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FILLABLE CONTACT STRUCTURES
ON TORUS BUNDLES OVER CIRCLES

PIOTR MIKRUT

(Communicated by Wolfgang Ziller)

Abstract. We will construct an example of a strongly symplectically fillable
contact structure on a torus bundle over the circle with parabolic monodromy.

0. Introduction

In 1971 Martinet showed that each compact oriented 3-manifold admits a con-
tact structure. The world of 3-dimensional contact manifolds is known to consist of
two classes of manifolds, those with over twisted contact structures and those with
tight contact structures. It is easy to construct an over twisted contact structure
on a given contact manifold by applying the so-called Lutz twist. The class of
over twisted contact 3-manifolds is classified by Eliashberg and the classification
is equivalent to the classification of homotopy types of tangent plane fields of the
manifold. Thus the only interesting contact manifolds as far as classification and
the existence problem are concerned are the tight ones. Symplectic semifillability,
fillability and strong fillability are notions related to contact manifolds and in di-
mension 3 all imply tightness. Here and in the next paper we give examples of
manifolds which satisfy strong fillability and are torus bundles over a circle.

Definition 0.1. A 1-form ω on a 3-manifold M is contact if ω ∧ dω is nowhere
equal to zero. The kernel of a contact manifold is a nowhere integrable tangent
plane field on M . We say that a 3-manifold is a contact manifold if it has a globally
defined nowhere integrable tangent plane field.

Definition 0.2. If N is an embedded surface in M , then ω|N defines a foliation
with singularities on N called characteristic foliation. By an over twisted disk D in
a contact 3-manifoldM we mean an imbedded disk such that characteristic foliation
on D has a limit cycle on ∂(D).

Definition 0.3. A contact structure on a 3-manifold M represented by a contact
form ω is called over twisted if there is an imbedded over twisted disk D in M .
Otherwise, the contact structure is called tight.
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Definition 0.4. A hypersurface N in a symplectic 4-manifold M is said to be of
contact type if there is an expanding vector field X near N , i.e. satisfying

LXω = ω

such that iXω is a contact form on N . If the hypersurface N bounds a compact
manifold W in M such that X directs outside of W , then we say that the contact
structure on N is strongly symplectically fillable.

Let us note that each compact, contact 3-manifold is of contact type in its
symplectization, i.e. in N × (−∞,∞) with symplectic form d(tω). Here t is a
coordinate of (−∞,∞). Thus N bounds a symplectic manifold N × (−∞, 0] which
is noncompact. It is much more difficult for a contact 3-manifold to have strong
symplectic filling.

For more basic information on contact manifolds see [ABKLR], [M] and [Et].

Theorem 0.5. T 2-bundle over a circle with parabolic monodromy(
1 n
0 1

)
for natural number n is strongly symplectically fillable.

Definition 0.6. Let a torus T kα act on a subset Uα of a contact 3-manifold M .
Let L denote the Lie derivative. Let θα denote the action. Let tα denote the space
of vector fields on Uα generated by elements of the Lie algebra of T kα . A contact
form ω on M is said to be invariant if

Lξ (ω|Uα) = 0.

Here M may be covered by open subsets like Uα with compatible actions. See the
definition of an invariant contact structure on a manifold with T -structure in [Mi].

Filling of some T 2-bundles over S1 with parabolic monodromies by the
neighbourhood of singular fibres in elliptic fibrations. T 2-bundles over S1

with T 2-invariant contact structures were studied by Giroux, Eliashberg and Kanda;
see [Gi1], [El1] and [Ka]. Here we give a symplectic filling of those with parabolic
monodromies.

Let us first consider a T 2-bundle over S1 with monodromy matrix(
1 1
0 1

)
.

We will construct the symplectic filling of some T 2-invariant contact structure on
the bundle. The filling is diffeomorphic to the neighbourhood of a singular fibre
of type I1 in an elliptic fibration; see [BPV] for suitable definitions. The notation
I1 is due to Kodaira. We will choose a symplectic structure on the filling so that
the elliptic fibration becomes a singular Lagrangian fibration where the singular
fibre corresponds to so-called focus-focus singularity studied by Nguyen-Tien-Zung
([NTZ]). In our construction we obtain a very explicit form of action-angle coor-
dinates. The method of construction is related to toroidal embeddings; see section
on Inoue surfaces in [O]. See also the closely related subject of constructing special
Lagrangian fibrations on Elliptic K3 surfaces [BS].
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Construction of the filling. Let D = {(z1, z2) ∈ C2 : |z1z2| < 1}. Let P be a
transformation defined for z2 6= 0 by the formula

P (z1, z2) = (z−1
2 , z1(z2)2).

Then P (z1, z2) = (z1, z2) iff z1z2 = 1, i.e. P has no fixed points on D − {z2 = 0}.
Let D/P denote the quotient of D by the equivalence relation

(z1, z2) ∼ (z′1, z
′
2) iff {(z1 = z′1, z2 = z′2) or (z2 6= 0 and (z′1, z

′
2) = P (z1, z2))}.

Let z1 = r1e
iφ1 , z2 = r2e

iφ2 . Then, for r2 6= 0,

P (r1e
iφ1 , r2e

iφ2) = (
1
r2
e−iφ2 , r1r

2
2e
i(φ1+2φ2)),

P (0, z2) = (z−1
2 , 0),

P−1(z1, z2) = (z2
1z2, z

−1
1 ).

It is now easy to see that D/P is a complex manifold with the complex structure
inherited from D. Moreover, f(z1, z2) := z1z2 is a holomorphic function on D/P
and Ω := dz1 ∧ dz2 is a holomorphic 2-form. Let ω = Re(dz1 ∧ dz2). Then ω is a
symplectic form on D/P such that ω ∧ ω defines the orientation the same as that
given by the complex structure. Let

z1 = x1 + iy1 z2 = x2 + iy2;

then

Ω = dz1 ∧ dz2 = dx1 ∧ dx2 − dy1 ∧ dy2 + i(dy1 ∧ dx2 + dx1 ∧ dy2).

Thus

ω = dx1 ∧ dx2 − dy1 ∧ dy2

and

ω ∧ ω = 2(dx1 ∧ dy1 ∧ dx2 ∧ dy2).

In real coordinates we have

f(x1, x2, y1, y2) = z1z2 = x1x2 − y1y2 + i(y1x2 + x1y2).

The derivative of f is given by the matrix(
x2 x1 −y2 −y1

y2 y1 x2 x1

)
.

In the complex variables df = z1dz2 + z2dz1. The rank of the matrix is equal to 2
for (x1, x2, y1, y2) 6= (0, 0, 0, 0). In particular, we obtain that f−1(c) for c 6= 0 is a
complex submanifold of D/P . f−1(0) is an immersed 2-sphere, locally a complex
submanifold of D/P .

Moreover, on f−1(c) we have z1z2 ≡ c and df = z1dz2 + z2dz1 = 0. We can
calculate for z2 6= 0,

Ω|f−1(c) = dz1 ∧ (−z2

z1
dz1) = 0.

In particular, from continuity of ω,

ω|f−1(c) = 0.
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Analogously,

Ω|f−1(0) = 0

and

ω|f−1(0) = 0

on a manifold part of f−1(0). Thus f−1(c) are Lagrangian submanifolds of the
symplectic manifold (D/P, ω).

It can be easily checked that Re(f) and Im(f) are Poisson commuting functions.
Let us fix notation

fX1 := Re(f), fX2 := Im(f)

where X1, X2 are Hamiltonian vector fields defined by

d(fX1) = iX1ω, d(fX2) = iX2ω.

Since

x1dx2 + x2dx1 − y1dy2 − y2dy1 = iX1ω

and

y2dx1 + x1dy2 + y1dx2 + x2dy1 = iX2ω,

we can compute for r1 6= 0, r2 6= 0:

X1 = x1∂x1 − x2∂x2 + y1∂y1 − y2∂y2 = r1∂r1 − r2∂r2 ,

X2 = y1∂x1 − y2∂x2 − x1∂y1 + x2∂y2 = ∂φ1 − ∂φ2 .

In particular, X2 generates the Hamiltonian action of S1 with Hamiltonian function
−fX2 .

The set f−1(c) for 0 < |c| < 1 is parametrized by (r, φ), where (z1, z2) =
(creiφ, 1

r e
−iφ), i.e.

r =
1
|z2|

, φ = Arg
1
z2
.

P acts by

(r, φ) 7−→ (
r

|c| , φ−Arg(c)).

Thus f−1(c) for 0 < |c| < 1 is diffeomorphic to T 2. From the Arnold-Liouville
theorem we can expect existence of action-angle coordinates in the neighbourhood
of f−1(c) in D/P .

The flow of X1 is given by the formula

(z1, z2) 7−→ (esz1, e
−sz2).

In coordinates r, φ it is given by

(r, φ) 7−→ (res, φ).

Let

Y1 := (
1

2π
log

1
|c| )X1 = (

1
2π

log
1
|z1z2|

)X1.

The flow of Y1 after a time 2π acts by

(r, φ) 7−→ (
r

|z1z2|
, φ).
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Let us compare it to the action of P :

(r, φ) 7−→ (
r

|z1z2|
, φ−Arg(z1z2)).

Let

Y2 =
Arg(z1z2)

2π
X2;

then the flow of Y2 after a time 2π acts by

(r, φ) 7−→ (r, φ− Arg(z1z2)).

Let

Y3 := Y1 + Y2 =
1

2π

(
(log

1
|z1z2|

)X1 +Arg(z1z2)X2

)
.

Thus the flow of Y3 := Y1 + Y2 after a time 2π acts by

(r, φ) 7−→ (
r

|z1z2|
, φ−Arg(z1z2)).

The formula is the same as for P .
Let us note that X1, X2 commute in the sense of the Poisson bracket

{X1, X2} = 0

and in the sense of the Lie bracket

[X1, X2] = 0.

Similarly, we obtain

{Y3, X2} = 0, [Y3, X2] = 0.

The flow of Y3 after a time s acts by

(r, φ) 7−→ (re( 1
2π log 1

|z1z2|
)s
, φ− Arg(z1z2)

2π
s)

or in coordinates z1, z2

z1 7−→ (z1z2)1− s
2π z−1

2 ,

z1 7−→ (z1z2)
s

2π z2.

In particular, it preserves Ω.
If z1z2 = Reiψ and we change the argument ψ by 2π in a positive direction, then

we can observe the action of the monodromy transformation on Y3

Y3 7−→ Y3 +X2.

Let us define fY3 by the formula

d(fY3) = iY3ω;

then we can choose

fY3 :=
1

2π
Re (z1z2(1− log(z1z2))) .

In coordinates R,ψ (0 < R < 1, 0 ≤ ψ < 2π)

fX2 = R sin(ψ),

fY3 =
1

2π
(R cos(ψ)(1 − logR) +Rψ sin(ψ)) .
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We can check that

∂

∂ψ
(
fY3

fX2

) < 0.

The function fY3
fX2

has value 0 for two values of ψ ∈ [0, 2π]. For ψ = 0, π we obtain
vertical asymptote of the function. The image of the singular Lagrangian fibration
defined by f represents an affine disk with one singular point for R = 0. The affine
structure is defined by locally defined coordinates Y3, X2. From the behaviour of
these coordinates it follows that we can construct such a disk from a standard unit
disk on R2

B = {(x, y) : x2 + y2 < 1}

by removing the sector

{(x, y) : x2 + y2 < 1, x > 0, y > 0, x > y}

and gluing the intervals

{(x, y) : x2 + y2 < 1, x ≥ 0, y = 0},

{(x, y) : x2 + y2 < 1, x ≥ 0, y = x}

using the affine map

(x, y) 7−→ (x, x+ y).

We can also check that

ω = dH1 ∧ dt+ dH2 ∧ ds

where

H1 = −fX2 , H2 = −fY3

are action coordinates and

s := π
log(|z2|)− log(|z1|))
log(|z1|) + log(|z2|)

= π
log( r2r1 )

log(r1r2)
,

t :=
Arg(z2)−Arg(z1)

2
− s

2π
(Arg(z1) +Arg(z2))

=
φ2 − φ1

2
− s

2π
(φ1 + φ2)

are angle coordinates. The monodromy is given by the formula

(H1, H2, t, s) 7−→ (H1, H1 + H2, t− s, s).
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The submanifold defined by R = const is of contact-type. Let

X := H1∂H1 +H2∂H2 .

Then X is globally defined on D/P since the formula for X is preserved by mon-
odromy. X satisfies

LXω = ω.

The 1-form

α = iXω = H1 ∧ dt+H2 ∧ ds

restricted to the submanifoldN defined by 0 < R = R0 < 1 is a T 2-invariant contact
form and the symplectic manifold defined by R ≤ R0 is a strong symplectic filling
of (N,α). The filling is compact since topologically it is a closed neighbourhood of
a singular fibre of type I1 in elliptic fibration or a singular fibre of focus-focus type
in singular Lagrangian torus fibration with generic fibre T 2. The singular locus is
the so-called fishtail singularity.

The fundamental group of the filling just constructed is isomorphic to Z. Let
us take a connected n-fold covering space. Its boundary is the T 2-bundle over S1

with monodromy matrix (
1 n
0 1

)
.

We obtained a symplectic filling of the T 2-invariant contact structure on the bundle
which is induced from α. The filling is diffeomorphic to the neighbourhood of a
singular fibre of type In in the terminology of Kodaira. The filling is a singular
Lagrangian fibration with n singular point with focus-focus singularity. The action-
angle coordinates are represented by the locally defined functions (H1, H2, t, s) on
the covering. X2 generates S1 action on D/P with one fixed point in (z1, z2) =
(0, 0). Thus the generic orbit of X2 is contractible in D/P . The local Hamiltonian
H2 generates locally an S1 action. A generic orbit of this action represents a
generator of π1(D/P ). Since the filling of N is diffeomorphic to D/P , the orbit
also represents a generator of the fundamental group of the filling. Thus on the
n-fold covering, the coordinate s is periodic with period 2πn. Let us put

s′ =
s

n
, H ′2 = nH2,

then t and s′ have period 2π on the covering. The induced symplectic form is
defined by the same formula

ω = dH1 ∧ dt+ dH ′2 ∧ ds′

and the monodromy is given by

(H1, H
′
2, t, s

′) 7−→ (H1, nH1 +H ′2, t− ns′, s′).

We can construct the covering by means of plumbing n disk bundles over S2

with self-intersection numbers −2 according to orientation given by the complex
structure.
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Construction of the filling in another way. Let us consider a holomorphic D2

bundle over CP 1 = S2 with Euler number −2. Let z1 be a complex coordinate
on a neighbourhood of southern hemisphere and z′1 a complex coordinate on a
neighbourhood of nothern hemisphere. Then near the equator,

z1 =
1
z′1
.

Let z2 be a coordinate of a fibre D2 over a neighbourhood of the southern hemi-
sphere and z′2 a coordinate of a fibre D2 over a neighbourhood of the northern
hemisphere. Then over the neighbourhood of the equator,

z′2 = −z2
1z2.

We can check easily that the holomorphic 2-form written in local coordinates by

Ω = dz1 ∧ dz2 or Ω = dz′1 ∧ dz′2
is globally defined on the total space of the fibration. In particular, the real 2-form

ω := Re(Ω)

is a symplectic 2-form. The zero section of the fibration is a Lagrangian sphere
and the total space of the bundle is symplectomorphic to a subset of a cotangent
bundle of S2 with a canonical 2-form. The function

G(z1, z2) = z1z2 or G(z′1, z
′
2) = −z′1z′2

is a holomorphic function on the fibration. Preimages of points are Lagrangian
submanifolds.

Let us take n copies of such fibrations and let us denote local coordinates
(z1,i, z2,i, z

′
1,i, z

′
2,i) for i = 1, . . . , n correspondingly. Let us plumb them using coor-

dinate transformations

z1,i = −z′2,i+1, z2,i = z′1,i+1

where n + 1 means 1. Then the holomorphic 2-form Ω and the function G are
well defined on the plumbing. The cyclic group Zn acts on the obtained manifold
by identifying a point with coordinates z1,i, z2,i or z′1,i, z

′
2,i with the point having

coordinates z1,i+1, z2,i+1 or z′1,i+1, z
′
2,i+1 correspondingly where z1,i = z1,i+1, z2,i =

z2,i+1 or z′1,i = z′1,i+1, z
′
2,i = z′2,i+1. The quotient of the submanifold |G| < 1 by the

action of Zn can be identified with D/P constructed earlier.
Using known constructions of singular fibres in elliptic fibrations we extend in

the next paper our argument to other T 2-bundles over S1.
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