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ABSTRACT. Let k be a field and n > 1. There exist a differential graded k-
module (V,d) and various approximations to a differential d + tdy + t2dy +
-+ 4+ t"dy on V|[[t]], one of which gives a non-trivial deformation, another is
obstructed, and another is unobstructed at order n. The analogous problem in
the category of k-algebras in characteristic zero remains a long-standing open
question.

1. INTRODUCTION

Most deformation theories, including those of Froelicher-Nijenhuis-Kodaira-
Spencer for complex analytic manifolds and of Gerstenhaber for algebras, intro-
duce both a primary obstruction to extending an infinitesimal deformation as well
as ones of successively higher order, which appear after each previous obstruction
is passed. Somewhat surprisingly, examples of infinitesimals with a non-vanishing
higher order obstruction are often difficult to find. This difficulty seems to increase
with richer algebraic structure. In the deformation theory of Hopf algebras—a
setting with rich algebraic structure—S. D. Schack’s “primary obstruction conjec-
ture” asserts that an infinitesimal extends to a deformation whenever its primary
obstruction vanishes. In the more relaxed setting of finite dimensional associative
algebras, Gerstenhaber and Schack [4] cleverly apply topological methods to pro-
duce infinitesimals with vanishing primary obstructions on certain rigid algebras in
characteristic p > 0. But these examples are by no means simple, and the analogous
problem in characteristic zero remains open ([3], p. 61).

In this paper we consider the deformation theory of differential graded k-modules
(d.g.m.’s) over an arbitrary field k. In this setting, the algebraic structure is quite
simple and infinitesimal deformations with non-vanishing higher order obstructions
are easily observed. Given an integer n > 1, we exhibit a d.g.m. (V,d) and various
approximations to a differential d + tdy + t?da + - - - + t"d,, on V[[t]], one of which
gives a non-trivial deformation, another is obstructed, and another is unobstructed
at order n.

Classically, one finds the deformation theory of d.g.m.’s imbedded in richer theo-
ries such as the deformation theory of differential graded k-algebras; as such, it has
been considered by many authors (see for example [II, [2], [6], [7], []]). Recently,
Gerstenhaber and Wilkerson [5] gave a systematic treatment of the theory, whose
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relative simplicity provides an ideal entry point for the uninitiated reader. Many of
the ideas and techniques familiar in more general settings appear here, but without
the tight constraints that typically confound even the most basic computational
examples. We begin with a review of the ideas we need.

2. COHOMOLOGY AND DEFORMATIONS OF D.G. MODULES

Let R be a commutative ring with identity—in this discussion R will be either a
field k or the ring of formal power series k[[t]] = {>" \it* | A\; € k}. Let {M,,},ez be
a sequence of R-modules. Then M =3, M, is a graded R-module; an element
xp € M, is said to be homogeneous of degree p, in which case we write |z,| = p.
Let M and N be graded R-modules. An R-linear map f : M — N has degree p
if | f(z)] = |z| + p for each homogeneous z € M, in which case we write |f| = p.
The set of all such maps of degree p is denoted by Hom%, (M, N). An R-linear map
d: M — M of degree 1 such that d> = 0 is a differential on M and the pair
(M, d) is a differential graded R-module (d.g.m.).

Let (V,dy) and (M,dy) be a d.gm. For each p € Z, define the R-module
of p-cochains on V with coefficients in M by CP(V; M) = Homz"(V,M). Let
C*(V; M) = ZpEZ CP(V; M) and define the p'* coboundary map 67 : CP(V; M) —
CPTH(V; M) by

OP(f) =dmf — (=1)" fdy.
Then

5= 67 € Homy (C* (V;M),C* (V; M)
pEZ

and it is trivial to check that 6> = 0 so that {C* (V;M),d} is a d.g.m. The
cohomology of V' with coefficients in M is the cohomology of {C*(V;M),d},
Le., the graded R-module H* (V; M) = > ., H? (V; M), where H? (V; M) =
ker (67) /Im(67~!) . The elements of ker (67) are the p-cocycles; the elements of
Im(é”_l) are the p-coboundaries. Two p-cocycles f and g are cohomologous pro-
vided f — g € Im(677") ; the class [f] € H? (V; M) is called the cohomology class
of f. When V=M welet C*(V)=C*(V;V) and H* (V)= H*(V;V).

Let (V,d) be a d.g.m. over a field k. The cohomology H*(V') directs the de-
formation theory of (V,d) in the following way: Let ¢ be an indeterminant of de-
gree 0 and imbed V' as the set of constants in the k[[t]]-module of formal power
series V[[t]] = {d_t'v; | v; € V}. Extend d to V[[t]] via d(3_ t'v;) = D tid(v;)—
this is the unique k[[¢]]-linear extension of d—and obtain the d.g. k[[t]]-module
Vollt]] = (V[[t]],d). Given {d; € Cl(V)}iN, extend each d; to V[[t]] in the same
way we extended d and define B

di =d+tdy +t%ds + t3ds + -+ - .

If d; is a differential on V[[t]], then V; = (V[[t]], d;) is a deformation of (V,d) as a
d.g. k[[t]]-module. The trivial deformation V; = Vp|[t]] satisfies d; = d, i.e., d; =0
for all 4. A deformation V; with differential d; such that d, # 0 and d; = 0 for all
i > n is called a polynomial deformation of order n.
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Let Vi = (V[[t]], d¢) be a deformation. Define Og = 0 and for each n > 1 consider
the 2-cochain

Op =— z": didp—iy1.
i1

Expand the right-hand side of d; o d; = 0 and equate coefficients to obtain the
relations

(1) {6(dn+1) = On}nxo-

Observe that dj is a l-cocycle and that O, is a cobounding 2-cocycle for each
n; these are necessary and sufficient conditions for an arbitrary series d; = d +
tdy + t2dy + -+ to be a differential, i.e., for (V[[t]],d}) to be a deformation. The
differential d; is commonly referred to as a deformation of d; the 1-cocycle dj is
commonly referred to as an infinitesimal deformation. The 2-cocycles {Op}n>1 are
the obstructions to extending the linear approximation d + td;, and O is called
the primary obstruction.

This suggests the following inductive strategy for constructing deformations:
Given a d.g.m. (V,d), choose a 1-cocycle d; as required by the 0** relation in ()
and obtain the linear approximation d + td;. Inductively, assume that for each
k < m, some 1-cochain dj, has been chosen so that §(dy) = Ok_1. If O, fails to
cobound, the approximation d 4 tdy + - - - + t"d,, is obstructed at order n and the
process terminates. Otherwise, choose a 1-cochain d,,4+1 such that 6(dn4+1) = O,
and extend the approximation to d + tdy + --- + t"T1d,, ;. If the process can be
continued indefinitely, there is a differential d; = d + td; + t?ds + - - - whose partial
sums are the approximations obtained inductively. Indeed the inductive process
can be continued indefinitely if O, € [0] in H?(V) for all n. Since this happens
automatically whenever H2(V) = 0 we obtain:

Theorem 2.1. Let (V,d) be a d.g.m. and let dy be a 1-cocycle. If H*>(V) = 0, there
exists a sequence of 1-cochains {d;};>> such that (V[[t]],d; = d + tdy + t?da + - - )
is a deformation.

Two deformations V; = (V[[t]],d;) and V/ = (V([[t]],d}) are equivalent if there
exists a k[[t]]-linear automorphism ¢, : V[[t]] — V[[t]] such that

(1) ¢o = Idy[y and

(2) dipr = ¢ud.
Condition (1) implies the existence of maps {¢; € C°(V)};>1 such that ¢, = Id +
tg1 +1t2po + - - . Condition (2), the naturality condition, implies that ¢; induces a
k[[t]]-linear isomorphism of d.g.m.s H*(V|[t]],d}) ~ H*(V[[t]],d:). When ¢, exists
we call it an equivalence and write ¢ : V; ~ V.

Suppose that V; and V' are deformations of (V,d) and assume that ¢; : V; ~ V/
is an equivalence. Expand and collect first order coefficients in relation (2) and
obtain

dy —dy =d¢y — p1d = 6(¢1);

thus dy and d) are cohomologous. In particular, if V' is the trivial deformation
Vo[[t]], then d} = 0 in which case

(2) 0(p1) = —dj.
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A d.ig.m. (V,d) is rigid if every deformation V; is equivalent to the trivial defor-
mation Vp[[t]]. We conclude this section with a standard theorem whose proof is
included for completeness.

Theorem 2.2. Let (V,d) be d.g.m. If H*(V) = 0, then (V,d) is rigid.

Proof. Let V; = (V[[t]],d; = d+tdy +t?da + - - - ) be a deformation; by assumption,
there exists a 0-cochain ¢ such that d(¢1) = —d;. Consider the k][t]]-linear isomor-
phism ¢\ = Td—t¢; and define d\" = ¢{Vdy[¢{"”]~1. Then ¢!V : (V[[t]],d") ~ V;
is an equivalence. Expanding d§1)¢§1) = ¢§1)dt and equating first order coefficients
gives dgl) = (d¢1 — ¢1d) + d1 = 0, so the linear term in dil) vanishes. Induc-
tively, suppose that Vt(r) = (V[[t]],dgr)) is a deformation with dzm = 0 for all
i < r and that d)ir) = IT_,Id — tig;) : V;(r) ~ V; is an equivalence. Then
5(d£21) = 0, so by assumption there exists a 0-cochain ¢,11 such that 6(¢,41) =
—d"),. Define ¢\ "V = [[/1] (Id — tig;) and di" ™" = ¢ Va7V [ V)7L, then
AU = (dpyy1 — dpiad) +dV7) = 0 so that & = 0 for all i < r+ 1 and

ET'H) = (VIIE], dir“)) ~ V; is an equivalence. Hence there is a sequence of equiv-
alences {¢§’“> = [I;_,(Id — t'¢;)},>1 that t-adically converge to an equivalence

) = sy (Id = t76,)  Vo[[t]] ~ V.

Analogs of Theorem 2.1 and Theorem 2.2 appear in the deformation theory of
differential graded algebras with an apparent shift of dimension. This dimension
shift, which reflects nothing more than a change in point of view, is discussed in
[8]. We are ready for the construction promised.

3. EXAMPLES OF DEFORMATIONS AND OBSTRUCTED APPROXIMATIONS

Let k be any field, let V = Zpez Vp be a graded k-module and choose a basis
{zo} for V. If {zg} is a set of vectors in V, let (xg) denote the k-linear span.

Consider the associated graded k-module Homj, (V,V) = <x1%> , where

Oxy, { z;, lfj = ka

Tim—— = .
¢ 0, otherwise.

81‘]'
Thus

w0 (O, 0% O
' Ox; oz, ) "0z Oy’

In particular, let V, = {0} for all p < 0 and V,, = (xap_1,z9p) for all p > 1;
define

- 9
d= ;%61_5m.

Clearly d? = 0 so that (V,d) is a d.g.m. Fix a positive integer n > 2 and define

0 = 0
di = 11— o —.
1= D4 + ; T6i—2 Dze;
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Since 6(d1) = 0, the expression d + td; is a linear approximation to a deformation.
Furthermore,

0 0
S(—a3—)=—11—=—-d>=0
( 3 8x6) o a{EG ! b
so the primary obstruction vanishes in cohomology. For 2 < k < n define
0 0
3 di, = —Tgk— 1-6 5
(3) k Tek v + ( 0.k )T6k e

where 6, is the Kronecker delta, and consider the subspaces S = (x2;);~,; and

St = (w9;_1) ;>1 spanned by basis elements of even and odd index, respectively.
Note that d; is supported on S for 1 < i < n; and furthermore, d; takes values in
Slf0r2§i§n;hencedidj:Of0r2Si,jgnanddldk:OforZSkgn.
Therefore

9
—Tek_575— , 2<k<n,
Op = —dydy ={ e
0, n=k.
On the other hand, did = 0 since d(S) C S*; hence
0(dy) = dd.
It is now a simple matter to check that
0(—dpt1) = —x 2 _ o
k1) = ~Tek—55 — = Ck

for 2 < k < n. Now for all i > n, set d; = 0 so that O; = —d;d; = 0 and obtain
a polynomial deformation V; = (V[[t]], d + tdy + t?da + --- + t"d,,) of (V,d). To
establish non-triviality, assume that ¢; : Vi ~ Vj[[t]]. Then there exists a cochain
#1 € CO(V) such that 6 (¢1) = —dy, i.e.,

do1 — ¢1d = _xl(‘)iu - m% + (other terms) .
Now d (x6) = 0 80 0 (¢1) (x6) = d¢1 (x6) = —x4. But this is a contradiction since
o1 (zg) € V3 = (x5,26) and d (V3) = 0. Finally, if we redefine d; = x48%6, then
dy = d + td; is a non-trivial linear deformation, as the reader can easily check. At
the other extreme, redefine d; = xlaiu + Zf; xGi,Q% and obtain a non-trivial
deformation with non-zero terms of all orders. We have proved:

Theorem 3.1. For each n > 1, there exists a d.g.m (V,d) and a non-trivial poly-
nomial deformation of order n. Furthermore, a sequence {d;},~, can be chosen
such that V; = (V[[t]], di = d +tdy + t*dy + - -+ ) is a non-trivial deformation with
d; # 0 for all i.

We conclude by constructing an approximation to a differential on V[[¢]] that is
obstructed at order n. First assume that 2 < k < n and define d; and dj as in the
example above. Extend d + td; to an approximation of order n — 1 in the same

manner as before and obtain O,,_1 = —d,,_1d; = —:cﬁn,n%. Define

dpn = —Ten—9
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and observe that §(d,,) = On—1 so that the approximation of order n — 1 extends
to order n. This time,

0

On:_ddn:_ n—84,_
1 T6 881567174

so that
On (V) C ‘/73”_4.
Since d(V) C "=, Vap_2, we have

5(F) (V) = (df + ) (V) C 3 Vapo © Vi,

for all f € C' (V). Consequently O,, fails to cobound and the approximation is

obstructed at order n. Finally, when n = 1, define d; = 5648%6 + xga%s and observe

that §(dy) = 0 while O = —d? = —x4 9_ fails to cobound since Oy (V) C Va. This

8:83
proves our main result:

Theorem 3.2. For each n > 1, there exists a differential graded k-module (V,d)
and an obstructed approzimation to a differential d+tdy +t3ds + - - - t"d,, on V[[t]].
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