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HONG HU AND ZHI-WEI SUN

(Communicated by David E. Rohrlich)

7np+8) =
np+t

(7;”) (:) (mod p) if m,n, s, t are nonnegative integers with s,¢ < p. In this paper
we aim to prove a similar result for generalized binomial coefficients defined in

terms of second order recurrent sequences with initial values 0 and 1.

ABSTRACT. Let p be a prime. A famous theorem of Lucas states that (

1. INTRODUCTION

Let N={0,1,2,---}, Z" ={1,2,3,---} and Z* = Z \ {0}. Fix A, B € Z*. The
Lucas sequence {uy, }nen is defined as follows:

(1) up =0, u; =1 and upy1 = Auyy — Buy—1 forn=1,2,3,---
Its companion sequence {v, }nen is given by
(2) vo =2, v1 = A and v,41 = Av, — Buy—q forn=1,2,3,---.
By induction, for n =0,1,2,--- we have
Up = Z ok and v, = o™ 4+ 3"
0<k<n
where

QZM’ ﬂ:ﬂa’ndA:A?_ng.

2 2
It follows that

Up = 2Upt1 — Ay, Uzp = Unvy and ve, = va —2B"™ for n € N.

For a,b € Z let (a,b) denote the greatest common divisor of @ and b. A nice result
of E. Lucas asserts that if (4, B) = 1, then (um,un) = |U(m,n)| for m,n € N (cf.
L. E. Dickson []).

In the case A2 = B = 1, by induction on n € N we find that u, = 0 if 3 | n, and

1 ifA=-1&3|n—-1,or A=1&n=1,2 (mod 6);

Uy =
-1 ifA=-1&3|n+1,orA=1&n=-1,—-2 (mod 6).
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We set [n] = [[y<r<,, ux for n € N, and regard an empty product as value 1. For
n,k € N with [n] # 0, we define the Lucas u-nomial coefficient [ ] as follows:

I i >k
Nl _ ) Wk M=
(3) M {

0 otherwise.

In the case A = 2 and B = 1, [}] is exactly the binomial coefficient (Z), when
A =g+1and B =qwhereq € Zand |g| > 1, [}] coincides with Gaussian g-nomial
coefficient (Z)q because u; = (¢/ —1)/(¢ — 1) for j = 0,1,2,---. For generalized
binomial coefficients formed from an arbitrary sequence of positive integers, the
reader is referred to the elegant paper of D. E. Knuth and H. S. Wilf [5].

Let d > 1 and ¢ > 0 be integers with d | uq. If (A,B) = 1 and d { uy for
k=1,---,q—1, then for any n € N we have

d|u, <= ddivides (un,uq) = [um,q| == q¢=(n,q) <= q|n;

this property is usually called the regular divisibility of {u,}nen. If (d,u) = 1 for
all 0 < k < ¢, then we write ¢ = d. and call d a primitive divisor of u, while g is
called the rank of apparition of d. When (A,B) =1, ¢ =d., n € N and ¢ { n, we
have

(dv un) = ((dv UQ)vun) = (dv (unvuq)) = (da u(n,q)) =1
When p is an odd prime not dividing B, p. exists because p | U, _(ay as is well

known where (—) denotes the Legendre symbol. On the other hand, drawing upon
some ideas of A. Schinzel [6], C. L. Stewart [7] proved in 1977 that if A is prime
to B and «/f is not a root of unity, then u,, has a primitive prime divisor for each
n > 42267 P. M. Voutier [9] conjectured in 1995 that the lower bound e*52257 can
be replaced by 30.

For m € Z we use Z,, to denote the ring of rationals in the form a/b with
a€Z,beZ" and (bym) =1. When r € Z,,, by z =r (mod m) we mean that x
can be written as r + my with y € Z,,.

For convenience we set R(q) ={z € Z: 0 <z < q} for ¢ € Z".

Our main result is as follows.

Theorem. Suppose that (A,B) = 1, and A # £1 or B # 1. Then uy # 0 for
everyk =1,2,3,---. Let g € Z*, m,n € N and s,t € R(q). Then

mqg-+s| _ (M) |S8| (ng+t)(m—n)+n(s—t)
0 @) e
where wy s the largest divisor of ug prime touy,- -+ ,uq—1. If ¢ or m(n+t)+n(s+1)

is even, then

m q
I R ————
Remark 1. Providing (A4, B) = 1 and ¢ € Z*, (ug, [[gcpequx) = 1 if and only if
uq = %1 for all proper divisors d of ¢ (this is because (ugq, ur) = [u(q,)|); therefore
uq is prime to uq,- - ,uq—1 if ¢ is a prime.

When A =2 and B = 1, we have uy = k for all k € N, hence the Theorem yields
Lucas’ theorem which asserts that

(74 = (7)) o )
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where p is a prime and m,n, s, t are nonnegative integers with s,¢ < p. In the case
A=a+1and B =a where a € Z and |a| > 1, as ug41 = (a9 —1)/(a—1) =
aug+1=1 (mod ugy) for ¢ € Z", our Theorem implies Theorem 3.11 of R. D. Fray
2.

Theorem 3 of B. Wilson [10] follows from our Theorem in the special case A =
1, B = —1and s > t. Wilson used a result of Kummer concerning the highest
power of a prime dividing a binomial coefficient; see Knuth and Wilf [5] for various
generalizations of Kummer’s theorem. Our proof of the Theorem is more direct;
we don’t use Kummer’s theorem in any form.

Example. (i) Set A =4 and B =1. Then
Ug = 0, Uy = 1, U = 4, Uus = 15, Uy = 56, Us = 2097 U = 780.
Clearly p = 13 is the largest primitive divisor of ug = 780. By the Theorem,

1] [11x6+5] _/11\ [5 11x1-4x5 _
{25}_{“6“}:(4)[1}(_1) — 330 % us x (1)
=-330x209=-5x1=8 (mod 13).
(ii) Take A =1 and B = —7. Then w3 = uz = 8 and uyg = 15. By the Theorem,

35 . 11X3+2 _ 11 2 10(11—3)+3(2—1) —
- B () [ o

2. SEVERAL LEMMAS

Lemma 1. Let n and k be positive integers with n > k and [n] # 0. Then

—1 —1
R U
If2| A and 24 B, then [}] = (}) (mod 2).
Proof. Clearly the right hand side of (6) coincides with
[n—1] [n—1]
T Buy
P TR T e 1l

_%(ulwrlunk — Bujup——1) = [Z] )

where in the last step we use the identity uxi1u; — Bugu;—1 = ug4; which can be
easily proved by induction on I € Z7.

Now suppose that 2 1 (A — 1)B. Then u,us,us, - are odd and g, u4, ug, - - -
are even. If

[n; 1] - (ngl) (mod 2) and {Z: ﬂ = (Z: i) (mod 2),
then (6) yields that
L . ()

i
a2 () o

So [2] = (}) (mod 2) by induction. O
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Remark 2. In light of Lemma 1, by induction, if n € N and [n] # 0, then [}] € Z
for all £ € N. This was also realized by W. A. Kimball and W. A. Webb []. In
1989 Knuth and Wilf [5] proved that generalized binomial coefficients, formed from
a regularly divisible sequence of positive integers, are always integral.

Lemma 2. Let g be a positive integer. Then ugﬂ = B? (mod ugq). If 2| q, then
Ugy1 = —B9? (mod d) for any primitive divisor d of Ug.

Proof. As
Ug  Ug—1)\ _ (Ug-1 Ug—2 A 1
Ugrl  Ug Uy Ug—1) \—B 0

L U1  Ug A 1 a-1
- T \ue w/\-B 0 ’

we have u3 — Ug—1Ugt1 = B?~1 and hence ugﬂ = —Bug_1ug+1 = B? (mod uy).
Now assume that ¢ = 2n where n € Z*. Let d be a primitive divisor of u,. Since
UnUp = ug =0 (mod d) and (d,u,) = 1, we have d | v, and hence

Aug +v,  Aupv, +v2 —2B"

Ugg1 = 5 = 5 = Upy1U, — B" = —B" (mod d).
This ends the proof. O
Lemma 3. Let k,q € Z*. Then
(7) Ukgtl = u§+1ul (mod uq) forl=0,1,2,---.
If ug # 0, then
(8) Z—Z = uf;;ll + (k- l)A% (mod uy).

Proof. Let | € N. By Lemma 2 of Z.-W. Sun [§],

k
_ k k—r, T
Ukq+l = r Cc UqgUl+r

r=0

where ¢ = —Bug_1 = ugy1 — Aug. Clearly upg = uf,ju; (mod wug). In the case
ug # 0,

k k 1
e
For any prime p and integer r > 3 we have

PP+ 1)1+ (r—2)+1=mr,
v=2/r € Ly, for r =3,4,---. If 2 | ug and 21 A, then 2 { B (otherwise
Ug = g1 = =u #0 (mod 2)), as uZ,; = B? (mod ugy) we have ¢ = ugy; =

1 (mod 2). Thus (8) holds providing u, # 0. O

Lemma 4. Assume that (A, B) =1, q € ZT and uy # 0 for all k € Z+. Then for
any m,n € N and s,t € R(q) we have

mq—+s —_ |Mmq| |S|, ttm—n)+n(s—t)
R e

where wq is the largest divisor of ug prime to ui,--- ,ug—1.

therefore u
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<ng+t

Proof. Let m,n € N and s,t € R(q). If m < n, then mqg+ s < (m+ 1)q
=0=[{]. Below

and hence [Zbgits} =0=["%4]. f m =n and s < ¢, then [Tbgif] 0
we assume that m >n and mqg+ s > ng + t.

As (A,B) = 1, (ug,ugr1) = |u(gq+nl = 1. Observe that w, is prime to

Ug+1 H0<T<q Uy, and

[mq + S] - H(mfn)q<j§mq Uj < H0<r§s Umg-+r
ng+t Ho<jgnq Uj H0<r§t Ung+r

-1 .
% H0<r§s—t U(m—n)g+r if s > ¢,
HOS?"(t—s u(m/—n)q—r if s <t

By Lemma 3, ugqyr = ugﬂur (mod wy,) for any k,r € N. So

[mq—k s] _ [mq] " [To<r<s(ugiaur)
ng+t nq [o<r<i(ugqur)

" HOQSS_t(uZ;f”u,Tl) (mod wy) ifs>t,
0 (mod wy) otherwise,

E{mq] (8] st {ugil'”)“”/[s—t] (mod w,) if s>,

ng) [t 7! 0 (mod wy) if s < t,

_|mq| |S| t(m—m)+n(s—t
= {nq] [t] uq(ﬁ m)tn(s—t) (mod wy).

This concludes the proof. [l

3. PROOF OF THE THEOREM

Let us first show that uy,us, us,--- are all nonzero.
If A =0, then « = 8= A/2 and hence

_ rok—1—r __ A ket _
U = Zaﬁ =k #0 fork=1,2,3,---.

2
0<r<k

Suppose that uy = 0 for some k € Zt. Then A # 0, a # (3 and o = *.
Since the field Q(v/A) contains the root a/3 # +1 of unity, by Propositions 13.1.5
and 13.1.6 of K. Ireland and M. Rosen [3] there exists a positive integer D such
that A = —D? and /B € {%i}, or A = —3D? and o/ € {+w,+w?} where
w = (=1++/=3)/2. In the former case, (A+ Di)/(A— Di) € {£i}; hence A% = D?
and 2B = (A? — A)/2 = D?. This is impossible since A or B is odd. Thus the
latter case happens. Now that

A+Dy-3 A?—-3D?+42AD\/-3 o1 V-3 1+v-3
A-Dy=3 A% 4+ 3D? 2 72 ’
we have A2 — 3D? = +2AD and hence A? € {D? 9D?}. If A2 = D? then B =

(A%2 — A)/4 = D? hence (A,B) > 1 or A2 = B = 1; if A2 = 9D? then B =
(A2 — A)/4 = 3D? and hence 3 | (A, B). This leads to a contradiction.
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Next we show (4).
Let ug = 0, vy = 1 and v, = vgu} — B/, for j = 1,2,3,---. Note that
al+ 31 =v, and a8 = B. Fix k € Z*. If A = A2 — 4B # 0, then

ury _ (04— 5 /(0= ) _ (o) — (50
w (@ gfa=p) i
A =0, then o= = 4/2, uy = 4(A4/2)77", kg = ha(4/2)1" and
q(k—1)
I e C R

U
0<r<k q

— .
= Ug;

So we always have uiq/uq = u). By (8),

(k—1)Aug/2 if 2| ug,

— =7y (mod ug) where r, = Ulglll + {0 otherwise

Notice that (rg,uq) =1 if 24 u,, and (1, ug/2) = 1if 2 | ug.
Suppose m > n > 0. We assert that

U — _
(10) —m=kg (m> uZJ(:f ™) (mod uyg).
0<ken H(n—k)q n

If 2 ug or 4| ug, then (ry,uy) =1 forall k=1,2,3,---, hence

H U(m—k)q _ H m—k y H U(mfk)q/((m - k)uq)
0cien MnRa oZic, PTF e, Hen-ka/ (0 = K)ug)
(m) H u;'fflkfl +(m—k—1)Au,/2

0<k<n u;’;{“l +(n—Fk—1)Auy/2

() TL (s onmmaty) = () (7 aton - %)

0<k<n

_ -1 -2 _
= (ZL> uZJ(:f " 4 7m(m2 ) (m )Auq = (:) uZJ(:f ") (mod wuyg).

n—1

In the case uy = 2 (mod 4), by the above method
Um—k)g _ (m) u;zir?fn) (mod ﬁ) :
0<ken Hn—k)q " 2

as vg = 2ugy1 — Aug =0 (mod 2) and B =1 (mod 2) (otherwise A, u1,uz,us, - -
are all odd), we also have

U(m—k)qg u, —k _ (MY _ [T\ n(m—n)

/
Uy
0<k<n (=Kl glpo, Un—k

by Lemma 1. This proves (10).
Now we claim that

(11) [mq}

ng

m m—n)n
( )ufﬁ_l Jna (mod wy).
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This is obvious if m < n or n = 0. In the case m >n > 0,if 0 < j < ng and ¢q 1 j,
then (ung—j,wq) =1 and

Umg—j _ W(m—n)gtng—j _ m—n
- = : = ug' " (mod wy)
Ung—j Ung—j
by Lemma 3; thus
{mq] _ Umg—j _ U(m—k)q % Umg—j
n . .
q 0<j<ng WI g lpen Ynmk)a g5 Yna—i
qtj
_ (M, nim—n)  (m-n)(ng—n) _ (T (m-n)ng
:(n)uq+1 X Uy q =\, U1 (mod wy).

In view of (9) and (11),

mq—+ s
ng+1t

m (m—n)ng S| t(m—n)+n(s—t)
<n>uq+1 X [t} Ug+1

— (T s +t)(m—n)+n(s—t
= <n> [t] uéiql J(m—n)+n(s—t) (mod wy).

Finally we say something about (5). If 2 | ¢, then
(ng+t)(m—n)+n(s—t) =t(m—n)+n(s—1t) =mt—ns (mod 2),

and ug41 = —B%? (mod w,) by Lemma 2. When ¢ is odd and [ = m(n-+t)+n(s+1)
is even,

(ng+t)im—n)+n(s—t)=n+t)(m—n)+n(s—t)=1=0 (mod 2)

and u2,; = B? (mod wg) by Lemma 2. Thus (5) follows from (4) if 2 | gl. We are
done.
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