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ABSTRACT. This paper contains some interesting Hardy type inequalities and
Rellich type inequalities for the left invariant vector fields on the Heisenberg
group.

1. INTRODUCTION

As is well known, Hardy’s inequality and Rellich’s inequality in Euclidean space
R™ (see [7], [9]) and their generalizations played important roles in many areas of
mathematics. A natural and interesting question is: Can similar inequalities hold
on the nilpotent Lie group, in particular, on the Heisenberg group H,?

Recently Garofalo and Lanconelli [5] established the following Hardy type in-
equality:

/H (5 et < (o= ) /H Vi, B, V0 € C5°(H,\{0})

1

where d denotes the Heisenberg distance: d(z,y,t) = (|z|* +t2)1, |2]? = 22 + 42,
z=(z,y) € R"xXR", t€ R, O =(0,0,0), @ the homogeneous dimension, Vg, & =
(X1®@,--+, X;, @, Y19, Y, @), {X;,Y;}7_; the basis of left invariant vector fields
on H,, X; = % + Qyj%, Y, = B%J - 2:@%. Then they discuss some important

n

topics including the unique continuation of the sub-Laplacian Ay, = Y (X7 +Y}?).
j=1

In this paper we give a general Hardy type inequality and Rellich type inequality

on H,. The methods here are based on the approach in Allegretto and Huang [3]

for the p-Laplacian on R™.

Theorem 1 (Hardy type inequality). Let ® € C§°(H,\{O}), 1 <p < Q. Then it
follows that

(1) [, e (22) [ (E)15E

n
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and

oG

Theorem 2 (Rellich type inequality). Let ® € C{*(H,\{O}),p > 1. Then the
inequality

(3) Ay, ®F + Co M|¢>|”>Cl (|Z|2p>|@|p
H, H, d4(p—1) - o, d4p

holds, where Cy and C1 only depend on @ and p.

2. PROOF OF THEOREM 1

We first deduce the Picone type identity for { X, Y;} which is especially useful for
existence and nonexistence of p-sub-Laplace’s equations and systems (for Laplace’s
equations and systems in R", see [3]).

Lemma 2.1 (Picone type identity). For differentiable functions v > 0,u > 0 on
Q C H,, where Q is a bounded or unbounded domain in H,, or the whole space
H,,, it holds that

(4) L(u,v) = R(u,v) > 0,
where
uP uP~1 9
L(u,v) = |Vg,ul’ + (p— 1)U—p|Van p _pv?’—l Vi, ulVg, v’ Vg, v,

p_QVHnU.

uP
R(u,v) = Vi, ul = Vi, (= ) [V, 0

vP

Moreover, L(u,v) =0 a.e. on Q iff Vg, (%) =0 a.e. on .

Proof. Since

uP 1
VHn (’Up_l) = v2p—2 [pup—lvp—lanu - (p - 1)upvp_2anv:| )

uP uP~t

Vi, (—) -VH,v=0p

pp—1

2

Up
Vua,u-Vg,v—(p— 1)v—p|Van

pp—1

it follows that (4) is obtained. On the other hand, %—1—% = 1 and Young’s inequality
yield

uP uP~1 _
L(u,v) = [V, ul” + (p = )|V, ol = p—=Va,ul - [Va, v
upP~1 o
+r = Vol (|VH"U NVa,v —VH”U'VH”’U)
Va,ulP | (§Va,v)?* ub~! -
(5) =P [| 5 o q — P Vel Vi, ol !
uP~1 9
+p o Vel <|VH"U Vi, —VH”U'VH”’U)
uP~1 9
= s |V, 0P~ (|VH"U Va,v = Va,u- VHHU) >0
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and the equality holds if and only if Vg, u| = %|Vg, v|, Vg, u||VE,v| = Vg, u-
Va,v. Now suppose L(u,v)(xo) = 0. If u(xg) # 0, then Vg, (%)(zo) = 0. If
u(wg) = 0, then Vg, u=0ae. on S = {recQ|ux)=0}and Vg, (%) =0 a.e.
on S. Therefore the statement is proved. O

Remark 1. If the vector fields {X;,Y;} are replaced by vector fields satisfying
Hoérmander’s condition, then a similar identity is also valid.

It is clear that Vg, (%) = 0 implies u = kv for some constant k.

Let S3P(2) denote the completion of C§°(Q) under the norm

1
p)p

Theorem 2.1. Suppose that for some XA > 0, v € C®(Q) satisfies

fullsrs = ([ fu + 9,0
Q

—Ap, pv > AgvP"! and v > 0 in €,

where Ag,, , denotes the p-sub-Laplacian on H,, i.e.

n

Am,p = XA (X017 + [Y;0))F X0}
j=1 j=1

n

+ 3 VD (X 0? + |Y502)] "2 Yy}
j=1

Jj=1

Then for any u in Sy'®, it holds that

(6) / IV, ulP > A / alul?.
Q Q

Proof. Let Qg C Q, Qg be compact. Take ¢ € C5°(€2), ¢ > 0. By Lemma 2.1, we

have
0< [ L)< [ Liew) = [ R
Q0 Q Q
:/QWH,LSOV)—VH,L<Uf:)|VHHUP72VH"U
= [(Vael + = 8m0) < [ (Vael = 2a07),
Let ¢ — w and (6) is easily obtained. O

Proof of Theorem 1. Set v = 4”57 . Since

VH,v= ( ,Md—%dev... ,wd—%y}d,...),
p p

then

_ p—2 p—
p—2 _ (Q p) d- (p+QL(p 2) |Z|p_27
p

Vi, v| = ?di%flm |Va,v
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= |z|d~!. Then
" Q-—p (r=2)(r+Q)
Bt g0 == 3 G )
v, Q—-p R
+Yl=) P P

— Q p;D 22{ _2 p+Q) p_Qd—M—l—Q
p
=T 2(|de|2+|de|)
Pp—Q _e-2wie)_ o,
o= T T X d oy Yd)

LR Qg e @ -S4+ (v;aP)
p p
-9 52 2

+d % (X2d+ Y2d)]}.

Note that
Z(xjxjd +y;Y5d) = |2|'d 3, Ay, d= Z(de +Yd) = (Q —1)|2d?
Jj=1 j=1

and it follows that

_(Q@-p\li (p=2)p+Q) Q
= (L) 2Dy 9oy
) |Z|pd7p 7pz()?+pr
— P (p—Q)(p—1 _ P ,p—1
S = e e Y e L i
p dp D dr  dr

Inequality (1) is established by using Theorem 2.1 and inequality (2) is a conse-
quence of (1). O

Corollary 1 (Uncertainty principle). Suppose u € C§°(H,, \ {O}). Then

G o [ Ll < ([ 19ma) ([l

n

Proof. By (1) and Hoélder’s inequality, we get

/Hn |jl|22| 2= /H % zlu| < (/H |Z|;2|:|p)%(/m |z|q|u|q)%
< () 19a) ([ loae)”

n

Corollary 2. Suppose u € C§°(H,,). Then

o e f e

n
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Remark 2. Hardy type inequalities allow us to study the following eigenvalue prob-
lem in H,, (if p = 2, linear; if p # 2, nonlinear) with indefinite weights

—Ap, pu = )\g|u|p_2u, in Hy,

u— 0, as d(x,y,t) — oo

(see Allegretto [1], Allegretto and Huang [2], and Huang [8] for the Laplacian or p-
Laplacian case in R™).

Remark 3. The above inequalities are also applied to the study of unique continu-
ation for Ay, p; see [6], [5].

3. PROOF OF THEOREM 2

Lemma 3.1. If v is a smooth function satisfying
v>0,Ap,v<0, in

and u >0, p > 1, then it follows that

(9) Li(u,v) = Ri(u,v) 2 0,
where
uP~1 9 uP
Li(u,v) = |Am,ul” = pg Ap,u - A, | Ap, P77 + (0 = 1) |Aw, vl
upP~2 o
—p(p =) |Am, v A, v

2
u u
(IVag,ul® - 2=V, u Vi,v+ §|VHW,U|2)7

uP _
Ri(u,v) = [Apg,ul? — AH"(FHAHHU P2 Ap,v.

Proof. Note that

uP 1 _ _ o
AHH(F): m[l’@—l)up Vi, uloP ™t 4+ puP P Ay, u

—2p(p — 1)up_1vp_2VH"u Vyu,v—(p—-1)(p— 2)upvp_3|VH”v
—(p— 1)upvp72Aan]

2(p—1)2
e NS

2

and (9) is evidently obtained.
Since Ay, v < 0 and

p—1 A P 1P
U _ H,U U
A, ul g, v A, 0P < [Ba,ul? 1w
vP— p q VP

1 1
|AH”’U|p; -+ -= 1)
P q
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we have

uP Ap,u
Ly(u,0) 2 | A, ul? + (0 = 1) | Aol —p ('H i

|AH

2

uP =2 _
_p(p — 1)F|AH”U|p QAH”U|VHW,U' — EVHHU

2

—|Ag, 0P Ag, v

uP uP—
= (p= 1= 7)) Bmol = plp - 1)

Theorem 3.1. Let v € C®(Q), v > 0, satisfying

Ap, (

LU) > = AgroP Tt 4 pgovP Tt

for some constant A\, u > 0, Ag,v <0. Then for any u € Sg’p(Q), it holds that

+§/mmwzg/mmw
Q Q

where STP(Q) is the completion of C3°(Q) in the Folland-Stein space S*P(Q) (see

).

Proof. Suppose 2y C 2, Qq is compact. Take o € C3°(£2), ¢ > 0. It follows that

0</L1(<PU)_/L1% /R1$07
— [ 1amet = [ A () 80,0
— P _ p—2
—/Q|AHW,<P| /Q—vpflAH"( AH,,U)
§/|AH”<P|p+>\/91<Pp—M/92<Pp~
Q Q Q

Letting ¢ — u, we prove the result. O

(10) / |Am, ulP
Q

Proof of Theorem 2. Set v = d°, where 3 < 0 will be determined later. It is clear
that

Ap,v=0(8+Q —2)|z[?d° .
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Letting 8 > 2 — @ yields Ay, v < 0. A direct calculation gives
Am, (|AH,,,'U|;D_2AH”U> = BIBIP2(B + Q — 2)P" Ay, [|2]2P~D B Hp-1)]
=BIBIP2(B + Q — 2)P " H4an(p — 1)|z2P~2 =N (=1
+4(p—1)(p— 2)|Z|2(p—2)d(5—4)(p—1)
+4(p—1)%(B - 4)|Z|2(p*2)d(5*4)(p*1)*1

D (@ Xjd + y;Y;d)
Jj=1

+-)B-Y[B-49pP-1)—-1]
. |Z|2(p—1)d(6—4)(p—1)—2|and|2
+(p—1)(5— 4)|Z|2(p71)d(ﬁfﬁl)(pfl)flAHnd}
= BIBF2 B+ Q-2 (b~ D{d(n+p - 2)
. |z|2(p*2)d(5*4)(p*1)

+@B-YAp-D+B-4)p-1)+Q 2]
. |Z|2pd(ﬁ*4)(p*1)*4}

n
where we have used the identities Y (2, X;d+y;Y;d) = |z|*d 3
j=1

2= |22,
Ag,d=(Q —1)|z2d3.
We take § satisfying max(2=2 —(n 2p+2) > nitdp— 4) < 8 < 0 and denote

p—1’

Co=—4BBP2(B+Q -2 '(p—1)(n+p—2) >0,

Cr=BBP2B+Q -2 (p—1(B-)[Bp-1)+Q—2] >0.
It follows that C7 > Cj and

- 2?7 |2 s
AHH(|AH7LU n ) > —Co A=) P4+ Oy "
By Theorem 3.1, (3) is deduced. O
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