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ABSTRACT. The structure of certain equimultiple good ideals in Gorenstein
local rings obtained by idealization is explored.

1. INTRODUCTION

Let R be a Cohen-Macaulay local ring with the maximal ideal n and d = dim R.
Let Kr be the canonical module of R and let A = R x Kgr be the idealization
of Kr. Hence A = R @ Ki as R-modules, the multiplication in A is given by
(a,z) - (b,y) = (ab,ay + bz), and A is a Gorenstein local ring with the maximal
ideal m =n x Kg ([R]).

Let I be an ideal in A of height s. Then we say that I is a good ideal in A
if I contains a reduction Q = (a1, a9, - ,as) generated by s elements in A and
the associated graded ring G(I) = €D,,5o1"/I"*! of I is a Gorenstein ring with
a(G(I)) = 1 — s ([GIW], [GK]), where a(G(I)) denotes the a-invariant of G(I). Let
X3 be the set of good ideals I in A of height s.

Let J be an ideal in R and let L be an R-submodule of Kz. Assume that
JKr C L and put I = J x L. Then I forms an ideal in A, satisfying the equality
I? = JI. With this notation the main purpose of this paper is to prove the following.

Theorem (1.1). Let s > 0 be an integer. Then the following conditions are equiv-
alent:
(1) Ieax;.
(2) The following three conditions are satisfied: (i) htgrJ = s, (i) J contains a
reduction q generated by s elements such that J?> = qJ and L = qKg x, J,
and (iii) R/J is a Cohen-Macaulay ring.

The analysis of m-primary good ideals in general Gorenstein local rings (A4, m)
started from the paper |[GIW] and there was given by [GK] a generalization to the
case of equimultiple ideals. In [GK] Goto and Kim showed that the set X’§ is infinite
whenever 3 < s < dim A, which gave an affirmative answer to a question raised by
[GIW]. However, although good ideals in their sense certainly form a distinguished
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class of ideals, little is known about the structure of good ideals except certain
special cases (cf. [GIW] Sections 5, 7]). Our Theorem (1.1) is the first attempt to
describe the structure of equimultiple good ideals of height s. From this viewpoint
the theorem might have some significance in further developments of the theory of
good ideals, although it deals with ideals I of the form I = J x L in Gorenstein
local rings obtained by idealization.

As immediate consequences of Theorem (1.1), we have the following.

Corollary (1.2). Suppose that R is a Gorenstein local ring and let J be an ideal
in R of height s. Then J x J € X3, g if and only if J € X}.

Corollary (1.3). Assume that d =dim R > 1. Then X5 = oo for all 1 < s < d.

Our proof of Theorem (1.1) is based on two facts. The first one is that for each
ideal T = J x L in A = R x Kg, the associated graded ring G(I) of I is also
obtained by idealization, which we shall discuss in Section 3. The second one is the
theory of canonical filtrations developed by [GI]. Let J be an ideal in R and let
R'(J) =3,z J"t" (C R[t,t'], t an indeterminate over R) denote the extended
Rees algebra of J. Then there exists a unique family w = {wp }, o, of R-submodules
of K satisfying the following four conditions:

(i) wn =Kpg for n < 0,

(il) wp D Wy for all n € Z,

(iii) men C Wimtn for all m,n € Z, and

(iv) Kriy = Y cpwnt”™ as graded R’(J)-modules, where Kg/ () denotes the
Canomcal module of R'(J) and the sum ) _,w,t" is considered inside
Kg[t,t7] = Kgr @r R[t,t71] (cf. [GI, Theorem 2.1]).

If G(J) is a Cohen-Macaulay ring with a = a(G(J)), then w, = Kgr 2 w_q for
all n < —a — 1 and the canonical module Kg(yy of G(J) is given by Kqy) =
D,~_,wn-1/wn. We refer to this family w as the canonical J-filtration of Kg.
Together with the first fact, the theory of canonical filtrations will enable us to
describe the conditions on ideals I = J x L in A = R x Kg, under which the rings
G([I) are Gorenstein (Proposition (3.2)).

We now briefly explain how this paper is organized. We shall summarize in
Section 2 some basic results on good ideals in general Gorenstein local rings, which
we will need later to prove Theorem (1.1). The proof of Theorem (1.1) will be
given in Section 4. Section 3 is devoted to some preliminary steps for the proof of
Theorem (1.1), including a few results on the structure of the associated graded
rings G(I) for ideals I = J x L.

Before entering into details, let us fix some standard notation. Let S = €D, ., S
be a Noetherian graded ring and assume that S contains a unique graded maxnnal
ideal M. We denote by Hi, (x) (i € Z) the it local cohomology functor of S with
respect to M. For each graded S-module E and n € Z, let [Hi,(E)], denote the
homogeneous component of the graded S-module Hiy (E) of degree n. If S,, = (0)
for alln < 0 and E is a finitely generated graded S-module, we have [Hiy (E)], = (0)
for all n > 0 and i € Z. We put a(E) = sup{n € Z | [Hy,(E)], # (0)} with
p = dimg E and call it the a-invariant of E ([GW] Definition (3.1.4)]). For each
n € Zlet E(n) stand for the graded S-module, whose underlying S-module coincides
with that of E and whose graduation is given by [E(n)]; = Fn; for all i € Z. We
denote by Kg the canonical module of S.
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2. AUXILIARY RESULTS ON GOOD IDEALS

In this section let A denote a general Gorenstein local ring with the maximal
ideal m and d = dim A. We are interested in the question of when the set X3 is
infinite.

Let I be an ideal in A of height s. We denote by

R(I) =Y I"t" C A[t],
n>0
R/(I) =Y I"t" C Alt,t™'],

neEZ

and

G(I) =R'()/t"'"R'(1) = P 1"/
n>0
the Rees algebra, the extended Rees algebra, and the associated graded ring of I
respectively, where ¢ is an indeterminate over A. Then we have the following.

Lemma (2.1). Let I € X5 with Q = (a1,a2,--- ,as) a reduction and extend the
sequence ai,az, -+ ,as to a system ai,as, -+ ,aq of parameters in A. Then:
(1) The sequence ait,ast, - ,ast,ast1,as42, - ,aq of elements in R(I) forms
a homogeneous system of parameters for G(I). Hence asi1, 542, ,aq IS
a regqular sequence on A/I™ so that A/I" are Cohen-Macaulay rings for all
n>1.
(2) I? = QI but I # Q.
(B) I"=Q": I forallne€Z if s > 0.
(4) IT=(0):1ifs=0.
Proof. Assertions (1) and (2) are well-known; see [GW], Remark (3.1.6)] and notice

that a(G(I/Q)) = a(G(I)) +s = 1. Assertions (3) and (4) directly follow from [GI]
Proposition 2.4 and Theorem 5.3]. ([l

Corollary (2.2). (1) Let I € X3. Then IA, € X3 for all p € V(I).
(2) Let p € SpecA and assume that p € X5. Then the local ring A, is not
reqular.

Proof. (1) Notice that a(G(IA4,)) = a(G(I)), since G(I) is a Gorenstein ring.
(2) We have pA, ¢ X3 by Lemma (2.1), Assertions (3) and (4), if Ay is a regular
local ring. O

For a Cohen-Macaulay local ring (R,n) with dim R = n, let
r(R) = (g (ExtR(R/n, R))

denote the Cohen-Macaulay type of R.
Proposition (2.3). Let I be an ideal in A of height s and assume that I contains a
reduction Q@ generated by s elements. Then the following conditions are equivalent:

(1) Ieax;.

(2) I’ =QI, I =Q: I, and the ring A/I is Cohen-Macaulay.

(3) I* = QI, IA, € X3, for all p € AssaA/I, and the ring A/I is Cohen-

Macaulay.
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(4) The algebra R'(I) is a Gorenstein ring and Kg/(ry = R/(I)(2 — 5) as graded
R/(I)-modules.
If s > 0, we may add the following:
(5) I"=Q" : I for alln € Z and the ring A/I is Cohen-Macaulay.
When this is the case, Ka,; = 1/Q, whence r(A/I) = pa(l) —s > 1.

Proof. (1)=(3) See Lemma (2.1) and Corollary (2.2), Assertion (1).

(3)=(2) We must show I = @ : I. Assume the contrary and choose p € AssgA/T
so that TAp, € QA : IAp. Then A, € X3 by Assertion (3) whence [A, = QA, :
IA, by Lemma (2.1), Assertions (3) and (4), which is absurd.

(2)=(1) Since I? = QI and A/I is Cohen-Macaulay, the ring G(I) is Cohen-
Macaulay. Therefore G(I) is a Gorenstein ring with a(G(I)) = 1 — s by |Gl
Proposition 2.4 and Theorem 5.3], because I = Q : I.

(1)<(4) Recall that t~1 is regular on R’(I) and G(I) = R'(I)/t~'R/(1).

(1)=(5) See Lemma (2.1), Assertion (3).

(5)=(2) The equality I? = QI immediately follows from the proof of the impli-
cation (4)=(2) in [GIW], Proposition (2.2)].

Let us check the last assertion. We have I/Q = K ,,; by [BH| Theorem 3.3.7],
since I = @ : I. Consequently, r(A/I) = ua(I) —s > 1, because @ is a minimal
reduction of 1. O

Let us give a few consequences of the characterization (2.3).

Corollary (2.4). Let I € X5 with s < d and choose f € m so that f is A/I-
reqular. Then:

(1) T+ (f)easth.

(2) (T+ (/) € X3

Proof. Because A/I" is a Cohen-Macaulay ring with dim A/I"™ = d—sfor alln > 1
(Lemma (2.1), Assertion (1)), the element f is G(I)-regular and G(I)/fG(I) =
G((I+ (f)/(f)) as graded A-algebras. Hence G((I + (f))/(f)) is a Gorenstein
ring with a(G((I + (f))/(f))) = a(G(I)) = 1 — s (J[GW], Remark (3.1.6)]). Thus
(I + (f)/(f) € X5, Let Q be a reduction of I generated by s elements in A
and put J = Q + (f). Then (I + (f))? = J(I + (f)), because I? = QI. On the
other hand, by Lemma (2.1), Assertion (2) we get J : (I + (f)) = I + (f), since
(I+(f))/(f) € X3 (s and J/(f) is areduction of (I+(f))/(f). Thus I+(f) € xstt
by Proposition (2.3). O

Corollary (2.5). Suppose that X5 # () for some 0 < s < d. Then X4 = co for
all s <1< d.

Proof. 1t suffices to show that ijj“ = oo. Let f € m be A/I-regular. Then
I+ (f™) € x5! for all n > 1, whence the assertion. O

Let R be a Cohen-Macaulay local ring with the canonical module Ki and assume
that A = R x Kp is the idealization of Kg over R. Let I = (0) x Kg in A. Then
I? = (0) and I = (0) : I (recall that (0) :g Kg = (0); cf. [BH] Proposition 3.3.11]),
whence I € X9. Therefore by Corollaries (2.4) and (2.5) we get the following.
Corollary (2.6). With the same notation as above, let ¢ = (a1,a2, - ,as) be

an ideal in R generated by a subsystem ay,as,--- ,as of parameters in R. Then
qx Kr e X4. Hence X5 = o0 if 1 <s <dimR.
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3. THE ASSOCIATED GRADED RINGS G(J X L)

Let R be a Cohen-Macaulay local ring with the canonical module K = Kpg
and let A = R x K be the idealization. Let J be an ideal in R and let L be an
R-submodule of K. Let I = J x L. Then I is an ideal in A if and only if JK C L.

In what follows we shall summarize some basic results on the graded rings asso-
ciated to ideals I in A of the form I = Jx L. Let V,, = K (n <0) and V,, = J* 'L
(n > 1). Then I" = J" x V,, in A for all n € Z and the family V' = {V,,} .,
of R-submodules of K satisfies the following two conditions: (i) V,, 2 V,41 and
(ii) J™V,, C Vipan for all m,n € Z. Let ¢t be an indeterminate over R and put
R'(V) =3 ,c7 Vat™ (€ K[t,t7'] = K ®@g R[t,t~']). Then the above conditions (i)
and (ii) guarantee that R’(V) is a finitely generated graded R/(.J)-module with the
graduation {V,t"},.,. Let G(V) = R/(V)/t7'R/(V). We furthermore have the
following.

Lemma (3.1). G(I) = G(J) x G(V) as graded rings.

Proof. Let f: R — Aandp: A — R denote the homomorphisms of rings defined by
f(a) = (a,0) and p(a,z) = a. Since f(J) C I and p(I) = J, these homomorphisms
f and p induce the homomorphisms ¢ : G(J) — G(I) and ¢ : G(I) — G(J) of the
associated graded rings, so that 1) = 1g(). Let K = Kerg. Then G(I) = Imyp@ K.
We have K2 = (0), because K, = {(0,y)t" | y € V,, } for all n € Z (here ¢ denotes an
indeterminate over A and ¥ the reduction mod ¢t~!'R/(I)). Therefore, thanks to the
isomorphism p : G(V) — K of graded G(J)-modules defined by p(yt™) = (0,y)t"
(y € Vp,, n € Z), we readily get the required isomorphism 71 : G(J) x G(V) — G(I),
n(a,x) = ¥(a) + p(z) of graded rings. O

The next result will play a key role in our proof of Theorem (1.1).

Proposition (3.2). The following conditions are equivalent:
(1) G(I) is a Gorenstein ring.
(2) G(J) is a Cohen-Macaulay ring and Kg(y) = G(V)(n) for some n € Z.
When this is the case, the integer n is uniquely determined and we have the equality
n=a(G()) =a(G(J))+min{i € Z | V; # Vis1}.

Proof. The equivalence of conditions (1) and (2) directly follows from [R], since
G(I) = G(J) x G(V) by Lemma (3.1). To see the last assertion, let d = dim R and
M =nG(J)+ G(J)+, where n denotes the maximal ideal in R. Then n = a(G(V)),
because Hiy(Kg(s)) = Hip(G(V))(n) and a(Kg(s)) = 0. On the other hand we
have

a(G(I)) = max{a(G(J)),a(G(V))},
because G(I) = G(J) ® G(V) as graded G(J)-modules. Let a = a(G(J)). Then
since Kg(py 2 G(V)(n) anda = —min{i € Z | [Kg.nli # (0)} (cf. [GW], Definition
(2.1.2)]), we get n —a = min{i € Z | [G(V)]; # (0)} > 0. Therefore n > a whence
a(G(I)) = max{a,n} = n. O

4. PROOF OF THEOREM (1.1)

The purpose of this section is to prove Theorem (1.1) and its Corollaries (1.2)
and (1.3). Similarly as in Section 3 let R be a Cohen-Macaulay local ring with the
canonical module K = Kgr. Let A = Rx K. Let J be an ideal in R of height s and
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let L be an R-submodule of K. Assume that JK C L and put I = J x L. Then [
is an ideal in A with ht4I = htgJ = s.

Proof of Theorem (1.1). If I € X4, then by definition our ideal I contains a reduc-
tion Q = (f1,f2, -, fs) generated by s elements f;'s in A so that I? = QI by
Lemma (2.1), Assertion (2). Let p: A — R be the projection map p(a,x) = a and
we put J = p(I) and q = p(Q). Then J? = qJ and q is generated by s elements
in R. Therefore, in order to prove Theorem (1.1), we may assume that J? = q.J
for some reduction q = (a1, a9, - ,as) generated by a subsystem a1, as,- - ,as of
parameters in R. We begin with the following.

Lemma (4.1). Assume that either I € X5 or L = qK :x J. Then the following
conditions are equivalent:

(1) K=1L.

(2) J=q.

Proof. First let L = qK :x J and we will check the implication (1)=(2). If
JK C qK, then J C g, because K/qK = Kg/q is a faithful R/g-module (cf. [BH]
Proposition 3.3.11]). Hence J = q. Next assume that I € X5 and let K = L. To
see J = q, we have only to show JR, = qR, for allp € AssgrR/q. Let p € AssgR/q.
Then htpp = s and p O J. Because A, = R, X K, and [A, = JR, x K,, we have
la,(Ay/IA,) = LR, (Ry/JRy). Hence by [GIW, Proposition (2.2)] we get

1
ng (RP/JRP) = §€Ap (Ap/qu)

- %{eRp (Rp/aRy) + (g, (Kp/aKy)},

because I A, € X3, by Corollary (2.2), Assertion (1), and qA, is a reduction of T A,.
Therefore g, (Ry/JRy) = lr, (Ry/qRy), since g, (Kp/qKy) = (r, (KR, /qr,) =
(r,(Ry/qRy). Thus JR, = qR, for all p € AssrR/q so that we have J = q.
Conversely, assume J = q. Then I = qA : I by Lemma (2.1), because qA is a
reduction of I. Let z € K and (a,y) € I = q x L. Then because (0,z) - (a,y) =
a(0,x) € qA, we have (0,z) € qA: I =1 whence z € L. Thus K = L. O

Let us continue the proof of Theorem (1.1). Because q x K € X3 by Corollary
(2.6), we may assume that J # q whence K # L by Lemma (4.1). By Proposition
(3.2) I € &3 if and only if G(J) is a Cohen-Macaulay ring with a(G(J)) =1—s
and Kq(7) =2 G(V)(1 - s), where V = {V}, } 1z is the filtration of K = K given in
Section 3. The ring G(.J) is Cohen-Macaulay if and only if R/.J is Cohen-Macaulay,
because J? = qJ. When this is the case, we have a(G(J)) = 1 — s, since J # q.
Consequently, we conclude that I € X if and only if the ring R/J is Cohen-
Macaulay and Kg/ () = R'(V)(2—s) (recall that Kg () = [Kr/()/t Krr ()] (—1)).
Thus by [GI, Theorem 2.1], I € X§ if and only if R/J is Cohen-Macaulay and
V =w(s —2), where w = {wy }nez denotes the canonical J-filtration of Kr. Let us
now assume R/.J is Cohen-Macaulay. Hence I € X4 if and only if V,, = wp45_2 for
all n € Z. On the other hand we have by [GI, Lemma 2.3 (1) and Lemma 5.1 (1)]
that wyis—2 = q"K :x J for all n € Z (resp. wp—2 = (0) :x J>~" for all n € Z)
if s > 1 (resp. s = 0), because J? = qJ but J # q. Therefore by [GI, Lemma 5.1
(2)] I € &3 if and only if L = qK :x J, which completes the proof of Theorem
(1.1). O
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Proof of Corollaries (1.2) and (1.3). Assume R is a Gorenstein local ring and take
Kr = R. Let J be an ideal in R of height s. Then by Proposition (2.3) J € X if
and only if R/J is Cohen-Macaulay and .J contains a reduction q = (a1, az, - ,as)
with J2 = qJ and J = q : J. The latter conditions are exactly the same as
Condition (2) in Theorem (1.1), whence J € X} if and only if J x J € X%, which
proves Corollary (1.2). Corollary (1.3) is now clear. O

To conclude this paper let us note a remark about the characterization (2.3) of
good ideals. Let I be an ideal of height s in a general Gorenstein local ring A
and assume that I contains a reduction @) generated by s elements in A. Then
depthA/I > 0, once I = Q : I and s < d. Therefore I € X5 if I? = QI and
I =@ :1,provided s > d — 1. This is no longer true unless s > d — 1. We actually
have the following.

Proposition (4.2). Let s,d € Z be integers with 0 < s < d — 2. Then there exists
an ideal I of height s in a Gorenstein local ring A of dimension d which satisfies
the following two conditions:

(1) The ideal I contains a reduction Q generated by s elements such that I? = QI
and I =Q : 1.
(2) The ring A/I is not Cohen-Macaulay.
Hence I ¢ X73.

Proof. Passing to the ideal IC + (X1, X2, -+, X;) in the formal power series ring
C = A[[X1,Xs, -+, X]] in s variables, we may assume that s = 0 and d > 2.
First we take a Cohen-Macaulay complete local domain R with d = dim R and let
0 — Z — F — n— 0 be a minimal free presentation of the maximal ideal n in R.
We put B=Rx F and J = (0) x Z. Then B is a Cohen-Macaulay local ring and
B/J = R x n. Hence B/J is not Cohen-Macaulay, because depthpn =1 < d. We
have J? = (0) and AssgB/J = AssB. Let K = Kp be the canonical module of B
and put A= Bx K. Let L =(0) :x J and I = J x L. Then A is a Gorenstein local
ring of dimension d, I is an ideal in A, and the ring A/I = B/Jx K/L is not Cohen-
Macaulay, since B/.J is not Cohen-Macaulay. We certainly have I? = J?x JL = (0).
However,

Claim (4.3). I =(0):1.

Proof. Assume that I C (0) : I and choose P € AsssA/I so that ITAp C (0) : [Ap.
Let P = p x K with p € SpecB. Then Ap = A, and we have either dim B, = 0
or depthp Ky/L, = 0, since P € AssqA/I. If dim B, = 0, then the ideal JB,
of By and the By-submodule L, of K, satisfy the conditions: (JBy)? = (0) and
L, = (0) :x, JBy, so that by Theorem (1.1) the ideal I, = JB, x L, of A, =
B, x K, must be in XngKp’ whence (0) : A, = I'A, by Lemma (2.1), Assertion
(4). Therefore htgp > 0 and p € AssgpK /L. Let us choose an element z € K so
that p = L :p x. Then since pz C L, we have p-Jx = (0). Let f € p be a regular
element in B. Then f is regular on K = Kp so that Jz = (0) whence x € L, which
is impossible. Thus I = (0) : I which completes the proof of Proposition (4.2). O
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