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POLYNOMIALS IN R[z,y] THAT ARE SUMS
OF SQUARES IN R(z,y)

DAVID B. LEEP AND COLIN L. STARR

(Communicated by Lance W. Small)

ABSTRACT. A positive semidefinite polynomial f € R[z, y] is said to be X(m, n)
if f is a sum of m squares in R(z, y), but no fewer, and f is a sum of n squares
in R[z,y], but no fewer. If f is not a sum of polynomial squares, then we set
n = oo.

It is known that if m < 2, then m = n. The Motzkin polynomial is known
to be 3(4,00). We present a family of ¥(3,4) polynomials and a family of
3(3, 00) polynomials. Thus, a positive semidefinite polynomial in R[z, y] may
be a sum of three rational squares, but not a sum of polynomial squares. This
resolves a problem posed by Choi, Lam, Reznick, and Rosenberg.

1. INTRODUCTION

A polynomial f € Rlzq,...,xq] is said to be positive semidefinite (psd) if
flai,...,aq) > 0 for all (ay,...,aq) € R% In Artin’s solution of Hilbert’s 17th
problem, he proved that every positive semidefinite polynomial in R[z1, ..., z4] is
a sum of squares in R(xy,...,z4) [Ar]. In fact, Pfister showed that 2¢ squares
always suffice [Pf]. It is interesting to study whether such polynomials are sums of
squares in R[x1,... ,z4], and, if so, how many are needed. Let f € R[xq,... x4
be psd.

Definition 1. We say that f is X(m,n) if
(1) fis a sum of m squares in R(z1,...,z4), but no fewer, and
(2) fis a sum of n squares in R[z1,... ,z4], but no fewer.

A polynomial is X(m,o00) if (1) holds for m, but f is not a sum of squares

in Rlxq,...,24]. For which values of m,n € Z* U {cc} do there exist X(m,n)
polynomials in R[z1, ... ,24]? Several results are known.

Assume f € R[xy,...,x4] is psd and 3(m, n).

1. m < n, since R[zy,... ,zq) C R(x1,...,xq).

2. m < 2¢ [Pf].

3. (a) m=1 < n=1, since R[z1,... ,24] is a UFD.

(b) m =2 <= n =2 by [CLRR] Theorem A], (a), and [ above.
(¢) n=3 = m=3by (a), (b), and 1.
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4. If d = 1, then either f is X(1,1) (if f is a square), or f is X(2,2) (if f is not

a square) [Laml| Chapter 8].

5. Let d = 2.

(a) m < 4 by Pfister’s inequality ([Pf] or see [Lal).

(b) Hilbert showed that if f is a polynomial of total degree 4, then f is
Y(m,n) with n < 3 [Hi], and then m =n by 3.

(¢) If f has degree 2 in either = or y, then m < 3 [CEP].

(d) There exist polynomials which are ¥(4, co) [CEP]. The Motzkin polyno-
mial z2y* + z%y? — 322y% + 1 is one such. Thus there are polynomials in
two variables which are sums of squares of rational functions, but are not
sums of squares of polynomials. This shows that the results in[5bl and
do not hold for a general polynomial in R[z, y], and Pfister’s inequality is
best possible for d = 2.

(e) Christie discovered a family of sixth degree polynomials which are (4, n)
for some n [Ch]. We will show in Section Bl that n = 4, and correct a sign
error appearing in [Ch].

Note that the case d = 1 has been characterized completely. In the case d = 2,
however, there are still open questions. Result[3Bhabove indicates that if f is a sum
of two rational squares, then f is a sum of two polynomial squares. However, if f
is a sum of four rational squares, f need not even be a sum of a finite number of
polynomial squares, as the Motzkin polynomial illustrates.

In this paper, we address the case in which f is a sum of three rational squares.
We exhibit a family of (3, 00) polynomials, as well as a family of 3(3,4) polyno-
mials. These families provide a negative answer to problem 3 posed in [CLRR/ p.
254] for the case d = 2:

If fe A=R[z1,...,x4] is a sum of three squares in R(x1,... ,z4),
is f then a sum of (three) squares in A?

This problem also appears in [Ge]. It is pointed out in [Gel Corollary 2 and
the succeeding Remarks] that these examples provide a simple way to construct
unimodular R[z1, z2]-lattices of rank 3 that are not extended from R, and thus an
elementary proof of a result of Knus and Ojanguren [Kn0].

It follows easily that the answer to the question of [CLRR] is also negative
for d > 2 by observing that f(z1,2z2) € Rlz1,...,24] and that f(x1,22) remains
¥(3,n) over R[zy, ... ,x4]. One can also show easily that if f(z1,z2) is X(3,n), then
g(x1,. .. wq) = (23 + ...+ 34)2f (21, 22) is X(3,n) as well.

2. BASIC LEMMAS

Several of the results in this section are special cases of results appearing in
[CLR]. See especially Proposition 2.3, Theorem 2.4, and Theorem 3.5 of [CLR].

We begin with three lemmas from linear algebra with some short proofs included
for convenience.

Lemma 1. Letvy,...,v, € R™ andlet A = [vy,... ,v,] be the m xn matriz whose
G column is v;. Let M = AT A be the n x n matriz whose (i, j)-entry is v; - v;.

Then the following statements hold:

(a) rank M = dim(span{vi,... ,v,}).
(b) If det M # 0, then det M > 0.



SUMS OF SQUARES OF POLYNOMIALS 3135

Proof. (a) We have ker M = ker A since Mz = 0 implies (Az)T (Az) = 0, and this
implies Ax = 0. Therefore,
rank M = dim(im M) =n — dim(ker M) = n — dim(ker A)
= dim(im A) = dim(span{vy,... ,v,}).
(b) If det M # 0, then n = rank M = dim(span{vy,...,v,}) and so the vectors
V1,...,Vy are linearly independent. Since AT A is symmetric, there is a nonsingular
nxn matrix P such that PT (AT A)P = D, where D = diag(dy, ... ,d,) is a diagonal

matrix. Then det M and det D have the same sign since det D = det(P)? det(AT A).
Let e; be the i*? standard basis vector. We have

d; = el De; = el (PT(AT A)P)e; = (APe;)" (APe;) > 0,
since APe; is a nonzero vector (using the facts that e; # 0, P is invertible, and the

columns of A are linearly independent). We see that det D > 0. O

Lemma 2. Let M be an n X n symmetric matriz that is positive semidefinite of
rank r. Then there exist vectors vi,... ,v, € R" such that M = (v; - vj).

Proof. Since M is positive semidefinite, an invertible matrix P exists such that
PTMP = diag(\1, ... ,\r,0,...,0), where Aq,..., A\, > 0. Thus,

M = (P")"*diag(A1,... , Ar,0,... ,0)P!

- {diag(\//\_l,... /A0 ,o)P—l}T [diag(\//\_l,... /A0 ,O)P‘l}
=L"L,

where L is an n X n matrix with nonzero entries occurring only in its upper r x n
submatrix. Let v1,...,v, be the vectors in R" corresponding to the first r entries
of the columns of L. Then M = (v; - vj). O

Lemma 3. Let M be an n X n symmetric matriz, and let d; be either the upper
1 X 1 principal minor for all i,1 < i <n, or let d; be the lower i X i principal minor
foralli,1 <i<n.

(a) Ifd; > 0,1 <i<mn, then M is positive definite.

(b) Ifds,...,dn—1 >0 and d, =0, then M is positive semidefinite of rank n— 1.

Proof. See [HK| Theorem 6, p. 328] for a proof. O

The next two lemmas deal with special polynomials f € R[z, y| described in the
statement of Lemma [l

Lemma 4. Let f(x,y) € Rlz,y] be a polynomial of total degree 6. Assume that
f contains no monomials of the form x* or y* for i > 0. Suppose that f(x,y) =
22:1 pi(w,y) with py € Rlz,y],t € Z*. Then each py = axzy® + (bra® + crx)y + dy,
for some ay, by, cr,dr, € R, and 1 < k < t.

Proof. Since f has total degree 6, each p; may have total degree at most 3. Write
each py as

pr = apy® + bpry® + ey + dpr® 4+ eny® + frry + gpr® + hy +igz + i
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Consider the vectors A = (ai,az2,...,a))",B = (b1,ba,... b)), ... =
(31,72, ,5¢)T € Rt The coefficient of 4® in f is A- A and is zero since y

not appear in f; therefore, each ay = 0. Similarly, each d = 0. Now

,J
6 does
P = beay® + e’y + ey + fury + grx® + by + T + i

In order to obtain the y* term in f, we require either a product of a linear term
and a cubic term, or a quadratic and a quadratic. The remaining cubic terms in
pr. all contain the factor z, and only one quadratic term (y?) doesn’t contain the
factor x. This implies that the coefficient of y* in f is E-E. Since f doesn’t contain
the monomial 3%, each ey = 0. Similarly, each g = 0. Now we have

pr = beay® + ey + foxy + hey + ik + ji.

Since the coefficients of 22 and y? in f are both zero, it follows that H-H = I-I = 0,
so the py reduce to

Pk = brzy® + cx®y + frxy + i
Relabelling gives the lemma. |
Lemma [ is a special case of Theorem 8 in [Mol 217].
Definition 2. Given
f(z,y) = Snua’y* + 28120°y° 4 28132%y° + 2S1umy® + Spaaty”
+ 280323y? 4 28942y + Sazzy? + 28342y + Sua,
we define the 4 x 4 matrix My = (S5;;), where S;; = Sj;.

Remark. If f is a polynomial satisfying the hypotheses of Lemma [, then
A-A A-B A-C A-D

B-A B-B
c-A C-B
D-A D-B

B.-C
c-C
D.-C

B-D
My = C-D
D-D

(after the relabelling occurring in the proof).

Lemma 5. Let f € Rz, y] be a polynomial of the form in Definition[d. Let r =
rank M.
(a) If f is a sum of t polynomial squares, then My is positive semidefinite and
r <t.
(b) If My is positive semidefinite, then f is a sum of r polynomial squares, and
no fewer.

Proof. (a) Since f is a sum of ¢ polynomial squares, Lemma [ and the Remark
imply there exist vectors A, B, C, D € R! such that My = [A, B,C, DT [A, B, C, D].
This shows that M/ is positive semidefinite. By Lemma [[fa), » = rank M; =
dim(span{A4, B,C, D}) < t.

(b) Since My is a 4 x 4 positive semidefinite matrix of rank r, Lemma [] im-
plies there exist vectors vq,vs,vs3,v4 € R” such that My = (v; - vj). Let v; =
(€i1, ... eir)T, 1 <i<4. Then

T
2
I= Z [61k$y2 + (e2r2” + e3px)y + 641@} )
k=1
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since v; - v; is the (4, j) entry of M. (See Definition [ and the Remark.) If f were a
sum of fewer than r polynomial squares, then part (a) would be contradicted. O

3. FAMILIES OF X(3,4) AND X(3,00) POLYNOMIALS IN Rz, 3]
Theorem 1. The family of polynomials

Py(x,y) = (962 + 1)(5* + 1)%a®y" +26(96% — 7)(6% + 12’y

+ [(98% + 1)(B% + 1)a* +8(38% + 1)2*] y* + 1
1 1
is X(3,4) for all B € R, 32 # R and is $(3,3) for 3% = TR
Proof. A straightforward calculation shows that
O B

2+1)2 " (22412 @Z+1)2

Ps(z,y) =
where

Fi(z,y) = 2(8° + )a*y? + 4p2°y — (2* - 1),
Fy(z,y) = (167 = 1)a® + (567 + D] y* + 26 (2" — 2?) y + 21,

Fy(x,y) = B[(36° = 5)a® + (36" — 1)a] y* + [(36% + 1)2" + (36% + 5)2"] y.
Thus, Ps is a sum of three rational squares. Let M = Mp,. Then

(B2 +1)2(96> +1) B95* = 7)(B* +1) 0 0

Mo | POF=D(E+1) (987 +1)(F +1) 0 0
- 0 0 8(332+1) 0

0 0 0 1

and det M = 8(33%+1)(158%—1)2(8%+1)2. If 32 # 1/15, then M is positive definite
by Lemma B(a) and so Ps is a sum of four polynomial squares, and no fewer, by
Lemmal[5(b). If 3% = 1/15, then M is positive semidefinite of rank 3 by Lemma[3(b)
(applied to the lower ¢ x ¢ minors) and so Pg is a sum of three polynomial squares,
and no fewer, by Lemmal[Bl(b). Since Result[3Dlin the Introduction implies Pg could
not be a sum of two rational squares, it follows that Pg is %(3,4) if 8% # 1/15, and
is %(3,3) if 8% = 1/15. O

Here is an expression that yields a representation of Ps as a sum of four poly-
nomial squares if 3% # 1/15, and a sum of three polynomial squares if 3% = 1/15.

Ps(z,y) = %;ﬁ (B(98% = 7) 2y + (B> +1) (9% +1) xy2]2
1

982 +1

Example 1. Py = 2%y* + 2%y + 822y + 1 is X(3,4).
1

e (2% —a® + 1 (@ — )y — 2] + [+ 52%)y")

and is clearly a sum of four polynomial squares.

+

(1582 — 1) 2%y)* +8 (38% + 1) 22y + 12,

Py =
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Theorem 2. The family of polynomials

Qp = %x2y4 — (2% — Ba?)y® + [(B + 2)2* + 4B2° + (8% + 9)2” + 2B7] ¢

— (802% —dx)y +4(6° + 1)
is 3(3,00) for all B satisfying 0 < |B| < 2, is 32(3,4) for all B satisfying |B] > 2,
and is (3,3) for || =0,2.
Proof. A calculation shows that
Qs — GI+G3+G3
B (z2+1)2
where

Gi(z,y) = 2%y + (B + 2 + B2* + 2) y — 2(a? — 1),

Ga(z,y) = = (2° — 2)y® — (2* + B2® + 2° + Bz) y — 4u,

N =

1
Gs(z,y) = 5(:163 +2)y? — (2 + 52%)y + 26(2* + 1).
Let M = Mg,. Then

o1 a8 8
o | oL BZ4+2 28 —48
T 38 28 B*+9 2

B -4 2 4P +1)
and a calculation gives det M = 83%(3% — 4).

If Qp is a sum of polynomial squares, then Lemma [(a) implies M is positive
semidefinite, and then Lemma [l implies that M satisfies the hypotheses of Lemma
M In particular, if det M # 0, then det M > 0 by Lemma[i(b). It follows that Qg
is not a sum of polynomial squares if 0 < |3| < 2. If || > 2, then M is positive
definite, and thus has rank 4, since the upper 2 x 2 principal minor of M equals
(%/2 and the upper 3 x 3 principal minor of M equals 3%/4. It follows that Qg is
a sum of four polynomial squares, and no fewer, by Lemma [H(b). If |3| = 0 or 2,
then Lemmas Blb) and [(b) imply that Qg is a sum of three polynomial squares,
and no fewer. (For 8 = 0, apply Lemma Blb) to the lower i x ¢ minors.) As before,
Result BB in the Introduction implies that ) is not a sum of two rational squares.
This completes the proof of Theorem O

Here is an expression that yields a representation of Qg as a sum of four poly-
nomial squares if || > 2, and a sum of three polynomial squares if |3]| = 0, 2.

Sy 20070+ (5 = 2)y — (0% + )

23
2022
(8% +48)2%y + (65 + 8)ay]” + %x“yz-

1 2
Qs =73 [zy? — 22%y + Bry + 28] +

1
+
(6% +2)(36% +4)
1
Example 2. Q; = 5x2y4—(2x3—x2)y3—|—(3:c4+4:c3—|—10x2+2x)y2—4(2x2—x)y+8
is (3, 00).
1

lem(

Gi+G3+G3),
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where
G =22y + (2 + 23 + 2% + 2)y — 2(2® — 1),

1
Gy = 5(3:3 —2)y? — (2 + 2% + 2? +2)y — 4a,

1
Gs = 5(3:3 +a)y? — (2 + 52y + 2(2* + 1).

4. MORE GENERAL FAMILIES

The polynomials P3 and (g come from 3-parameter families of polynomials. We
specified two of the parameters to simplify the computations; there are potentially
many more possibilities for (3, 4) and (3, 00) polynomials. The families are

P(Xﬁ’y _ (962 T 72)(52 +’}/2)2$2y4 + 4a6(9ﬁ2 _ 772)(52 + ’72)1‘33}3
+40%(96% + %) (8 +7°)ay® + 32042 (307 +1*)a?y” + 160",
represented by
o F? + F3 + F3
T T A2
where
P =2y [(62 + 2%y + 4aprPy — 202 (2? — 1)} ,
Fy = [(v° = 78%y)a” — (56°y +7°)z] y* — dapry(z* — 2°)y — 8aPyz,
Fy = B[(36° = 5v%)2” + (367 — 7*)a] y* + 2a [(36% + 7°)a" + (36% + 59%)2"] v,

and

1 1
Qapy = (72 + 6—4a2> 22yt — <a7x3 — Zaﬁﬁ) y3

1 1
+ KﬂQ + 492 + Eoﬁ) z* + 86y + <62 + 492 + 50[2) z? + 4[3'yx] y?

1
— (2a82% — 2ayz)y + <Za2 + 4[32) ,

represented by
G?+G%+G3

Qapy = (1+a22)2

where

1 1
Gl = ZanyQ + (Bt + 2ya® + Br? + 2yx)y — 504(3:2 - 1),
1
Gy = ga(x‘?’ —2)y® — (2va' + B2® + 2v2® + Ba) y — ax,

1
Gz = v(z® + z)y? — Za(m‘l + 52y 4+ 28(z + 1).

The family Pg was obtained by setting a = % and v = 1 in P,gy. The fam-
ily Qs was obtained by setting a = 4 and v = % in Qagy. An (a, 3,7) making
M = [A,B,C,D|T[A, B,C, D] positive definite of rank 4 would yield a %(3,4)
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polynomial. For example, one could choose (o, 5,7) = (8,0,0) in Qagy. To obtain
a ¥(3,00) polynomial, it is sufficient to take («, 3,7) such that det M < 0.

5. CHRISTIE’S POLYNOMIALS

Christie [Chl Section 6] presents the family of functions

2
1
F(z,y) = z(x + p)’y” + (1 + ng’xyz’)

as 3(4,n) polynomials for certain special values of  and v (see below).
Perhaps the simplest way to see that this is in error is to examine his example
for p =3 and v = 10. In this case, F(x,y) is not psd:
—114921799
2004
According to Christie’s development, it seems that the desired family is

2
1
z(x + )y + (1 — Zu3a:y2)

F(—1/200,1) =

F(x,y)

1 1
= 1—6y6x2y4 + {x‘l + 3ua® + 3pPa? + <u3 - 51/3> x] v+,
where p and v are integers satisfying 0 < p < v, 3|y, u = (—3)"\ for some n,
31 A\, A= —v(mod 3), and 3u(v — u) and v? + vu + p? are not integer squares
[Ch]. The proof in Christie’s paper (with the sign changed) applies to this family.
The polynomials F(z,y) are ¥(4,4) since

2
1~ i 2 3 2 V3
F(z,y) = {5 3 (V3 — u3)wy2} + (m2y+ 5;@@/) + (7;@@,

13 13 2 ?
gy 1| .
(3 =3) ]

Although it is difficult to show that F'(x,y) is not a sum of three rational squares,
it is easy to show that F'(x,y) is not a sum of three polynomial squares by using
Lemma[Bl(b) and the other ideas in this paper.

The sign error in Christie’s paper was also noted in the review of his article
in Math Reviews (Vol. 54, # 289). Macé constructed many more examples of
polynomials F(z,y) that are ¥(4,4) in [Ma] by extending the methods of Christie
and filling a gap in one of the proofs of a result in [Ch].
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