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ABSTRACT. In this paper, we study univalent holomorphic mappings of the
unit ball in C" that have the property that the image F(B) contains a line
{tu : t € R} for some u € C", u # 0. We show that under certain rather
reasonable conditions, up to composition with a holomorphic automorphism
of the ball, the mapping F' is an extension of the strip mapping in the plane
to higher dimensions.

1. INTRODUCTION

Suppose F' is a normalized (F(0) = 0, DF(0) = I) holomorphic univalent map-
ping of the ball B" = {z : ||z|| < 1} onto a convex domain © C C". Here |z||
is the Buclidean norm, ||z[|* = Y77, [24[?, and (z,w) = 377, 2;w; is the usual
inner product. We will write z = (21,2’), where 2’ € C"! when n > 2 and use
the symbol B for the ball rather than B™ except where we want to emphasize the
dimension. Suppose that ) is unbounded. Then there exists a unit vector u such
that L = L(u) = {ru : r > 0} C Q. We are interested in particular in the case
where both L(u) and L(—u) are subsets of Q. That is, the entire line {tu : t € R} is
contained in €. We show that in this case, if w € F(B), then w+tu € F(B) for all
t € R and lim;_, o F~1(w +tu) and lim;, _, F~*(w + tu) both exist (independent
of w). If the two limits are different, then up to an automorphism of the ball, the
mapping must have the form

1 1+ 2 2
1.1 =1 H| —
(1.1) z»—><20g1_21)61+ <\/1——zf>,
where H is holomorphic on the ball B"~! and e; = (1,0,...,0) is the standard
basis vector. This is, of course, known to be true in the plane. (The mapping H
does not appear in this case.)
The following notation will be used. The family of holomorphic automorphisms

of B will be denoted by Aut B. Also, the Koebe transform will be denoted by A.
That is, for locally biholomorphic mappings F': B — C™ and ¢ € Aut B,

Ay (F)(2) = Dp(0) ' DF((0)) ' [F(p(2)) = F(¢(0))], =€ B.
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2. CHARACTERIZATION OF THE MAPPINGS
We begin with two geometrically obvious lemmas.
Lemma 2.1. Ifv € Q and L(u) C , then v+ L C Q.

Proof. Let p > 0 be sufficiently small so that B(v, p) C €, where B(v, p) is the ball
centered at v with radius p. Let v" = v+ Ru for some fixed R > 0, and consider the
line L, = {(1—¢)v' 4 tru : t € R} through v’ and ru, as r — co. Setting t = 2,
we see that the distance from v to L, is at most %. Thus, for sufficiently large
r, L, intersects B(v, p) at a point p. Since v’ lies on the segment connecting p to

ru, convexity implies v' € F(B). O

Now consider the union of the set of all half lines emanating from the origin that
are contained in 2. This set is clearly convex. Finally, consider the intersection of
this set with the unit sphere S (i.e. the set of all u € S such that L(u) C ), which
we denote by A.

Lemma 2.2. If A is not connected, then A = {u, —u} for some uw € S. That is, A
consists of the endpoints of a diameter of the sphere.

Proof. This follows from the convexity of the union of the half lines through the
origin that are contained in €. [l

Thus Lemma B2 says that {tu:t € R} C F(B) for a fixed u € S, and no other
half-line through the origin is contained in F'(B).

Example 2.3. From a result in [2] (Corollary 1), if f is a univalent analytic
mapping of the unit disk in the plane onto a convex domain, then the mapping
F : B — C" given by F(z2) = (f(21),2'\/f'(21)) is a convex mapping. Thus, the

21 1421 2’

mappings z — (1_21 , %) and z — (% log +2, ﬂ) are examples that yield

images that are the type of domain being considered here.

Now assume the set A is not connected so that A = {u, —u}, ||u|| = 1. Define,
for t € R,
(2.1) Vi(2) = F7HF(2) + tu), z € B.

Our characterization will be given by proving a sequence of relatively easy results.

Lemma 2.4. The family I' = {4y : t € R} is a one-parameter subgroup of Aut B
under the operation of composition. That is, I' is abelian and the homomorphism
t — Wy is continuous in the topology of uniform convergence on compact sets.

Proof. The lemma follows from the formula

Ys 0Py = Psyy
and the continuity of F and F~'. O

Lemma 2.5. Let K be a compact subset of B. Then lim;_oo(||:(-)]|) = 1 and
lims—, — oo (|0 (4)||) = 1 uniformly on K.

Proof. The image of the closed ball of radius r < 1 is a compact set, say K,.. Since
K, is bounded, for sufficiently large |t|, F(z) + tu is in C™ \ K, for all z € K. This
means that for every r» < 1 and every z € K, 9:(z) cannot be in the ball of radius
r for sufficiently large |¢|. O
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Observe that for ¢ € R, ¥y = Yt 0 Y1y, n = 2,3,..., and therefore the
functions {1} are the iterates of ;.

Theorem 2.6. For allt € R\ {0}, the iterates {1t} converge uniformly on com-
pact sets to a boundary point a; € S. If st > 0, then a; = as.

Proof. Since v, does not have a fixed point in B when ¢t # 0, we may use a result
of MacCluer, Theorem A, p. 99 of [I], which says the iterates of 1; converge to
a boundary point, say a, that is a fixed point. Now let ¢ be an arbitrary positive
number, and for each positive integer n such that nt > 1, let m be a positive integer
such that m < nt < m+ 1. Then ,1(2) = ¥m 0 Ypt—m(z) — a as n — oo. This
concludes the proof for positive t. Now assume that ¢¥_,,(z) — b. As in the above
proof, it follows that ,s(z) — b for all z € B when s < 0. O

Corollary 2.7. We have limy_.oo ¥ = a € S and lim;_, o ¥ = b € S uniformly
on compact sets.

Remark 2.8. We assume that a # b in Theorem The example F(z) = =0
with « = (¢,0), shows that a and b need not be different. However, the domain
obtained in this case does not have the property that no other half line through the
origin is contained in F(B). It is probably true that a # b if no other half line is
contained in F(B), but we do not have a proof.

Lemma 2.9. For allt € R, a and b defined in Theorem [2.8 are fized points of ;.

Proof. For t > 0, a is a fixed point of ¢, and b is a fixed point of ¥_;. However,
1y 0p_y = 1y, which is the identity. That is, ¢ and 1_; are inverses so that a and
b are fixed points of both vy and ¥ _;. O

Since holomorphic automorphisms of the ball preserve affine spaces, we now
know that £ = {(1—X)a+ Ab: A € C} N B is invariant under the mappings ¢,. We
wish to show that by replacing F' by F o ® for an appropriately chosen ® € Aut B,
renormalizing to form

G = As(F),

renaming the mappings v;, and changing the definition of u in an obvious way,
we may conclude that the family v¥;(z) = G=Y(G(2) + tu), t € R, leaves the set
Ey = {)e1 : |A| < 1} invariant and fixes +ey.

Lemma 2.10. If U € Aut B leaves { ey : [A| < 1} invariant, then U has the form

(2.2) \Il(z)—<'y 2t p Vl_W'QUZ'), - €B.

1+ le ’ 1+ le
Here, |y| =1 and U is unitary on C"~1.

Proof. By hypothesis, 2z’ = 0 implies ¥(z1,2") = ¥1(21)e; where ¥, is a holomor-
phic automorphism of the unit disk. The lemma now follows from Theorem 2.2.5,
p. 28 of [3]. O

Now let ¢ = @(q44)/2, Where ©(q4p)/2 is given by (2) p. 25 of [3]. That is, with
(a+b)/2 = ¢, ¢ is the identity if ¢ = 0. Otherwise,
c—P.z—5:.Q.2

€eB
1—(z,¢) ‘ ’

p(z) =
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where P, is the projection of C™ onto the one-dimensional space {Ac : A € C},
Q. =1 — P, (with I the identity), and s. = /1 — ||c||%.

Since p((a+b)/2) =0, o(F) is the intersection of a one-dimensional subspace of
C™ with B. Therefore we may choose a unitary mapping U such that the mapping
U = U o maps E onto Ey. Let n and ¢ satisfy ¥(a) = ne; and U(b) = Ce;. Here,
In| = |¢] = 1. Let T be a holomorphic automorphism of the unit disk satisfying

A+ 0
T\ =v—=r
146X
Finally, let ¥ be given by (Z2)), and define Y = WoW. Then Y(E) = E;, Y(a) = e1,
and T(b) = —e3.

Lemma 2.11. Define, for z € B,

T(n) =1, T(¢) = ~1.

G(z) = Ay (F)(2),
i = DY(0)"*DF(Y(0)) u,
(2.3) ®i(2) = G HG(2) + ta).
Then

(a) G(B) +ti=G(B) forallt € R, and
(b) & =T Loty oT,

where 1 is given by (2.1).
Proof. The proof is straightforward, using the definition of G and G~*. O

Lemma 2.12. The automorphisms ®; have the form

VI—22U%
cbt(z):(”l” & ) z€ B,

14221 l4+zz

(2.4)

where x is a real differentiable function of t such that v — £1 ast — +oo and U
is unitary on C"~1. Also, up to a positive constant multiple, i = e;.

Proof. From Lemma[2.11] and the properties of 1y, F; is invariant under the map-
ping ®;, and hence is given by (2:2). Since +e; are fixed points of ®;, ®; has the
form asserted. By combining (23) and (24), we have that z = (G~(t@), e1), hence
is differentiable, and by Corollary 27, the limit assertions hold. By (Z3]), we may
write

(2.5) G(P4(z)) — ta = G(»), z € B,
with @9 = I (so that z(0) = 0). Set z = 0, differentiate with respect to ¢, and
evaluate at 0. The result is 2/(0)e; — @ = 0. This completes the proof. g

We now return to the equality (Z3)). After possibly replacing ¢ by ot for some
positive number o, we may take & = e;. It then follows that G(—zei) = —te;.
Therefore the analytic function A — (G(Xe1), e;) is zero for real A and 2 < j < n.
Hence it is zero for all A in the unit disk. Thus we may write G(Ae1) = g(Ney,
where g is analytic in the unit disk with g(0) = 0 and ¢’(0) = 1. In fact, g maps
the unit disk onto a strip domain containing the real axis. In view of the fact that
g has infinite singularities at 1, we conclude g(\) = % log % We may now prove
the following theorem.
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Theorem 2.13. The unitary map U in (ZF) is the identity and G has the form

1 1+z z
G(Z): (510g1_21>61+H<1722>,
—*1

where H : B* 1 — C".

Proof. Using the fact that G(Xe1) = (%log23)e;, we conclude that G can be
written as G(z) = (4 log 7521 )ey + Ho(21, 2 =), where Hy(z1,0) = 0. From (2.3)
41

1—2 \/1,—
with @ = ey, by setting 21 = 0, we see that ¢ = £ log 2. Writing (23] in terms of
Hy, it follows that Ho(z1, \/f———zf) = Ho($42, \/[ﬁ—z%) Setting z; = 0, we find that
Hj is independent of the first argument. In addition, since Hy(0, z’) is univalent in
a neighborhood of 2/ = 0 € C"~1, U is the identity. O

3. CONCLUSIONS

We believe that the only convex maps of the ball in C" that have two infinite
singularities on the boundary are the mappings given by Theorem In fact,
together with Professor John Pfaltzgraff of UNC, Chapel Hill, we make the following
conjecture.

Conjecture 3.1. If F': B — C" is a normalized univalent holomorphic mapping
of the ball onto a convex domain, then:

(a) F(B) is bounded and F extends continuously to 0B, or

(b) F extends continuously to OB except for one point that is an infinite discon-
tinuity, or

(c) F is given by Theorem [Z13, and H extends continuously to 9B™ 1.

In (c) above, the mapping F extends continuously to OB except at the two
infinite discontinuities. This is exactly the situation in the plane.

REFERENCES

[1] B.D. MacCluer, Iterates of holomorphic self-maps of the open unit ball in C™, Mich. Math.
J., 30 (1983), pp. 97-106. MR [85c:32047a

[2] Kevin A. Roper and Ted J. Suffridge, Convez mappings on the unit ball of C™, Journal
D’Analyse Math., 65 (1995), pp. 333-347. MR [96m:32023

[3] W. Rudin, Function Theory in the Unit Ball of C™, Springer-Verlag, New York, 1980. MR
82i:32002

DEPARTMENT OF MATHEMATICS, ROSE-HULMAN INSTITUTE OF TECHNOLOGY, 5500 WABASH
AVE., TERRE HAUTE, INDIANA 47803
E-mail address: jerry.muir@rose-hulman.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF KENTUCKY, LEXINGTON, KENTUCKY 40506
E-mail address: ted@ms.uky.edu


http://www.ams.org/mathscinet-getitem?mr=85c:32047a
http://www.ams.org/mathscinet-getitem?mr=96m:32023
http://www.ams.org/mathscinet-getitem?mr=82i:32002

	1. Introduction
	2. Characterization of the mappings
	3. Conclusions
	References

