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FINITE TIME BLOW UP
FOR A NAVIER-STOKES LIKE EQUATION

STEPHEN MONTGOMERY-SMITH

(Communicated by David S. Tartakoff)

ABSTRACT. We consider an equation similar to the Navier-Stokes equation.
We show that there is initial data that exists in every Triebel-Lizorkin or
Besov space (and hence in every Lebesgue and Sobolev space), such that after
a finite time, the solution is in no Triebel-Lizorkin or Besov space (and hence in
no Lebesgue or Sobolev space). The purpose is to show the limitations of the
so-called semigroup method for the Navier-Stokes equation. We also consider
the possibility of existence of solutions with initial data in the Besov space

Bo_ol’oo. We give initial data in this space for which there is no reasonable
solution for the Navier-Stokes like equation.

In this paper, we consider a simplified model for the Navier-Stokes equation —
what we call the cheap Navier-Stokes equation. For this equation, we show that
for sufficiently large initial data, we get blow up in finite time. The purpose of this
is not to indicate the possibility that the Navier-Stokes equation might blow up in
finite time — indeed the author strongly believes the opposite. Rather, the purpose
of this paper is to show limitations in some of the methods used in studying the
Navier-Stokes equation.

Let us consider the following version of the Navier-Stokes equation:

Ju

5 = Ay — P(div(u @ u)),

where ¢t — wu; is an R™ valued function, or tempered distribution, on R™. Here P
denotes the Leray projection that takes a vector field to its divergence free part. A
tremendous amount of work has been done on the difficult problem of determining
if the solutions exist, if they are unique, and to which spaces they belong. One
approach, which we consider in this paper, is to consider mild solutions using what
is often called the semigroup approach. This is described in [Cal], and is used in
many papers, for example, [FK], [K|, [GM], [KT]. An example of this kind of result
is that due to Kato [K], who showed that if ug € L,,(R™)", then there is a solution
u € C([0,T], (Ln(R™))") if either T" = T'(up) is sufficiently small and [lug|, is
arbitrary or [lug||; is small and 7' = oc.
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However, if one studies all these papers, one sees that they do not use all of
the properties of the Navier-Stokes equation. Indeed, the methods seem to apply
equally well to the following cheap Navier-Stokes equation:

0

8_:: = Au+V—=A(u?).

Here t — wuy is a scalar valued function or tempered distribution on R™. The semi-
group approach is to consider a mild solution of the cheap Navier-Stokes equation,
that is, a solution to the equation v = G(u), where G : C([0,T],X) — C([0,T], X),

with X being a space of tempered distributions on R™:

t
Glu); = e"®ug —l—/ =2V A (u?)) ds.
0
The method used to find a fixed point of G is to show that G is a contraction
mapping on C([0,7],X) or on some subset of C([0,T],X). (Often one cannot
obtain the result by working directly with C([0,7],X). For example, in the case
X = L,(R™) one has to work with some space embedded into X; as is shown by
Oru [O], the map G is not even continuous on C([0,T], L,(R")).)

The semigroup method by itself never seems to be able to obtain global results,
that is, results valid for both T and the size of wg arbitrarily large. To obtain
global results, one has to appeal to other kinds of estimates for the Navier-Stokes
equation, for example, energy estimates (see, for example, [KFE] or [Ca2]).

The purpose of this paper is to show that the semigroup method really is limited
in this way. If we could obtain global results for the Navier-Stokes equation using
only the semigroup method, then the same methods would also apply to the cheap
Navier-Stokes equation. This would then contradict the main result of this paper
and its corollary.

Thus, if one is going to obtain global results for the Navier-Stokes equation, one
has to consider properties of the bilinear form P(div(u ® u)) that are not shared by
the bilinear form v/—A(u?). Perhaps there is some mysterious cancellation property
in the first bilinear form that causes global regularity for the Navier-Stokes equation.
In any case, the semigroup technique itself, at least in the manner in which it has
been applied to date, is not going to solve the problem.

Let e; denote the first unit vector in R™, and for z € R™, r > 0, let B,(z) denote
{y: |z —y| <r}. Let @& denote the Fourier transform of « with respect to = € R".

Theorem 1. Let w be a tempered Schwartz function such that W is non-negative,
has Ly norm equal to 2, and has support in Bi;4(3e1/4) U By/4(—3e1/4). (So w
is in every Triebel-Lizorkin or Besov space.) Then if A > 2'3/3 and if u is a
mild solution to the cheap Navier-Stokes equation whose Fourier transform is non-
negative, with initial data ug = Aw, then u; is not in any Triebel-Lizorkin or Besov
space when t = log(2'/3).

Corollary 2. Let w be as in Theorem/[dl (so w € L, (R™)), and let A > 2'3/3. Then
there is no mild solution u to the cheap Navier-Stokes equation, with uy = Aw, in
C([Oa T]v Ln(Rn)); fOT T = 10g(21/3).

We also present another result about the cheap Navier-Stokes equation. For the
Navier-Stokes equation (and hence also for the cheap Navier-Stokes equation), it
turns out that the natural spaces in which to consider solutions are of the form
C([0,T],X), where X is scale invariant, that is, [|Af(A)]lx = ||fllx for all A €
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(0, 00). Authors have considered which is the largest scale invariant space for which
one gets existence results. For example, recently Koch and Tataru [KT)] showed
such results when X is the space of derivatives of functions with bounded mean
oscillation.

In fact, it can be shown (arguing similarly as in Frazier, Jawerth and Weiss in
[EJW] for the minimality of B{"') that all scale invariant spaces of distributions,
that also contain all Schwartz functions, are contained in the Besov space Bgol’oo.
Cannone [Call] was able to obtain results for the Navier-Stokes equation in the
space B;,l/pfl’oo, n < p < oo, but left open the case p = oo corresponding to the
space B 1>,

We will respond to this last case negatively for the cheap Navier-Stokes equation.
Although this does not answer the question for the Navier-Stokes equation, the
author believes that it is very possible that there is a similar non-existence result
for the Navier-Stokes equation. But this would say more about the nature of the
space Bgol’oo than about the Navier-Stokes equation itself.

Theorem 3. Let w be a tempered Schwartz function whose Fourier transform is
non-negative, and has support in B1(0)\ By /2(0). Let v be the tempered distribution

v(x) = Z 2k cos((2F — 1)y )w(z).

k=1

Then v € B, but there is no mild solution u € C([0,T],8’) to the cheap
Navier-Stokes equation, with non-negative Fourier transform, and with ug = v, for
any T > 0. (Here S8’ denotes the space of tempered distributions.)

The crucial observation for all these results is that

—

G(w), (&) = e gy + / DI e 1) (€) d
0

(here * denotes convolution). Thus we see that if 4,9 > 0, and that 4 < o, then

—_—

G(u) < G(v).

Proof of Theorem [1I Using the usual embedding theorems, it may be seen that all
of the Triebel-Lizorkin and Besov spaces embed into B%> for some a € R. Let us
recall the definition of the Besov space B%>. Let ¢(x) be some tempered Schwartz
function whose Fourier transform is non-negative, whose support is “mostly” con-
tained in a band about |¢| = 1, and such that Y ;0 b is uniformly bounded
above and below. Here ¢y, (z) = 2"¥¢(2¥z). Then B%> is the space of distributions
on R™ for which the norm HfHngOO = supy, 2%%|| gy * f||Lac is finite.

Write wq for the function wy = Wlp, ,, (3¢, /4), and set wy, = wgk. Since w and w
are real valued, we see that @ must be an even function. Hence we quickly see that
Wy has Ly norm equal to 1, and is supported in {¢ : 2K=1 < |¢] < 2K},

We will show by induction that 4, > AQkozk(t)zf)k for k > 0, where ay(t) =
2’“*4(276*1)6*2%]@%, to = 0, and t; = log(2) Z?:l 272, The case k = 0 follows

since 1:(§) > e*t‘§|2ﬁ0(£). Suppose that our desired inequality holds for k& — 1.
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Then

>
=
as3
S~—"
V

/ e=DIE ¢ (a1, # 15)(€)) ds

0

t
> / 2Dk (A2 o (8))2 (e * thg—1)(€) ds
0

> A2k2k—4<2"—1>2l+2’f/t 2" (52" g5 (€)
th—1
t
> A2k2k74(2k71)e*2kt21+2k/ 2 (=) ds Wi (§)
te—1

A2k2k74(2k71)672kt2(1 o 622’“(%_14))1%(5)
> A2k2k—4(2’“—1)e—2ktwk(§)

2k(

whenever 1 — €2 (=171 > 1/2, that is, t — tp_1 > 27 2*log(2).
Let too = limy_o0 £, = log(2'/3). Since ékatw > A2 a(teo )W > 0,
lue e = sup2¥ e xur iz,

= sup 2% || pptiy || 1,

2ak+k74(2k71)672ktw

Y

sup A
k
It is clear that this is infinite if A > 2%et~ = 213/3, O

Proof of Corollary[2 Suppose for a contradiction that there is a solution u €
C(]0,T), Lp(R™)). By the methods of [K], we know that there is a number € > 0,
depending only upon ||u||, such that for every t € [0,T] there is a mild solution
v € C([t,t + €], L,(R™)) to the cheap Navier-Stokes equation, with v; = wu, that
is obtained by starting with vgo) = (5798, and iterating a function G similar
to that defined above. By the uniqueness result of Furioli, Lemarié-Rieusset and
Terraneo [FLT], we have that vy = us for t < s <t + e. From this it is clear that if
iy > 0, then 4, > 0 for t < s < t+e€. Applying this argument several times, we see
that 4; > 0 for 0 < ¢ < T. Then by Theorem [ ur is not in any Triebel-Lizorkin

space, and hence in particular is not in L, (R™). O

Proof of Theorem [ Suppose we have a non-negative solution w : [0,7] — &’ to
the cheap Navier-Stokes equation with ug = v. It is clear that

() = el o (¢)

ke 2 L (w(€ + (2 — Der) + w(€ — (2° — 1)er)).

NE

>
k

1
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t
A~ — 2 5 A
w© = [ () ds
0
t oo
> / et ) (6) ds
0 k=1
00 t
_ 222197167415/ (4224 )s oo () * ) (€)
k=1 0
o0
92k—1 _ _o2k+1 R R
= g€ (=TT ) (@) (),
k=1

which is infinite on the support of W *w for ¢ > 0, and hence u; cannot be in §’. O

The author would like to thank Marco Cannone for many useful discussions and
helpful remarks.
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