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AREAS OF TWO-DIMENSIONAL MODULI SPACES

TOSHIHIRO NAKANISHI AND MARJATTA NÄÄTÄNEN

(Communicated by Albert Baernstein II)

Abstract. Wolpert’s formula expresses the Weil-Petersson 2-form in terms
of the Fenchel-Nielsen coordinates in case of a closed or punctured surface.
The area-form in Fenchel-Nielsen coordinates is invariant under the mapping
class group on each 2-dimensional Teichmüller space of a surface with singular-
ities, hence areas with respect to it can be calculated for 2-dimensional moduli
spaces in cases when the Teichmüller space admits global Fenchel-Nielsen coor-
dinates: The area of the moduli space for the signature (0; 2θ1, 2θ2, 2θ3, 2θ4) is
2(π2 − θ2

1 − θ2
2 − θ2

3 − θ2
4), the definition of signature is generalized to include

punctures, cone points and geodesic boundary curves. In case the surface is
represented by a Fuchsian group, the area is the classical Weil-Petersson area.

1. Introduction

By a hyperbolic surface R we mean a 2-dimensional cone manifold, that is,
a surface equipped with a metric of constant curvature −1 which admits conical
singular points (or simply cone-points) and all of whose boundary components are
totally geodesic closed curves. In polar co-ordinates around a cone-point, the metric
has the form dr2 + sinh2 rdϕ2 where r is the distance from the cone-point, ϕ is the
angular measure around the cone-point, which is measured modulo θ for some
θ ∈ (0, 2π). This θ is called the angle around the cone-point. We assume that R
has a finite area. Then R has a finite number of singularities, which are, in our
notation, cone-points, punctures and boundary curves. We assign the number θ
to a cone-point if the angle around it is θ, the number 0 to a puncture and the
number iθ to a boundary curve if its length is θ. If R has genus g and the numbers
θ1, . . . , θn assigned to its singularities in the way specified above, we call the tuple
(g; θ1, . . . , θn) the signature of R. Although this definition of signature is not the
usual one, it is convenient since it allows us to treat hyperbolic surfaces in a unified
manner.

If the Teichmüller space of a hyperbolicorbifold R is two-dimensional, the signa-
ture is either of type (1; θ) or of type (0; θ1, θ2, θ3, θ4) [14, 34.3]. (Remember that
the boundary curves have specified lengths.) If the Teichmüller space is parameter-
ized by a Fenchel-Nielsen coordinate system (l, s), l > 0, −∞ < s < ∞, then the
2-form

ωWP = dl ∧ ds(1.1)
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is invariant under the mapping class group, and hence it can be considered in the
moduli space. The form (1.1) is Wolpert’s formula for the Weil-Petersson 2-form
[12, Theorem 1.3].

In this paper, we compute the areas of 2-dimensional moduli spaces of hyper-
bolic cone-surfaces with respect to the form (1.1) when corresponding Teichmüller
spaces admit global Fenchel-Nielsen coordinates. The invariance of (1.1) under the
mapping class group is proved in Section 3. For the signature (1; 0), Wolpert [10]
obtained the (Weil-Petersson) area π2/6. In [8] we found that the area for the
signature (1; 2θ), θ ∈ [0, π) ∪ iR+ is 1

6

(
π2 − θ2

)
. The result is stated only for

θ ∈ {π/p : p = 2, 3, . . . ,∞} ∪ iR+, but the argument applies for other values of
θ ∈ [0, π) ∪ iR+ as well. See also Section 5. In order to calculate the area, we
used the classical result in [3] that the Teichmüller space for the signature (1; 2θ)
is represented by the sublocus of the equation

x2 + y2 + z2 − 2xyz − sin2 θ

2
= 0(1.2)

satisfying x, y, z > 1. In this paper we calculate the area of the moduli space for
the signature (0; 2θ1, 2θ2, 2θ3, 2θ4). We derive in Lemma 2.1 an algebraic equation
which represents the Teichmüller space T(0; 2θ1, 2θ2, 2θ3, 2θ4) for the same signa-
ture. After considering the action of the mapping class group in Section 3, in
Section 4 we prove:

Theorem 1.1. If θ1,θ2,θ3 and θ4 are numbers in [0, π/2] ∪ iR+, then the area of
the moduli space for the signature (0; 2θ1, 2θ2, 2θ3, 2θ4) is

2(π2 − θ2
1 − θ2

2 − θ2
3 − θ2

4).(1.3)

Here the moduli space means T(0; 2θ1, 2θ2, 2θ3, 2θ4)/MC, where MC denotes
the mapping class group of isotopy classes of homeomorphisms (including orien-
tation-reversing ones) fixing each singularity pointwise. Thus, if two of θ1,θ2,θ3

and θ4 are identical, MC is not the full mapping class group. We remark also
that (0;π, π, π, π) is treated here as a degenerate case: the surface of this signature
is realized as a parabolic orbifold, rather than a hyperbolic orbifold [4, p. 142].
This case has Weil-Petersson area 0, which will be used in Section 5 to evaluate a
constant.

In this paper we treat the case where θ1,θ2,θ3 and θ4 are numbers in [0, π/2].
Other cases where some θi ∈ iR+ follow the same way by slight modifications
of matrices and figures in Section 2. Since we make use of traces of matrices in
SL2(R) (see Lemma 2.1), noticing that cos iθ = cosh θ, we need no changes in the
computation achieved in Section 4.

In [5], [9] and [13], Weil-Petersson volumes of higher-dimensional moduli spaces
of punctured surfaces are obtained.

2. A parameter space for Teichmüller space

Let L0 and L1 denote (resp.) the hyperbolic lines formed by the circle |z| = 1
and the circle |z| = el/2, l ≥ 0. Choose a point P = −u + iv ∈ L0, 0 ≤ u ≤ 1, v =√

1− u2. Let L2 denote a hyperbolic line which meets L0 at P and intersects L1,
also. We assume that L2 does not meet L1 in the right half plane: If the angle from
L0 to L2 is θ1 and the angle from L2 to L1 is θ2 (see Figure 1a), this assumption
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Figure 1a.

is equivalent to

cos θ1 + cosh
l

2
cos θ2 ≥ 0.(2.1)

Let A = r2r0 and Hl = r1r0, where r0, r1 and r2 denote (resp.) reflections in L0, L1

and L2. They have the matrix-representations

A =
(

cos θ1 − uv−1 sin θ1 v−1 sin θ1

−v−1 sin θ1 cos θ1 + uv−1 sin θ1

)
,

Hl =
(
−el/2 0

0 −e−l/2
)
.

(2.2)

The matrix for B = A−1Hl is

B =
(
−el/2(cos θ1 + uv−1 sin θ1) e−l/2v−1 sin θ1

−el/2v−1 sin θ1 −e−l/2(cos θ1 − uv−1 sin θ1)

)
.(2.3)

Since the (1,2)-entry is non-negative and B = r0r2r0 ·r0r1r0 is the positive rotation
of angle 2θ2 about the intersection point of r0L1 and r0L2, we know trB ≥ 0. Thus
trB = 2 cos θ2 and we get

u =

∣∣cos θ2 + cosh l
2 cos θ1

∣∣(
cosh2 l

2 + 2 cosh l
2 cos θ1 cos θ2 + cos2 θ1 + cos2 θ2 − 1

)1/2 ,
v =

sinh l
2 sin θ1(

cosh2 l
2 + 2 cosh l

2 cos θ1 cos θ2 + cos2 θ1 + cos2 θ2 − 1
)1/2 .

(2.4)

The Fenchel-Nielsen deformation. Let θ1, θ2, θ3 and θ4 be numbers in [0, π/2].
Then any two of them satisfy the inequality (2.1) for all l > 0. Thus the numerator
of the first expression in (2.4) does not need absolute-values. We define A and B

by (2.2), (2.3) and (2.4) and Ã, B̃ similarly but replacing (θ1, θ2) by (θ4, θ3). We
take conjugations of Ã−1 and B̃−1 by Hsr0E, where E(z) = −1/z, Hs(z) = esz, to
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obtain the transformations D and C with matrix-representations

C =
(
−e−l/2(cos θ4 − ξη−1 sin θ4) ese−l/2η−1 sin θ4

−e−sel/2η−1 sin θ4 −el/2(cos θ4 + ξη−1 sin θ4)

)
,

D =
(

cos θ4 + ξη−1 sin θ4 esη−1 sin θ4

−e−sη−1 sin θ4 cos θ4 − ξη−1 sin θ4

)
,

where

ξ =
cos θ3 + cosh l

2 cos θ4(
cosh2 l

2 + 2 cosh l
2 cos θ3 cos θ4 + cos2 θ3 + cos2 θ4 − 1

)1/2 ,
η =

sinh l
2 sin θ4(

cosh2 l
2 + 2 cosh l

2 cos θ3 cos θ4 + cos2 θ3 + cos2 θ4 − 1
)1/2 .

The performed Fenchel-Nielsen deformation is represented in Figure 1a with co-
ordinates (l, 0) and in Figure 1b with coordinates (l, s). Since AB = Hl and
CD = H−1

l , ABCD = 1. We think of A,B,C and D as matrix-valued func-
tions defined in the Fenchel-Nielsen coordinate-space (l, s) ∈ R+ ×R for the Te-
ichmüller space of signature (0; 2θ1, 2θ2, 2θ3, 2θ4). The transformations A,B and C
are (resp.) positive rotations of angles 2θ1, 2θ2 and 2θ3 about their fixed points.
Then, since trAB = −2 cosh l

2 ≤ −2, symmetry (by replacing (A,B,C,D) with
(B,C,A,A−1DA) and (C,A,B,B−1DB)) shows that trBC < −2 and trCA < −2.

The next lemma gives an equation which corresponds, for the case treated above,
to (1.2) for the case of torus.

Lemma 2.1. Let x = − 1
2 trBC, y = − 1

2 trCA and z = − 1
2 trAB. Define the

constants a = cos θ1 cos θ4 + cos θ2 cos θ3, b = cos θ2 cos θ4 + cos θ1 cos θ3, c =
cos θ3 cos θ4 + cos θ1 cos θ2 and

d = 4 cos θ1 cos θ2 cos θ3 cos θ4 + cos2 θ1 + cos2 θ2 + cos2 θ3 + cos2 θ4 − 1.
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Then the Teichmüller space for the signature (0; 2θ1, 2θ2, 2θ3, 2θ4) is represented by
the sublocus T satisfying x > 1, y > 1 and z > 1 of the equation

x2 + y2 + z2 − 2xyz + 2ax+ 2by + 2cz + d = 0.(2.5)

The equation (2.5) is obtained by a lengthy calculation starting from the equation
tr[(ABC)2] = trD2 and expressing the left-hand side as a function of x, y and z.

In order to see that T represents the Teichmüller space, consider the mapping
ϕ(l, s) = (x, y, z) which sends the Fenchel-Nielsen coordinates (l, s) to T . From the
formulas z = cosh l/2, x = α cosh s + β, y = γ cosh(s − l/2) + δ with α, β, γ and δ
independent of s, it follows that ϕ is injective and a real-analytic diffeomorphism.

We calculate the area form (1.1), where l and s are the Fenchel-Nielsen coordi-
nates, in terms of x, y and z. Since z = − 1

2 trAB = cosh l
2 and x = − 1

2 trBC, we
get l = 2 log(z +

√
z2 − 1), s = log(L+

√
L2 − 1) with

L =
x+ cos θ1 cos θ4 − uξv−1η−1 sin θ1 sin θ4

v−1η−1 sin θ1 sin θ4
.

Since ∂(l, s)/∂(z, x) = (∂l/∂z) · (∂s/∂x),

ωWP =
4dz ∧ dx√

x2z2 − x2 − z2 − 2bxz − 2ax− 2cz + b2 − d
.(2.6)

In order to make our description simple, we will often call a boundary curve of
length θ a cone point of angle iθ.

By (2.5) the denominator of (2.6) equals xz − y − b and again by (2.5), dz =
zxdx+ zydy, dx = xydy + xzdz, where

zy =
xz − y − b
z − xy + c

, xy =
xz − y − b
x− yz + a

.

Therefore

ωWP =
4dz ∧ dx
xz − y − b =

4dx ∧ dy
xy − z − c =

4dy ∧ dz
yz − x− a .(2.7)

Originally (2.6) is obtained from the Fenchel-Nielsen coordinates associated to the
simple closed curve which separates the cone points of angles θ1 and θ2 from those
of angles θ3 and θ4; see Figures 1a and 1b. But the symmetry in (x, a),(y, b) and
(z, c) manifested in the expression (2.7) implies that (2.6) can be obtained also from
the simple closed curve separating the cone points of angles θ1 and θ3 from those
of angles θ2 and θ4 and the one separating the cone points of angles θ1 and θ4 from
those of angles θ2 and θ3. Since T(0;π, π, π, θ) = T(1; 2θ) (see Section 5), we see
also that the 2-form dl ∧ ds on T(1; 2θ) does not depend on a particular choice of
Fenchel-Nielsen coordinates (l, s). This fact can be used to show that a 2-form on
any Teichmüller space defined analogously to Wolpert’s formula of Weil-Petersson
form [12] is invariant under the action of the mapping class group as long as the
Teichmüller space admits global Fenchel-Nielsen coordinates.

Let S be an oriented closed surface of genus g and P = {x1, . . . , xn} a fixed set of
n points on S. Let (g; θ1, . . . , θn) be the signature of a hyperbolic surface. A point
of the Teichmüller space T(g; θ1, . . . , θn) is a class of marked hyperbolic surfaces
(R, [f ]) where [f ] is the isotopy class of an orientation-preserving homeomorphism
f : S \ P → R \ {cone points} such that f sends the neighborhood of xi to the
singularity of type θi.



3246 TOSHIHIRO NAKANISHI AND MARJATTA NÄÄTÄNEN

We assume that (g; θ1, . . . , θn) is a signature such that any hyperbolic surface R
with this signature satisfies the following property: Any simple closed curve c on
R \ {cone points} can be deformed to a unique geodesic curve under a homotopy
which meets no cone points. There is an exceptional case where c bounds a disk
with two cone points of angle π. In this case c is deformed to the degeneration
of a simple closed curve and goes between the cone points along a geodesic arc
back and forth. Then, given a curve-system (c1, . . . , cd), d = 3g − 3 + n, which
decomposes S into pairs of pants, we can define the Fenchel-Nielsen coordinates
(l1, . . . , ld, s1, . . . , sd) on the Teichmüller space T(g; θ1, . . . , θn) and also a 2-form
by

ωWP =
d∑
i=1

dli ∧ dsi.(2.8)

Our aim is to show that the form (2.8) is independent of the choice of the curve-
system. Let S = (c1, . . . , cd) and S′ = (c′1, . . . , c

′
d) be two curve-systems as above

such that cj = c′j for all indices j except for one i. Namely, S′ is a result of a
Thurston-Hatcher type simple move on S ([4]). They define Fenchel-Nielsen coordi-
nates (l1, . . . , ld, s1, . . . , sd) and (l′1, . . . , l

′
d, s
′
1, . . . , s

′
d) respectively, such that lj = l′j

and sj = s′j for all j 6= i. Fix {(l0j , s0
j)}dj=1,j 6=i ∈ (R+ ×R)d−1. Then the subspace

of T(g; θ1, . . . , θd) determined by lj = l0j , sj = s0
j , j = 1, . . . , i − 1, i + 1, . . . , d,

can be identified with a two-dimensional Teichmüller space. For example, if ci1 =
c′i1 , . . . , ci4 = c′i4 separate ci (resp. c′i) from the rest in S (resp. S′), then the latter
Teichmüller space is T(0; θ̂1, θ̂2, θ̂3, θ̂4) with θ̂k = i2−1lik . Both (li, si) and (l′i, s

′
i)

give Fenchel-Nielsen coordinates for this two-dimensional Teichmüller space and so
dli∧dsi = dl′i∧ds′i, as we have seen above. Since {(l0j , s0

j)}dj=1,j 6=i are arbitrary, we
obtain

d∑
i=1

dli ∧ dsi =
d∑
i=1

dl′i ∧ ds′i.

For any pair of curve-systems S and S′, there exists a finite chain of curve-systems
S = S1, S2, . . . ,Sq = S′ such that Sj+1 is obtained from Sj by a simple move for
j = 1, . . . , q − 1; see [4], [6]. We conclude that the form (2.8) is independent of the
choice of curve-system which decomposes S into pairs of pants.

Theorem 2.2. The 2-form ωWP is invariant under the action of the mapping class
group.

This theorem is known for the case of hyperbolic surfaces without cone points
and almost trivial because (2.8) is Wolpert’s formula for the Weil-Petersson Kähler
form [12]. Our statement of the theorem includes the case of conical hyperbolic
surfaces with boundary and the following proof is elementary.

Proof of Theorem 2.2. Since the action of each mapping class is a composite of full
(or Dehn) twists and half-twists about a finite number of simple closed curves, it
suffices to show that ωWP is invariant under the twist about a simple closed curve.
Here the half-twist is performed only about the boundary curve of a disk which
contains two cone points of the same angle and avoids all other cone points.

Let c be a simple closed curve on S \ P . Then there is a curve-system S =
(c1, . . . , cd) with c = c1 which decomposes S into pairs of pants. Let (l1, . . . , ld,
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s1, . . . , ld) be the Fenchel-Nielsen coordinates defined by S. Express ωWP as in
(2.8). Then invariance of ωWP is obvious, because the full twist about c causes the
translation s1 7→ s1 ± l1 and the half-twist causes s1 7→ s1 ± 1

2 l1.

3. Action of the mapping class group

If, for instance, y and z are fixed, then (2.5) regarded as a quadratic equation in
x has the pair of roots x and 2yz−x−2a. Thus the transformations in R3

+ defined
by

α : (x, y, z) 7−→ (2yz − x− 2a, y, z),

β : (x, y, z) 7−→ (x, 2zx− y − 2b, z),

γ : (x, y, z) 7−→ (x, y, 2xy − z − 2c)
(3.1)

exchange the pairs of roots and preserve the surface T . The geometric meaning of
these transformations is as follows. Let pA, pB, pC and pD denote the cone points
of angles θ1, θ2, θ3 and θ4, respectively. Then α corresponds to the topological
reflection of the sphere in a Jordan curve going through pA, pB, pD, pC in this
order; see Figure 3. Likewise β corresponds to the topological reflection in a Jordan
curve going through pB, pC , pD, pA in this order and γ to the topological reflection
in a Jordan curve going through pC , pA, pD, pB in this order. Then β · α is a
Dehn twist. In the generic case, the group generated by α, β and γ has the same
action as the mapping class groupMC. If two of θ1, θ2, θ3 and θ4 are equal,MC
contains classes of mappings which exchange cone points of the same angle. Thus
the group has the same action as a subgroup of MC of finite index. For the rest
of this paper, we consider the generic case. We shall remark on the special case at
the end of Section 4.

Let V : T → R be V (x, y, z) = x + y + z and let ∆′ ⊂ T be the set where
conditions V (x, y, z) < V (α(x, y, z)), V (x, y, z) < V (β(x, y, z)) and V (x, y, z) <
V (γ(x, y, z)) are satisfied. These conditions are equivalent to x < yz−a, y < zx−b
and z < xy − c. We show that ∆′ is a fundamental domain for MC. Since the
action of MC is discontinuous and since V (x, y, z) tends to +∞ as (x, y, z) ∈ T
tends to the boundary of T , the function V achieves minima in each orbitMC(p),
p ∈ T and if q ∈ MC(p) represents a minimum, then q must be in the closure
of ∆′. Hence each MC-orbit meets the closure of ∆′. Next we show that two
distinct points of ∆′ are not MC-equivalent. First observe that the three subsets
∆′x = {(x, y, z) ∈ T : x ≥ yz − a}, ∆′y = {(x, y, z) ∈ T : y ≥ zx − b} and
∆′z = {(x, y, z) ∈ T : z ≥ xy − b} are mutually disjoint. Now assume that p ∈ ∆′

and that δ(p) ∈ ∆′ for some non-trivial δ ∈ MC. Express δ by a shortest word in
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{α, β, γ}: δ = δnδn−1 · · · δ1, δi ∈ {α, β, γ}. Set p0 = p and inductively pi = δi(pi−1),
(i = 1, . . . , n). Since V (p) < V (p1) and V (pn−1) > V (δ(p)), there exists i such that
V (pi−1) ≤ V (pi) and V (pi) > V (pi+1). Suppose that δi = α. Then δi+1 6= α due to
the shortest word-representation of δ because α2 = 1. Let, for example, δi+1 = β.
Then V (pi−1) ≤ V (pi) means pi ∈ ∆′x and V (pi) > V (pi+1) means pi ∈ ∆′y,
which is a contradiction. Other cases can be treated similarly. In conclusion, each
MC-orbit meets ∆′ at most once and thus ∆′ is a fundamental domain for MC.

4. The area of the moduli space for the signature (0; 2θ1, 2θ2, 2θ3, 2θ4)

It follows from (2.6) and symmetry in x, y and z shown in (2.7) and also from
the discussion and results of the preceding sections, that the area of the moduli
space T(0; 2θ1, 2θ2, 2θ3, 2θ4)/MC is

V = V (θ1, θ2, θ3, θ4) =
∫∫

∆

4dxdy√
x2y2 − x2 − y2 − 2cxy − 2ax− 2by + c2 − d

,

where ∆ denotes the image of ∆′ under the projection (x, y, z) 7→ (x, y), which is
one-to-one in ∆′ because (2.5) and the inequality z < xy − c yield

z = xy − c−
√
x2y2 − x2 − y2 − 2cxy − 2ax− 2by + c2 − d.(4.1)

The domain ∆ is bounded by three curves Cz : z = xy − c, Cy : y = zx − b and
Cx : x = yz − a with z satisfying (4.1); see Figure 4.
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By making a change of variables F1 : (x, y) 7→ (X,Y ) with

x =
cy + a

y2 − 1
+X

√
(cy + a)2 + (y2 − 1)(y2 + 2by − c2 + d)

y2 − 1
, y = Y,

we obtain

V =
∫∫

F1∆

4dXdY√
(X2 − 1)(Y 2 − 1)

.

The domain F1∆ is bounded by F1Cz : X = 1, F1Cx : X = Y and F1Cy.
Unfortunately, it is not clear how to express F1Cy by a graph of an explicit function
of X , hence we take a roundabout course to our goal. Observe, that if (x, y) ∈ Cy,
then y diverges to +∞ as x tends to 1 or to +∞ and, if ρ is chosen to be sufficiently
large, then the line y = ρ meets Cy in only two points. Let D(ρ) denote the domain
between y = ρ and Cy. Then

V = lim
ρ→+∞

{∫ ρ

1

[∫ ρ

X

4dY√
(X2 − 1)(Y 2 − 1)

]
dX −

∫∫
F1D(ρ)

4dXdY√
(X2 − 1)(Y 2 − 1)

}
.

We fix θ1, θ2 and θ3 and think of V as a function of θ4. Let Vρ(θ4) denote the term
inside the brackets of the expression above. Then only the last integral depends on
θ4 and changing the variables back gives

dVρ(θ4)
dθ4

= − d

dθ4

∫∫
D(ρ)

4dxdy√
x2y2 − x2 − y2 − 2cxy − 2ax− 2by + c2 − d

.
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The change of variables F2 : (x, y) 7→ (X,Y ) with

x = X, y =
cx+ b

x2 − 1
+ Y

√
(cx+ b)2 + (x2 − 1)(x2 + 2ax− c2 + d)

x2 − 1
,

deforms the curve Cy to F2Cy : X = Y and y = ρ to Y = Yρ(X), where

Yρ(X) = Yρ(X, θ4) =
(X2 − 1)ρ− (cX + b)√

(cX + b)2 + (X2 − 1)(X2 + 2aX − c2 + d)
,

and the last integral becomes∫∫
F2D(ρ)

4dXdY√
(X2 − 1)(Y 2 − 1)

=
∫ β(ρ)

α(ρ)

4√
X2 − 1

log
Yρ(X) +

√
Yρ(X)2 − 1

X +
√
X2 − 1

dX,

where α(ρ) = α(ρ, θ4), β(ρ) = α(ρ, θ4) denote the X-coordinates of the intersection
points of Y = X and Y = Yρ(X). Since the integrand of the last integral vanishes
at X = α(ρ) and X = β(ρ), by denoting the variable X by x we get

− d

dθ4

∫ β(ρ)

α(ρ)

4√
x2 − 1

log
Yρ(x) +

√
Yρ(x)2 − 1

x+
√
x2 − 1

dx

= −
∫ β(ρ)

α(ρ)

(
4∂Yρ∂θ4

(x, θ4)√
Yρ(x)2 − 1

)
dx√
x2 − 1

.

When ρ→ +∞, the last integral converges locally uniformly in θ4 to∫ +∞

1

4√
x2 − 1

[
∂

∂θ4
log
(
(cx+ b)2 + (x2 − 1)(x2 + 2ax− c2 + d)

)]
dx.

From (2.5) we obtain the factorization

(cx+ b)2 + (x2 − 1)(x2 + 2ax− c2 + d)

= (x+ cos(θ1 + θ4))(x + cos(θ1 − θ4))(x + cos(θ2 + θ3))(x+ cos(θ2 − θ3)).

Finally, we obtain

lim
ρ→∞

dVρ
dθ4

(θ4) = −8
∫ +∞

1

1√
x2 − 1

(
(cos θ1x+ cos θ4) sin θ4

(x+ cos(θ1 + θ4))(x + cos(θ1 − θ4))

)
dx.

By [7, §55 (ii) 1◦] the integral has value −4θ4 and the locally uniform convergence in
θ4 yields also ∂V/∂θ4 = −4θ4. By symmetry, V = C−2

(
θ2

1 + θ2
2 + θ2

3 + θ2
4

)
, and the

constant C can be determined to be 2π2 because the area tends to 0 as the signature
(0;π/2, π/2, π/2, θ), θ < π/2, tends to the degenerate case (0;π/2, π/2, π/2, π/2).
This gives the result claimed in Theorem 1.1.

Remark. If two of θ1, θ2, θ3 and θ4 in a signature (0; 2θ1, 2θ2, 2θ3, 2θ4) are equal,
MC has a finite extension M̃C, which contains classes of mappings which per-
mute cone points of the same angle. We call M̃C the full mapping class group
and denote by M̃C

+
the subgroup of index 2 consisting of all classes of orienta-

tion preserving mappings. The areas of the spaces T(0; 2θ1, 2θ2, 2θ3, 2θ4)/M̃C and

T(0; 2θ1, 2θ2, 2θ3, 2θ4)/M̃C
+

are calculated by dividing the value in (1.3) by the

index [M̃C :MC] or by [M̃C
+

:MC] = 1
2 [M̃C :MC], respectively.

Case 1. If θ1 = θ2, then [M̃C : MC] = 2. In this case M̃C is obtained by
adding to MC the class δ : (x, y, z) 7→ (y, x, z).
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Case 2. If θ1 = θ2 = θ3, M̃C is obtained by adding to MC the classes δ1 :
(x, y, z) 7→ (y, x, z) and δ2 : (x, y, z) 7→ (y, z, x). Thus 〈δ1, δ2〉 is isomorphic to the
symmetry group S2 and [M̃C :MC] = 6.

The mapping class group M(0, 4) (by the notation in [1]) of the 4 punctured
sphere S2 \ {p1, p2, p3, p4}, which is treated in detail in [1, Section 5.3] is one of
the mapping class groups which has a special action on Teichmüller spaces; see [14,
E. 3.17, p. 203]. For instance, choose a simple closed curve c which separates the
pair p1, p2 from p3 and p4. Then a half-twist about c interchanging p1 and p2 can
cause the same action as a half-twist about c interchanging p3 and p4. So Case 1
includes the case where θ1 = θ2 and θ3 = θ4 and Case 2 includes the case where
θ1 = θ2 = θ3 = θ4.

5. The area of the moduli space of the torus with one singularity

In [8], the area of the moduli space for the signature (1; 2θ) was calculated to be
1
6
(
π2 − θ2

)
.(5.1)

Here we consider the mapping class group consisting of only classes of orientation-
preserving mappings so that (5.1) is comparable with Wolpert’s result [10].

The value in the expression (5.1) can be deduced also from the fact that T(1; 2θ)
= T(0;π, π, π, θ). This fact follows from that every hyperbolic cone surface with
signature (1, 2θ) admits the hyperelliptic involution: The same matrices A, B, C
and D as in Section 2 satisfy A2 = B2 = C2 = ABCD = 1 (= the identity in
PSL2(R)) and the commutator [AC,CB] equals D−2. The map (A,B,C,D) 7→
(AC,CB) induces a homeomorphism between the two Teichmüller spaces. Since
a = b = c = 0 in (2.5) for (0;π, π, π, θ), (2.5) is symmetric in x, y, z and therefore
in (3.1), the order can be reversed to obtain orientation preserving mappings

α : (x, y, z) 7−→ (z, y, 2yz − x),

β : (x, y, z) 7−→ (x, 2xy − z, y),

γ : (x, y, z) 7−→ (2xz − y, x, z)

instead of those in (3.1). Each of these transformations relates to the half-twist
around a pair of points of order 2 on the sphere, which lifts to the Dehn twist along
a simple loop on the torus, the two-sheeted covering surface. The transformations
α and β generate the mapping class group. (For more details on the action of
the mapping class group, see [8]). Since βα(x, y, z) = (z, x, y) generates a cyclic
subgroup of order 3, the stabilizing subgroup of ∆′ (see [8]), the area is one-third
of the area (1.3) for the signature (0;π, π, π, θ), the same value as the area of

T(0;π, π, π, θ)/M̃C
+

.
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