra is contractible iff it is topologically isomor-
phic to the topological cartesian product of a certain family of full matrix
algebras.

0. Introduction

At the beginning of the 1970’s a well-known series of papers by J. L. Taylor
appeared, viewing his concepts of joint spectrum and multi-operator functional
calculus under the light of homology. By the requirements of his theory [13], J.
L. Taylor developed in [12] important homological methods in the general frame-
work of topological algebras. In the latter paper, among other interesting results,
Proposition 5.7 was presented, which loosely speaking, has the following meaning:
A contractible Arens-Michael algebra is topologically isomorphic to the direct sum
of the topological cartesian product of a certain family of full matrix algebras and
of some hypothetical “badly behaving” algebra, which in the commutative case is
always zero. Around the 1980’s A. Ya. Helemskii traced back a gap in the proof
of the preceding result, which was filled by himself in 1985 in the case where the
algebra under consideration is moreover commutative; for a proof of this result, see
[5, Theorem IV. 5.27]. The aforementioned Taylor’s result initiates a more general
problem of whether an arbitrary contractible Arens-Michael algebra is topologically
isomorphic to the topological cartesian product of a certain family of full matrix
algebras. This, among other questions, was considered by the school of Helemskii in
Moscow, with successful answers in several cases. Nevertheless, the main problem
still remains open, even in the normed case (see [5, p. 195, comments after Exercise
5.28]). More precisely, in 1996, positive answers were given by Y. V. Selivanov [11]
for contractible semiprime Fréchet Arens-Michael algebras having a nice geometri-
cal property, the so-called “approximation property” of A. Grothendieck (cf. e.g.,
[5, Definition II.2.33]). In this respect, see also Proposition 2.1. In a conversation
with the author, A. Ya. Helemskii conjectured that Taylor’s result holds for all
contractible locally C∗-algebras. Indeed, this is true, and in this note the details
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of the proof are presented (Theorem 3.3). The new result cannot be taken either
from the amended version of Taylor’s result by A. Ya. Helemskii or from the result
of Y. V. Selivanov, since an arbitrary locally C∗-algebra is neither commutative
nor Fréchet. Take for instance the topological cartesian product of an uncountable
family of full matrix algebras (needless to say that at least one of them must be
of size > 1). The latter algebra is always contractible. J. L. Taylor had noticed
in 1972 ([12, p. 181]; for a proof see [11, Lemma 11]) that a topological cartesian
product of full matrix algebras is a contractible algebra.

1. Preliminaries

Throughout this paper we deal with complex associative algebras and Hausdorff
topological spaces.

An lmc (locally m-convex) algebra is an algebra A endowed with a family of
submultiplicative seminorms, i.e., with a family of seminorms {p} satisfying the
property

p(ab) ≤ p(a)p(b), ∀ a, b ∈ A.
A complete lmc algebra is called Arens-Michael algebra [6, Definition I.2.4]. An
Arens-Michael algebra A is called B-complete resp. Fréchet, whenever the under-
lying locally convex space of A is B-complete resp. Fréchet (see, e.g., [8, p. 183,
9.5]). Note that every Fréchet locally convex space is B-complete.

Now, a locally convex C∗-algebra is an involutive algebra A equipped with a
family {p} of C∗-seminorms; e.g., each seminorm p fulfils the C∗-property:

p(a∗a) = p(a)2, ∀ a ∈ A.
Due to Z. Sebestyén [10] each C∗-seminorm p on an involutive algebra A is auto-
matically submultiplicative and ∗-preserving (the latter means that p(a∗) = p(a),
∀ a ∈ A). Thus, each locally convex C∗-algebra is an lmc algebra with continuous
involution. A complete locally convex C∗-algebra is called locally C∗-algebra (Inoue
[7]). For the same concept various authors have used different terminology, such
as, e.g., b∗-algebra, LMC∗-algebra, pro-C∗-algebra, etc.; for detailed references see,
for instance, [3, p. 321].

In all the preceding cases, the family {p} of the seminorms is denoted by Γ and
assumed to be saturated.

We briefly mention some examples of locally C∗-algebras, which cannot be
(normed) C∗-algebras:

(1) The algebra CN of all complex sequences with the cartesian product topology.
(2) The algebra C[0, 1] of all continuous functions on [0, 1] with the topology of

uniform convergence on the countable compact subsets of [0, 1].
(3) The algebra L(H), H a locally Hilbert space, due to A. Inoue [7, Section

5]. A locally Hilbert space H is the direct limit of an increasing family, say Hλ,
λ ∈ Λ, of Hilbert spaces, endowed with the direct limit locally convex topology.
Roughly speaking, L(H) consists of all continuous linear operators T : H → H ,
which are direct limits of operators belonging to the C∗-algebras B(Hλ), λ ∈ Λ, of
bounded linear operators on Hλ’s. In particular, L(H) is a locally C∗-algebra, with
respect to the family of the C∗-seminorms induced by the operator norms of the
C∗-algebras B(Hλ), λ ∈ Λ. Algebras of the type L(H) are very important, since
an arbitrary locally C∗-algebra always sits topologically in some L(H), with H a
locally Hilbert space [7, Theorem 5.1].
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If a locally C∗-algebra (A,Γ = {p}) is given, set Np ≡ ker(p), p ∈ Γ, and denote
by Ap the quotient A/Np, endowed with the C∗-norm ‖ · ‖p induced by p, i.e.,

‖ap‖p := p(a), ∀ ap ≡ a+Np ∈ A/Np.
Ap is automatically complete [1, Theorem 2.4], hence a C∗-algebra. In particular,

A = lim←−Ap(1.1)

up to a topological isomorphism (cf. [6, 7, 9]). By a topological isomorphism
between two Arens-Michael algebras A,B we understand a continuous algebraic
isomorphism from A onto B with continuous inverse. If A,B have the additional
structure of an involution *, a topological ∗-isomorphism between them is a topo-
logical isomorphism ϕ which preserves involution, i.e., ϕ(a∗) = ϕ(a)∗, ∀ a ∈ A.

Now let (A,Γ = {p}) be an lmc algebra. A topological left A-module is a
complete locally convex space X , such that X is a left A-module algebraically and
the operation

m : A×X → X : (a, x) 7→ ax

is jointly continuous, when A ×X carries the cartesian product topology (cf., for
instance, [5, Definition 0.3.9]). In the sequel, by A-module we shall always mean a
topological left A-module in the preceding sense.

We recall that an lmc algebra (A,Γ = {p}) is said to be contractible iff A is
biprojective and unital, that is A is unital and as an A-bimodule is projective (cf.
[6, Assertion VII.1.72 and Definition VII.1.59]). Equivalently, we can say that A
is contractible whenever all of its cohomological groups of positive dimension are
trivial with all coefficients (see, e.g., [5, p. 406]). It is easily seen that a full matrix
algebra, say Mn (n× n complex matrices), is a contractible C∗-algebra.

2. Some remarks on contractibility

In the case of a commutative Banach algebra and/or of a C∗-algebra, say A,
A. Ya. Helemskii (1970) resp. Y. V. Selivanov (1978) characterized contractibility
of A by any of the following statements, which in these particular cases are moreover
all equivalent (cf. [6, p. 362]):

(1) The projectivity of all A-modules.
(2) The projectivity of all (algebraically) irreducible A-modules.
(3) The representation of A (up to a topological (∗)-isomorphism) by a finite

cartesian product of full matrix algebras.
From (1), contractibility of A accounts for the fact that A has global dimension

zero, which in symbols is written by dgA = 0. From (3), contractibility of A is
closely related to the “classical semisimplicity” (i.e., to Artin-Wedderburn theo-
rem).

In general, it is known that if A is a Banach algebra, then:
A ∼=

∏
finiteMn ⇒ A is contractible ⇒ dgA = 0 ⇒ A is unital and all the

irreducible A-modules are projective.
Whether the inverse implications are valid is still an open question (ibid.).
On the other hand, if A is a C∗-algebra, then it is semisimple, so being addition-

ally finite dimensional, it becomes classically semisimple, therefore topologically
∗-isomorphic to the direct sum of a finite number of full matrix algebras (see, for
instance, [5, p. 27, 1.4.1o]). Thus one has the next [5, p. 20 and p. 186, Corollary
4.12].
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Proposition 2.1 (Y. V. Selivanov). Let A be a C∗-algebra. The following are
equivalent:

(1) A is finite dimensional.
(2) A is contractible.
(3) A is classically semisimple.
(4) dgA = 0.

From the above it now follows that:

Corollary 2.2. A C∗-algebra is contractible iff it is topologically ∗-isomorphic to
the direct sum of a finite number of full matrix algebras.

As an illustration now let H be an infinite dimensional Hilbert space and B(H)
the C∗-algebra of all bounded linear operators on H . It is evident from Corollary
2.2 that B(H) cannot be contractible. But clearly, B(H) is contractible iff H is
finite dimensional.

3. Main result

Let (A,Γ = {p}) be an Arens-Michael algebra and X an A-module. Let A⊗̂X be
the completed projective tensor product of A,X . Then one very useful character-
ization of projectivity for X is given by claiming that the canonical (well defined)
projection

π : A⊗̂X → X : a⊗ x 7→ ax(3.1)

is a retraction, i.e., π has a right inverse morphism of A-modules, say ρ [6, Theorem
VII.1.11].

Lemma 3.1. Let (A,Γ = {p}) be a locally C∗-algebra for which all A-modules are
projective. Then each Ap-module is projective, ∀ p ∈ Γ.

Proof. Let p ∈ Γ and let X be an Ap-module. Then X is made into an A-module
by defining

m : A×X → X : (a, x) 7→ apx, ap ≡ a+Np.

Since X is projective there is a right inverse, say ρ, for the canonical projection
π (see (3.1)). If τp : A → Ap : a 7→ ap is the natural ∗-morphism of A onto Ap,
consider the following diagram

A⊗̂X
π //

τp⊗idX

��

X
ρ

oo_ _ _

ρp
xxq q q q q q

Ap⊗̂X

πp

88qqqqqqqqqqq

where πp is the corresponding canonical map for Ap⊗̂X and ρp := (τp ⊗ idX) ◦ ρ.
Taking into account that πp ◦ (τp ⊗ idX) = π, it follows easily that ρp is a right
inverse morphism of A-modules for πp.

Corollary 3.2. Let (A,Γ = {p}) be a contractible locally C∗-algebra. Then each
C∗-algebra Ap, p ∈ Γ, is contractible.
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Theorem 3.3. Let (A,Γ = {p}) be a locally C∗-algebra. The following are equiv-
alent:

(1) A is contractible.
(2) dgA = 0.
(3) A is topologically ∗–isomorphic to the topological cartesian product of a cer-

tain family of full matrix algebras.

Proof. (1) ⇒ (2) It suffices to show that each A-module X is projective. But by
(1) A as an A-bimodule is projective. This implies that the A-module A⊗̂AX
(tensor product of A-modules [6, pp. 330-335]) is projective (adopt the proof of
the corresponding Banach algebra result [6, Proposition VII.1.57]). Since X is
topologically isomorphic to A⊗̂AX , projectivity of X follows.

(2)⇒ (3) By Lemma 3.1 and Proposition 2.1 we conclude that each C∗-algebra
Ap is contractible, therefore (Corollary 2.2) topologically ∗–isomorphic to the direct
sum of a finite number of full matrix algebras, i.e.,

Ap =
⊕
ν∈Fp

Mnν , p ∈ Γ,(3.2)

where Mnν ≡ Mnν (C) and Fp is a finite index set. We now proceed to specify
the index set Fp by means of the structure space Prim(Ap) of the C∗-algebra
Ap, consisting of the kernels of all non-zero irreducible ∗–representations of Ap,
p ∈ Γ. Since Ap is of the form indicated above, each of its non-zero irreducible
∗-representations is equivalent to one of the projections⊕

ν∈Fp

Mnν −→σν Mnν
∼= B(Hnν ), Hnν ≡ Cnν .

Therefore, Prim(Ap) consists of exactly ν elements, which are the kernels of the
preceding projections σν , ν ∈ Fp. So there is a (well-defined) correspondence

Fp → Prim(Ap) : ν 7→ ker(σν),

which is clearly a bijection. Hence the finite set Fp is identified with the structure
space Prim(Ap) of Ap, p ∈ Γ. We now show that

p ≤ q in Γ implies some natural injection of Fp into Fq.

Let Ip ≡ ker(πp)∈Prim(Ap), p ∈ Γ, with πp a non-zero irreducible ∗–representation
of Ap. Let p ≤ q in Γ and let

τpq : Aq → Ap : aq 7→ ap

be the corresponding connecting continuous ∗–morphism between Aq, Ap. Consider
the diagram

Aq
τpq

//

πq :=πp◦τpq
""EEEEEEEE Ap

πp

��

B(Hp)

where Hp is the Hilbert space on which πp acts. Clearly, πq is a non-zero irreducible
∗-representation of Aq and the map

Prim(Ap)→ Prim(Aq) : Ip 7→ Iq ≡ ker(πq)
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is a well-defined injection. Therefore,

Fp ∼= Prim(Ap) ⊂→ Prim(Aq) ∼= Fq.(3.3)

Thus we may consider the preceding increasing, up to set-theoretical isomor-
phisms, family of the sets Fp, p ∈ Γ, and take their corresponding direct limit, say
Λ, i.e.,

Λ := lim−→Fp =
⋃
p∈Γ

Fp.

The set Λ will serve as the index set of the topological cartesian product of the full
matrix algebras we need. We shall prove that

A =
∏
λ∈Λ

Mnλ ,

with respect to a topological ∗–isomorphism. We already have the following topo-
logical ∗–identifications (see (1.1) and (3.2))

A = lim←−Ap = lim←−

⊕
ν∈Fp

Mnν

 .

We must show that

lim←−

⊕
ν∈Fp

Mnν

 =
∏
λ∈Λ

Mnλ ,(3.4)

up to a topological ∗-isomorphism.
Let F be the family of all finite subsets of Λ, directed by inclusion. An easy

modification of a general result on topological spaces, which can be found, for
instance, in [9, Lemma XII.2.1], shows that

lim←−

(⊕
λ∈F

Mnλ

)
=
∏
λ∈Λ

Mnλ , F ∈ F ,(3.5)

up to a topological ∗-isomorphism. But the family {Fp, p ∈ Γ} is a cofinal subset of
F . Indeed: Let F ∈ F . Then F = {ν1, . . . , νk} with νi ∈ Fpi , i = 1, . . . , k. Since
Γ is saturated, there exists p ∈ Γ such that pi ≤ p, ∀ i = 1, . . . , k; therefore (3.3)
implies that F ⊆ Fp. Consequently (see also [2, p. 80, Proposition 3]),

lim←−

(⊕
λ∈F

Mnλ

)
= lim←−

⊕
ν∈Fp

Mnν

 ,(3.6)

with respect to a topological ∗-isomorphism. So (3.4) follows from (3.5) and (3.6).
(3)⇒ (1) This implication is derived from [11, Lemma 11].

Let (A,Γ = {p}) be a locally C∗-algebra and I a closed 2-sided ideal of A. Then
I is a self-adjoint ideal and the quotient algebra A/I, endowed with the quotient
C∗-seminorms induced by the C∗-seminorms p ∈ Γ, is a locally convex C∗-algebra
[7, Theorem 2.7]. In the case where A is either B-complete or Fréchet, then A/I
is also complete [8, p. 186, Theorem 1]; therefore A/I becomes a B-complete or
Fréchet locally C∗-algebra. In this respect, we have the following.
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Corollary 3.4. Let (A,Γ = {p}) be a contractible B-complete or a contractible
Fréchet locally C∗-algebra and I a closed 2-sided ideal of A. Then the quotient
algebra A/I is represented, up to a topological ∗–isomorphism, as an arbitrary or
resp. at most a countable topological cartesian product of full matrix algebras.

Proof. As we noticed before A/I is a B-complete or Fréchet locally C∗-algebra
according to our hypothesis for A. On the other hand, A/I is contractible since
A has this property (cf. [6, Proposition VII.1.71 and comments in p. 361, before
§1.5]); so the assertion follows from Theorem 3.3.

Now let (A,Γ = {p}), (B,Γ′ = {q}) be two locally C∗-algebras and α, β the
projective resp. injective tensorial locally C∗-topology on A⊗B, as they have been
defined in [3, p. 322] and/or [4, p. 27]. Denote by A⊗̂αB, A⊗̂βB the locally C∗-
algebras resulting by completing the tensor product of A,B under α, β resp. Then
(cf. [4, Corollary 4.11])

A⊗̂
α
B = lim←−Ap ⊗min

Bq, A⊗̂
β
B = lim←−Ap ⊗max

Bq,(3.7)

up to topological ∗-isomorphisms, where Ap⊗minBq, Ap⊗maxBq denote the com-
pleted tensor product of the C∗-algebras Ap, Bq under the minimum resp. maxi-
mum C∗-cross-norms ‖ · ‖pqmin, ‖ · ‖pqmax. In this regard, we have the following.

Corollary 3.5. Let (A,Γ = {p}), (B,Γ′ = {q}) be two contractible locally C∗-
algebras. Then A⊗̂αB, A⊗̂βB are contractible locally C∗-algebras that coincide up
to a topological ∗–isomorphism.

Proof. From Corollaries 2.2, 3.2 and (3.7) we have that

A⊗̂
α
B = lim←−

(
Ap ⊗

min
Bq

)
= lim←−

((
⊕

ν∈Fp
Mnν

)
⊗

min

(
⊕

µ∈Fq
Mnµ

))
(3.8)

= lim←−

(
⊕

(ν,µ)∈Fp×Fq
Mnνnµ

)
,

with respect to topological ∗-isomorphisms, where the finite sets Fp, p ∈ Γ, Fq,
q ∈ Γ′, as in the proof of Theorem 3.3, are specified by the structure spaces
Prim(Ap), Prim(Bq) of the C∗-algebras Ap, Bq resp. Thus the finite set Fp × Fq
is now identified (up to a set-theoretical isomorphism) with the structure space
Prim(Ap ⊗min Bq) of the C∗-algebra Ap⊗minBq. On the other hand, for p ≤ r in
Γ and q ≤ s in Γ′ one clearly gets

‖a⊗ b‖pqmin = p(a)q(b) ≤ r(a)s(b) = ‖a⊗ b‖rsmin, ∀ a ∈ A, b ∈ B;

hence (cf. (3.3))

Fp × Fq ∼= Prim(Ap ⊗
min

Bq) ⊂→ Prim(Ar ⊗
min

Bs) ∼= Fr × Fs.

Put Fpq ≡ Fp × Fq, (p, q) ∈ Γ× Γ′. As in the proof of Theorem 3.3, we may define

Λ := lim−→Fpq =
⋃

(p,q)∈Γ×Γ′

Fpq.

Since Γ,Γ′ are saturated families of C∗-seminorms, the same will be true for the
family of the C∗-seminorms defining α. So {Fpq, (p, q) ∈ Γ× Γ′} will be cofinal in
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the family of all finite subsets of Λ. Arguing again as in the proof of Theorem 3.3,
we conclude that (see (3.8))

A⊗̂
α
B = lim←−

 ⊕
ν∈Fpq

Mnν


= lim←−

(⊕
λ∈Λ

Mnλ

)
=

∏
λ∈Λ

Mnλ ,

up to topological ∗-isomorphisms. Consequently A⊗̂αB is contractible as the topo-
logical cartesian product of a family of full matrix algebras (see [12, p. 181] and/or
[11, Lemma 11]). Since A,B are contractible, it follows from (3.7) (see also Corol-
lary 3.2 and Proposition 2.1) thatA⊗̂αB, A⊗̂βB are topologically ∗-isomorphic.
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[2] N. Bourbaki, Théorie des Ensembles, Chap. 3, Hermann Paris, 1967. MR 43:1849
[3] M. Fragoulopoulou, Tensor products of locally C∗-algebras and applications; Math. Nachr.

153(1991), 321-331. MR 93g:46054
[4] M. Fragoulopoulou, Tensor Products of Enveloping Locally C∗-Algebras; Schiftenreihe des

Math. Inst. der Univ. Münster, 3. Serie, Heft 21(1997), 1-81. MR 99e:56069
[5] A. Ya. Helemskii, The Homology of Banach and Topological Algebras; Kluwer Academic

Publ. Dordrecht, 1989. MR 92d:46178
[6] A. Ya. Helemskii, Banach and Locally Convex Algebras; Oxford Science Publ., Clarendon

Press, 1993. MR 94f:46001
[7] A. Inoue, Locally C∗-algebras; Mem. Faculty Sci. Kyushu Univ. (Ser. A) 25(1971), 197-235.

MR 46:4219

[8] H. Jarchow, Locally Convex Spaces; B.G. Teubner, Stuttgart, 1981. MR 83h:46008
[9] A. Mallios, Topological Algebras. Selected Topics; North-Holland, Amsterdam, 1986. MR

87m:46099
[10] Z. Sebestyén, Every C∗-seminorm is automatically submultiplicative; Period. Math. Hung.

10(1979), 1-8. MR 80c:46065
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