PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 129, Number 11, Pages 3151-3160

S 0002-9939(01)06117-2

Article electronically published on April 9, 2001

HILBERT MODULAR PSEUDODIFFERENTIAL OPERATORS

MIN HO LEE

(Communicated by Dennis A. Hejhal)

ABSTRACT. We introduce Jacobi-like forms of several variables, and study
their connections with Hilbert modular forms and pseudodifferential operators
of several variables. We also construct Rankin-Cohen brackets for Hilbert
modular forms using such Jacobi-like forms.

1. INTRODUCTION

One of the areas of mathematics that has been studied most actively during
the past few decades is the theory of nonlinear integrable equations, also known
as soliton equations, which include many well-known equations in mathematical
physics such as the nonlinear Schrédinger equation, the Sine-Gordon equation, the
Korteweg-de Vries (KdV) equation, and the Katomtsev-Petviashvili (KP) equation.
An important tool for the systematic study of soliton equations is the algebra of
pseudodifferential operators of one variable (see e.g. [3]). Soliton equations are
related to various topics in mathematics, and our interest in this paper lies in their
relation with modular forms, which play a major role in number theory and also
appear in various other areas. For example, certain solutions of soliton equations
can be expressed in terms of theta functions (cf. [I], [3], [7]), which are examples
of modular forms. This indicates that there is at least an indirect relation between
pseudodifferential operators and modular forms. In a recent paper [2] (see also [9]),
however, Cohen, Manin and Zagier studied a more direct connection between the
two objects.

In many applications modular forms often appear as Jacobi forms, which gener-
alize theta functions and were systematically introduced by Eichler and Zagier [].
In [9] Zagier studied Rankin-Cohen brackets for modular forms in connection with
theta series, Jacobi forms, and pseudodifferential operators. In the process he in-
troduced Jacobi-like forms which generalize Jacobi forms in some sense. Jacobi-like
forms are formal power series, whose coefficients are holomorphic functions on the
Poincaré upper half plane, satisfying a certain transformation formula under the
action of a discrete subgroup of SL(2,R). In [2] Cohen, Manin and Zagier extended
the previous work of Zagier by establishing explicit close relations among pseudo-
differential operators of one variable, modular forms, and Jacobi-like forms. The
purpose of this paper is to extend the results of Cohen, Manin and Zagier further
to the case of several variables.
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Pseudodifferential operators of several variables and their links to soliton equa-
tions were investigated in a recent paper by Parshin [8]. More precisely, he intro-
duced a skew-field of formal pseudodifferential operators of several variables and
studied their relations with the KP-hierarchy as well as Poisson structures. Among
modular forms of several variables that are important in number theory there are
Hilbert modular forms, which are holomorphic functions on the product of a finite
number of copies of the Poincaré upper half plane satisfying a certain transfor-
mation formula (see e.g. [5], [6]). In this paper we introduce Jacobi-like forms
of several variables, and study their connections with Hilbert modular forms and
pseudodifferential operators of several variables. We also construct Rankin-Cohen
brackets for Hilbert modular forms using such Jacobi-like forms.

2. PSEUDODIFFERENTIAL OPERATORS

In this section we review pseudodifferential operators of several variables, es-
sentially following Parshin [8], and describe linear operators which associate such
pseudodifferential operators to holomorphic functions on the product of a finite
number of copies of the Poincaré upper half plane.

Given a positive integer n, let (z1,...,2,) be the standard coordinate system
for C™, and let 04, ... ,0, be the differential operators given by
0 0]
OL=——,...,0p, = —.
1 82’17 s Un 8,2"
Let H C C be the Poincaré upper half plane, and let R be the ring of holomorphic
functions f(z1,...,2,) on H™ C C". Throughout this paper we shall often use
multi-index notations. Thus, given a = (aq,...,q,) € Z" and u = (u1,... ,up) €
C™, we have
(2.1) % =07 - 00, ut =uft e up,
and for 8 = (B1,...,0n) € Z™ we write a« < fif oy < ; for each ¢t = 1,... ,n.
Furthermore, we also write ¢ = (¢, ... ,c) € Z" if ¢ € Z, and denote by Z the set

of nonnegative integers. Given a € Z" and 3 € Z%, we write 3! = 3;!--- 3,! and

6 61 ﬁn ’
Where fOI‘ ]. < 7/ < n we ha,\/e (01) ]- a‘nd

(%‘) _oi(— 1) (o — Bi + 1)
Bi) Bi!

for 8; > 0.

Definition 2.1. A pseudodifferential operator of n-variables is a formal series of
the form

(2.2) L= fa(z)0"

for some v € Z™, where z = (21,... ,2,) € Hp and f, € R for all a = (a1,... ,an)
< v. We shall denote by DO the complex vector space consisting of all pseudo-
differential operators of n-variables.
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If the pseudodifferential operator in (Z2) can be written in the form L =
Di<r a;0% with a, # 0, then r = ord(L) will be called the order of L. The

highest term HT(L) of L is then defined inductively as follows. If L = 3, a; 0},
with ord(L) = r, then we set

HT(L) = (HT(a,))dL.
If the highest term of L is of the form HT(L) = f(2)9{" - - - 9!, then we set
v(L) = (m,...,nn) € Z".
Given an element w = (w1, ... ,w,) € Z", we set
UDO,, = {L € YDO | v(L) X w}, UDO), ={L € YDO | v(L) < w},
where < is the lexicographic order such that v(L) = (n1,... ,m,) < 0 if
M <0, or n,=0andn,—; <0, or...,etc,

and < means < or =. Then we obtain a short exact sequence

(2.3) 0 — ¥DO}, — ¥DO,, = R — 0,

where £ is the map sending L to the coefficient of its highest term, that is, £(L) =
fu(z) f HT(L) = fu(2)0~.

Given a positive integer n, the usual action of SL(2,R) on H by linear fractional
transformations induces an action of SL(2,R)™ on H™. Thus, if v € SL(2,R)™ and
z=1(21,...,2,) € H™ with

(2.4) Y=, = (0 g) € SLERR) (1<i<n),
then we have
ajzi + b anzn + by
2.5 = gy = ( rrrt o )
(2.5) vz = (7121 YnZn) c121 +dy CnZn + dpn

Under this action the differential operator ;" = 9% /9z" for 1 < ¢ < n with
«; > 1 is transformed to the operator

s X > Q5 oy — 1 L -
o =l dor = K < k> < 2 >C?<cz'zi TPk,
Thus the differential operator 9% in (2] is transformed to
Py o o @ a—1 v 2a—v qa—v
(2.6) 9% =02 ... 9 _;)u!<y)< , )c (cz 4 d)**v9o,

where multi-index notations were used for o = (aq,... , ), and

oo

IED MDY

v>0 v1=0 v, =0
with v = (v1,... ,vn) € Z™.
Lemma 2.2. Let £ : WDO,, — R be as in (Z3)), and let L be an element of VDO,

with HT(L) = f,(2)0*. Iff is the transformed operator of L under the action of
an element v of SL(2,R)™ of the form (2.4), then we have

(L) = (cz+d)* ful(y2)
for z=(z1,... ,2n) € H", where vz is as in (Z0).
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Proof. Since HT(L) = f,,(2)0*, by (2.0) we see that
HT(E) = fu (72)5w = fo(v2)(cz + d)*0%;
hence the lemma follows. O

Given n = (m,... ,n,) € Z" and f € R, we set

(2.7 (F o V() = (2 + d) 11 (32),
(28) £a(f) = Ly = o o

for all z € H™ if v € SL(2,R)" is as in Lemma [2.2]

Proposition 2.3. For eachy € SL(2,R)" of the form 24) andw = (w1,... ,wn)€E
7% we have

Loo(f l2wv) = Lu(f) oy
forall f € R.

Proof. Given z = (21,... ,2n) and 1 < i < mn, let ¢; : H — H™ be the map defined
by

pr; ogi(x) =

zj for j #1,
x for j =1,

where pr; : H" — H denotes the natural projection onto the j-th component.
Given i € {1,...,n} and a holomorphic function f : H" — C, let f; = f o ¢;, and
set

Vi + wz)'(yt + w; — 1)

|
) gwi-vi
l/i!(l/i-l-Qwi— 1)' fz ’

£y = Y (!

l/,;ZO

where fi(ui) denotes the v;-th derivative of f; : H — C. Then it follows from
Proposition 1 in [2] that

(2.9) LE)(fi) oy = LE) (fi l2: )
for all v € SL(2,R)". Since 8" f =9y ---Oun f =07 -0y ) e have

v (1/1 —|—w1)!(1/1 —|—w1 — 1)'
1/1!(1/1 + 2(4}1 - 1)'

Lo(f) =) (-1)

vy =0

oo

Z (_1)1/77/—1 (Vn—l +wn—1)!(Vn—1 + wn—1— 1)'
l/nfl!(l/nfl + 2wyp_1 — 1)'

Vp—1=0

X 851 .. (‘)Z"_—llﬁgi) (fn)alfwlfm cLYTWn—tTVR—1

n—1

Therefore by induction we see that
Lo (f) = LENEE) (- LD LE (fa)n—t)n—z 1),
Thus for v = (71,... ,7) € SL(2,R)™, using (2.9)), we obtain
Lo(f)oy=LOLE (- LETLE (fa l2w, Yn)n-1 20m_1 Tn—1)n-2" )1 |2y 1)
= ﬁw(f |2w 'Y)~

Hence the proposition follows. O
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3. HILBERT MODULAR FORMS

Let I' be a discrete subgroup of SL(2,R)", and let w = (w,... ,wy,) € Z7. The
action of SL(2,R)"™ on H" given by (ZH) induces an action of I' on H".

Definition 3.1. A Hilbert modular form of weight w for I' is a holomorphic func-
tion f: H"™ — C such that

f|w’7:f

for all v € T', where f |, 7 is as in (Z7). We shall denote by M, (T") the space of
all Hilbert modular forms of weight w for I.

Remark 3.2. The usual definition of Hilbert modular forms also includes the regu-
larity condition at the cusps, which is satisfied automatically for n > 1 by Koecher’s
principle (cf. [5], [6]).

Let ¥DO,, and ¥DO} be as in (Z3J), and let YDOL and ¥DO!! be their I'-
invariant subspaces, respectively.

Theorem 3.3. The short exact sequence in ([23) induces the short exact sequence

0— ¥DOT — TDOE & Moy (T) — 0,
which splits.

Proof. Let L be a I-invariant element of ¥DO,, with HT(L) = f,(2)9*. Then for

each v € T the transformed operator L under the action of ~ coincides with L.
Thus, if £ : ¥DO,, — R is as in (2.3), by Lemma 2.2 we have

ful2) = €(L) = &(L) = (c2 + ) f(72)
for all z € H" and y = (24) € T C SL(2,R)". Hence it follows that
£(TDOL) € My, (T).
On the other hand, if f € Mo, (T"), by Proposition we see that
Lo(f)or=Lu(f l2w7) = Lu(f)

for all v € T. Thus we have £,(f) € ¥YDOL, and hence we obtain a map L, :
My, (T) — ¥DOL. Furthermore, using (2., we see that

§(Lu(f) =1

Since the exactness at WDO?!' is clear, the proof of the theorem is complete. O

4. JACOBI-LIKE FORMS

Let R be the ring of holomorphic functions on H™ as in Section 2, and let
R[[X]] = R[[X1,...,Xy]] be the set of all formal power series in Xj,..., X, with
coefficients in R. Thus, using multi-index notations, an element of R[[X]] can be
written in the form

Oz, X) =) falz)X"
a>0
with z = (21,... ,2n) € H", @ = (o1,... ;) € Z and X* = X" .- X% Let T
be a discrete subgroup of SL(2,R)™.
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Definition 4.1. A Jacobi-like form of n variables for T' is an element
¢(Z7X) = ¢(Z7X17 s aXYL)
of R[[X]] such that
n
(4.1) ®(vz, (cz+d)7°X) = exp( ci(ciz; —l—di)lXi) - P(z,X)

i=1

for all vy € T as in and z = (z1,... ,2,) € H", where
(CZ + d)72X = ((0121 + d1)72X17 R (ann + dn)72Xn)
We shall denote by J(I') the space of all Jacobi-like forms of n variables for T'.

Lemma 4.2. The formal power series ®(z,X) = 3 - ¢a(2)X* € R[[X]] is an
element of J(I') if and only if

(4.2 (G0 120 ) = 3 5 (55) bas(2)
§=0 '

for ally €T as in @4), 2 € H" and o > 1.
Proof. Given v € T as in (24)), by (&1]) we have

Caye (S L X\ Ny iy
> antrz)es ) = [[( L SE) S aex

a>1 i=1 ;=0 v>1
=33 (=) sula)xmt.
|
it w\ecz+d

Comparing the coefficients of X<, we obtain
a—1 1 c P
N L
da(rz)(cz +d) 525! vd) $as®
for all z € H™; hence the lemma follows. O

Given w € Z"™ with w > 1, we set
JM)w =T ([T)NX“T(T).
@z, X) =35, ¢a(2)X* € J(I)w, then by Lemma E2 we have
(Pw |20 7)(2) = 6(2)

for all z € H™ and « € T'; hence the initial coefficient ¢, (2) is a Hilbert modular
form of weight 2w for I'. Thus we obtain a map

(4.3) §:T(D)w — May(l)
sending an element of J(T'),, to its coefficient of X“.
Lemma 4.3. If f € R and v,u € Z%}, then we have

a! V—«
a=0

an  ouLe =Y (" S0

forall z€ H and v €T as in 24).
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Proof. f v = (v1,... ,v,) and p = (u1,... , ln), then we have
(f luN(z) =0"(f(v2)(cz + d) ")
=00 O (fmzn, oy mzn)(crzn +di) ™ - (enzn + di) 7).
Thus, using [2] (1.9)], we have

v _ v Vp—1 - Vn! fn + Vn — 1 (_Cn)’/n_an
0 (f |/t 'Y)(Z) =900 ( Z CY_n'( Vp — Qp ) (ann + dn)MnJranran

a,=0

X O f(viz1s -y nzn)(c1z1 +di) ™ - (epm12n—1 + dn—1)“"1)-
Thus the formula (#4]) can be obtained by induction. O
Theorem 4.4. The formal power series ®(z, X) =3~ ~; ¢a(2) X € R[[X]] is an
element of J(T') if and only if

(4.5) Z 6' —ﬂ 1)! —_— foz—ﬁ(z)

for all o > 1 with f, € MQV(F) forallv > 1.

Proof. By Lemma it suffices to derive the formula (#2) assuming that (3]
holds. Given v € T', & € Z" and z € H", using (45)), we obtain the left-hand side
of (E2) in the form

(4'6) (¢a |201 ’Y Z 6' —1)! ((8 Ja— ) |201 'Y)(Z)

Let v € T be as in @4) so that y~! = (4 .?) € T. Since fo_pg € Maq_23(I), by
(EA) we have

8ﬁfafﬁ(z) = aﬁ(fafﬁ |2a725 771)(2)

B
— Bl (2aa—B—-1 cB—w
Z_( B_,U >(—cz+a)2a [34_”8 fa ( lz).

|
1=0 K-

Thus, using the relation

B az+b B 1

—c(yz)+a= C(cz—i—d) +a=(cz+d)",

we obtain
86‘](@ Z é (20& - B - 1) CB_H(CZ 4 d)2°‘_5+“8“fa_5(z).
. B
Using this and (4.6l), we have
(4.7)
a—1 f 1 c B—p
Y
(Do l20 7)(2 z%/;)# 20 =25+ 5= 1)1 (cz+d) 0" fa—p(2).
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On the other hand, using (1), the right-hand side of ([Z2) is equal to

a—1la—1-§¢

c 4
(4.8) Z z:: 15! 2a—25 - 1)! (oz+d) " fa=s-u(z).

Replacing Y 5~ Z(y 170 by Zu—o ¢ " and d by § — p, we can write (&3] in
the form
a—1la—1

1 c B—n "
ZZ (2a =26+ pu—1)! (cz—i—d) $0" fap(2),

p=0 = u
which reduces to the right-hand side of equation (7)) after replacing Zz;é Zg;i

by Zg;i Zizo. Thus we obtain (£2)), and the proof of the theorem is complete.
O

We now construct a split exact sequence involving Jacobi-like forms of n variables
and Hilbert modular forms. For each i € {1,... ,n} let &; € Z™ denote the vector
which has 1 in the i-th entry and 0 elsewhere.

Theorem 4.5. If §: J(T), — Mo, (T) is as in (E3)), then there is a short exact
sequence

0= 3 TMwre, = TN = Moy (T) = 0

which splits.
Proof. £ §: J(I)w — Mo, (T) is as in ([@3)), we see easily that

ker§ =Y T(M)wie,-

Hence it suffices to show that § is surjective and that there is a linear map & :
My, (T) — J(T), with Fo & =id. Let f € My, (T), and consider the sequence

(f,)u>1 such that
f, = foifv=uw,
Y0 ifr#w.

Then we have f, € My, (') for all v > 1. If we set

o8
Zﬂl - 1)! 0" fop(2)

1
— aoz—w
(a0 —w)l(a+w—-1)! /)
for each o > 1, then by Theorem .4 we see that the associated formal power series
(2, X) =Y ¢a(2)X" € R[[X]]

a>w

is an element of J,(I"). Thus we have a linear map
& Mo(l') = T(D)w,  f(2) = @4(2,X),
which satisfies F(&(f)) = f; hence the proof of the theorem is complete. O
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5. RANKIN-COHEN BRACKETS

In this section we use Jacobi-like forms of several variables to construct a bilinear
map that associates to each pair of Hilbert modular forms another Hilbert mod-
ular form, which is the higher dimensional analogue of the Rankin-Cohen bracket
described in [2] and [9].

Let T' be a discrete subgroup of SL(2,R)", and for each w € Z" let M, (T")
denote the space of all Hilbert modular forms of weight w for I' in the sense of
Definition 3] Given Hilbert modular forms f € Moy, (') and g € Mag(T) for
some «, 3 € Z7, we set

B1) [l ) = S0P (2D (T @ et

A=0
for all z € H™ and v € Z7, where [A| = Ay + -+ + A, for A= (A1,..., \p).

Theorem 5.1. The function [f, g],(,a’ﬁ) : H™ — C given by (&) is a Hilbert mod-
ular form of weight 2a + 208 + 2v for T'.

Proof. Given f € Mq(I') and g € Mag(T), let @4(z, X) and @y(z, X) be their
liftings in J(I'), and J(I")g, respectively, described in the proof of Theorem E.5]
Thus we have

Op(2,X) = D dralR)XY, B(z,X) = Y dgu(2) X",

Aza w>p
where the coeflicients are holomorphic functions on H™ given by
A —a oH—-
5 = GamraTIr T T
fora < A€ Z" and § < p € Z". Using (@), we see that the formal power series

U(z,X)=Ds(z,—X)  Pg(2,X)
is invariant under the transformation

(2,X) = (v2, (cz + d)72X)

for all v € T' of the form (Z4). Thus, if ¥a4s4.(2) is the coefficient of X*+A+V in
U(z, X), we have

Vot g0 (2) X TP = ho i g1 (72) ((c2 + d) 72X )T
)(a+ﬁ+v

= (Yarptv l20+28+20 7)(2)

for all z € H". Hence we see that a+g+.,(2) is a Hilbert modular form of weight
2a+ 203+ 2v for I'. On the other hand, by (5.2)) we obtain

_ (=)@ f)(9" " g)
DY C—a) A ta—1)(p—p3)(uts—1)

Afp=a+f+p
Aza,pz>p

_ (=)l (@2 f)(0"9)
N Z M+ 2a — D)l (e + 28 —1)!

z": (=)@ f)(9"g)
£+ 20— DI = A)(r = A+26- 1)
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Using (B.1l) and and the relation

2a+v—1\/20+v-1 2a+v-11(26+v—-1)!

( v— A )( A )_/\!()\—1—2@—1)!(1/—)\)!(V—)\+26—1)!’
we see that

[f7 g](ua’ﬁ) = (2a +v— 1)'(2ﬁ +v— 1)!wa+[3+ua
and therefore [f, g]l(,a’ﬁ) is a Hilbert modular form of weight 2a.+ 284 2v for I'. O
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