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AN ADDITION TO THE cos7mp-THEOREM FOR SUBHARMONIC
AND ENTIRE FUNCTIONS OF ZERO LOWER ORDER
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(Communicated by Juha M. Heinonen)

ABSTRACT. We obtain a sharp asymptotic relation between the infimum and
the maximum on a circle of a subharmonic function of zero lower order. An ex-
ample is constructed, which shows the sharpness of the relation in the class
of entire functions of zero order such that log M(r, f)/log?r — +o0, where
M(r, f) = max{|f(2)| : |2| =r} as r — +o0.

1. INTRODUCTION

Let u(z) be a subharmonic function in C. We denote A(r,u) = inf{u(z) : |z| =
r}, B(r,u) = max{u(z) : |z| = r}, r > 0. The classical cos mp-theorem asserts that
if f(z) is an entire function of finite order p € [0; 1], then

(1.1) A(rn,log|f]) > (Ci(p) + o(1)) B(rn, log|f]),

where C1(p) = cosmp, r,, — +00 as n — +oo. It is known ([I], Chapter 6) that
one can replace log|f| by an arbitrary subharmonic in the plane function u of
lower order A < 1 in (1.1). In this case, Ci(p) must be replaced by C;()), and
the constant is sharp. Hence, if A = 0, then (1.1) implies A(ry,u) ~ B(rp,u) as
rn, — 400. Naturally, the question on improvement of cos wp-theorem in the case
of subharmonic or entire functions of zero order arises.

In 1962 P. Barry [2] showed that for an arbitrary subharmonic function u the
inequality B(r,u) < ¥(r) (r > ro) implies

(1.2) (Ve >0) A(rp,u) > B(rp,u) — (14 6)%211)2(7"”), Ty — 400,

where ¢ € C?(Ry) satisfies the following conditions: 13 (r) is continuous and slowly
varying on [1,4o00) (ie. 92(2r) ~ 1o(r) as r — +00), here ¢;(r) = (Z‘;fg(gj,
j = 1,2. On the other hand, in 1980 P. Fenton [3| proved that for subharmonic

function u the condition lim}_nfB(r, u)/log’t ' r = 0 < 400 implies for p > 0 that
T— 100

Ve > 0 the inequality
A(r,u) > B(r,u) — (o + €) Re{log? ™'  — (logr + im)P '}
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holds for all r outside a set F satisfying

1 logP~ ' ¢
lim inf / ploe dt < g .
r—+00 1ng'r Eﬂ[l,r] t g + g

We remark that

2
1
Re{log?™ r — (logr + im)PT1} = (1 + o(l))w log? ! r

2
72 d2logP ™ r
=1+ 208 T .
(1+of ))2 (dlogr)? T

In the case ¥(r) = o(log® r)? (r > 0) A. A. Gol'dberg [4] and P. Fenton [5, 6]
showed that

+oo
(1.3) lim sup ———=< Alr ’|f|) > Cy(o) = (H 1—q

2n—1, 2
r—too B(r,|f]) ~ et 1+q2”‘1)’

where ¢ = e~ 37, C5(0) = 1, for every entire function [6] such that lim inf £

r——400

o < +oo (for every meromorphic function [4] such that lim inf N(r,0,00, f)log™2r <
T—1T00

(r loglf\)
log?

0 < 400), here N(r,0,00, f) = N(r,0,f) + N(r,00, f) is Nevanlinna’s counting
function of zeros and poles. The constant C2 (o) in (1.3) is sharp [2], [4].

In 1982 P. Barry [7] established a sharp lower estimate for the remainder A(r, u)—
B(r,u) in the case u = log |f|, f is an entire function with B(r,log|f|) = O(log?** )
as r — +00, 0 < p < 1. He also remarked, that a sharp estimate for p > 1 in the
class on entire function was unknown. In this connection the following questions
arise:

1) Is inequality (1.2) valid for subharmonic functions of zero lower order such
that lim inf % <17

r—-+4oo
2) What is a sharp inequality between A(r,log|f|) and B(r,log|f]) in the class
of entire functions such that B(r,log|f|)/log? r — 400 as 7 — +00?

In this paper we give answers to both questions.

2. IMPROVING THE cos Tp-THEOREM

Let us introduce the class ¥ of functions ¢: [1;+00) — Ry such that

b= 228 o 420

where K7 > 0 is a constant, 8 € C(Ry), 8(r) > 0, ﬁ( ) — 0 as r — o0,
1+oo B(s)s~ 1 ds is divergent and

1 1
—_— = - —

(2.1) log B30 O(log B(T)), 7 — 400,

where 3(r) = max{((s) : s > r}. We remark that if function 3 is not required to
satisfy condition (2.1), then the class of all such functions v coincides with the
class of functions that are positive continuously differentiable on [1; +00), increasing
to +o00 and slowly varying. On the other hand, the condition t2(2r) ~ 12(r) as
r — 400 implies 91 (2r) ~ 1 (r), and the latter one implies 1(2r) ~ ¢(r).
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Theorem 1. Let u(z) be a subharmonic function in C. If there exists yp € ¥ such
that lim inf B(r,u) /vy (r) < 1, then Ve > 0 the inequality

r—-+4oo

(2.2) A(ru) = Blr,u) — (1+2) S (r)

holds outside a set E. of values r satisfying

1
(2.3) lim inf

1
d
r—-+o0 11 (r) /Em[u] i) < 1

In order to prove Theorem 1 we partially use Barry’s method. Let u, be a Riesz
measure associated with a subharmonic function u, p(t) = u,({¢ : [¢| < t}). For
R > 0 we define the following functions:

- .

_|_

ui(z,R) = /|<|<R10g‘1 — g‘duu(g),

z V4
wleB) = [ gt Slina@) = [t a0
Icl<R q 0,R) t

us(z, R) = u(z) — ui(z, R).

One can write uz(z, R) = fOR log‘l + % |du; (t) for almost all R > 0, where the last

integral is understood in the Stieltjes sense.
Put Bj(r, R) = max{u;(z,R) : |z| = r}, A;j(r,R) = inf{u;(z,R) : |2| = r}. It
follows from the definitions of u; and uy that

(2.4) As(r,R) < A1(r,R) < B1(r,R) < Ba(r, R).

Without loss of generality, we may assume that «(0) = 0 and u(z) is harmonic in
the unit disk with the center in the origin. We need the following lemma [§].

Lemma. Suppose R > 2r. Then
4r 4r
Bs(r,R) < EB(QR’ u), —As(r,R)< EB(QR, u).

The proof of a similar lemma can be found, for example, in [9], Lemma 6.1.

Proof of Theorem 1. We deduce from the definition of us(z, R) that

R t R t
Bat.B) ~ Aa(t.R) = [ logft+ 2aus(9)— [ tog]t = 2 |ais)
0 0

R
t+s
= 1‘—‘d* .
/0 0g| | du(s)



520 I. E. CHYZHYKOV

Let us estimate the following integral using Fubini’s theorem and the latter relation
(0 <z < R):

I, / Bs(t,R) — Ag(t R) .

/ dt/ 15 (5)
- [ du:<s>/0“10gifji—7

+oo 1+7dr , 72,
< / tog| 1| Tz (R) = T (R).

t—i—s

(2.5)

1—7l 77" 2
It follows from the definitions of w1, us, u3 and the lemma that
A(t,u) > A1(t, R) + As(t, R) > Aa(t, R) + As(t, R),
B(t,u) < By(t, R) + Bs(t, R).

Therefore, for R > 2z, in accordance with Lemma and (2.5) we have

/x B(t, u) — At u)dt B /x By(t,R) — Ayt R)
—— < -

(2.6) / A3(t ) o <I(z,R)+ %3(23, )
o M

S (R) + 8RB(2R w).

The conditions of the theorem imply that for arbitrary n > 0 an arbitrary large r
exists such that, B(r,u) < (1+n)y(r), and, due to Jensen’s formula for subharmonic
functions [10, Chap. 4]

/ M“t( )dt < B(r,u) < (14 n)p(r).

0

Define 7* = max{t < r : pX(t) < (1 + 2n)11(t)}. The value r* is well defined,
because, if we assume that there is no ¢ satisfying p(t) < (1 + 2n)11(t), then
integrating the inverse inequality divided on ¢ leads us to a contradiction with the
choice of r.

Thus

(4 2n) vy = a2 [ 28 [0 < k)
From the last inequality we find that ¢ (r*) > #w(r). Therefore,

(1+n)(1+2n)

B(r*,u) < B(r,u) < (L+n)p(r) < "

P(r").
In particular, there exists an arbitrary large r* which satisfies

(I+mn)(1+2n)

. P(r").

(2.7) po(r7) < (14 20)9 (r"),  B(r*,u) <
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Choose R such that inequalities (2.7) hold with r* = 2R. Then, from (2.6), using
the slow variation of 1)1 and 1, we obtain for sufficiently large R

[ AL g < B o o) 4 SEE2DEED 27;“ L om)
(2.8) 0
< T+ + L L)

In accordance with (2.1) there exists a constant Ky € (0;400) such that ((t) <
5 1

(ﬂ(t))’% as t > to. Put v(r) = exp{(ﬂ(r))*i}. Since 3(r) is nonincreasing

function and 3(r) — 0 as r — +o0, v(r) is a nondecreasing function, and y(r) —
+o00 as 7 — +00. Let  be defined by the equality zy(x) = R. Then we find that

. zy(2) g(g #v(2) B(g
8 [ 2 o[

< exp{B(x) log (1)} = exp{/A@) } = 1, & — +oo.

(2.9)

Using the slow variation of ¥(r), it is easy to check that ¢ (r)r=/2 | 0 as r — 4o00.
Therefore
T 1 1
2.10 —(R) = ——=¢(zv(z)) < Y(x x))” 2.
(2.10) V() 7(x)(()) (@) (y(z))
Applying I’'Hospital’s rule we obtain
I v(x _ MT(I)
2 I~ .o EIC i,
ory R REI@E @B b6
< fim — < lim - L —0.
v=to0 B(z)(v(x))z T rtee BR2(z) exp{ —2—}

Relations (2.10) and (2.11) imply

z P(x)
(2.12) RV(R) < @) o(¢1(x)),
on a sequence of values z — +oo. Combining (2.8), (2.9) and (2.12), we deduce
T B(t,u) — Alt, 2
(213) [ AR A g < T anno)

for an arbitrary large x.
Using the generalized I'Hospital rule, we get

2 1 Y B(t,u) — A(t,u)
— (1 +4n) > liminf / ! L dt
2 ( 77) z—+00 wl(x) 0 t
> lim inf Blz,u) - A(x,u).
T ——+00 1/}2(:[;)

This means that on a sequence 7, — +0o0,

(2.14)

A(rp,u) > B(rp,u) — 7T7(1 + 5n)tha ().
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Let E. be the set of those r, for which (2.2) is not fulfilled. Then taking into
account (2.13) we obtain

2

T T B(t,u) — A(t,u) B(t,u) — A(t,u)
7(1 +dn)i (z) > /0 fdt > /[O,z]ﬁEE fdt

2 2
2/ W_Mdt:l(l_yg)/ dip1(1).
[0,z]NE; 2 t 2 [0,z]NE.

Now, estimate (2.3) follows from the arbitrariness of > 0. Theorem 1 is proved.
O

Corollary. Let f(z) be an entire function. If there exists ¢ € U such that
1im_|irnfB(r, log|f|)/¥(r) <1, then Ve > 0
T—100

71'2
(2.15) A(r,log |f]) = B(r,log|f]) — 5 (1 +€)¢a(r)

outside a set E. of values r satisfying (2.3).

3. AN EXAMPLE

Sharpness of inequality (2.2) in the class of subharmonic functions of zero order
follows from Barry’s results [2]. However, inequality (2.15) can be improved when
B(r,log|f|) = O(log®r) (r — +o0) (see (1.3) and the following remark).

Remark 1. For entire functions f satisfying B(r,log|f]) < ¥(r) (r > o), ¥(r) =
(log™ r)P*1, 0 < p < 1, Barry [7] proved that

Ve € (0,1) M>1—exp{ el

B(rn, [f]) 202 (rn)
Using the Wiman-Valiron method, Barry also showed [7] that ¢ — 1 cannot be
replaced by —1 in the last inequality, and estimated the set through which r,, may
approach +oo0.

}, Ty — +00.

We construct an entire function of zero order, for which in (2.15) the asymptotic
equality holds with € = 0 on some sequence of r = r,, — +00 as n — +o00.

Theorem 2. Let ¢(r) = p%'rl(log+ )Pt (r>0),p>0,0< 0 < +oo. There
exists an entire function f such that hIJP B(r,log|f])/¥(r) = 1, and on a sequence
Tn — +00

71_2
Alrnslog| fI) = Blr.Jog|f) = (5 +0(1) )a(r). p>1,

2
Alrn, 1S _ L4 0()
B(rn, | f]) =t p{ 21/;2(%)}’ 0<p<l,
Al |FD) _ ooy 1o _
Blra, 1)) ~ /2 Holl) p=1

Proof of Theorem 2. In the notations of Theorem 2 we have

ologht, t>1,
t) =
Y1) {o, 0<t<l.
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Let o1(r) = ¢ (r) = exp{(%)% } be the inverse to ¢1 function, z, = ¢(n). We
shall denote by [z] an integral part of  and by K with a subscript a positive constant
depending only on p and 0. Define the entire function f(z) by the canonical product
of zero genus

+o0 P
£(z) = H(1+ —).
n=1 Tn
This representation becomes, for r € (z,,, Tpy1),
+oo
B(r.log |f]) ~ Alr.log| 1) = 3 (log|1 + 7| ~ log[t — )
k=1
n +oo T
L 4+1
— Tk
(3.1) <Z+ Z)logL_ly.
k=1 k=n+1 Ty

We choose r = r,, = \/TpTpt+1. Then

w345 )

(32) 2
“onf(2) 4y +Ofirhn) e

20rpna
(k - 1 )7
I +1 k
ty = x"*’“ (k=1,2,...). We need asymptotics for t1; as k — +o00. For arbltrary
a € (0, 1) and 1 < k < n® using (3.2) we find that

ozt = (2)(1+2) - (14 35 +o(2))

2k —1 k
21 (1 0(5)), e e
2porna n

where ¢ is defined by the equality p~! +¢ ' = 1. Let t_; =

(3.3)

It is easy to see that relation (3.3) also holds with ¢_j, instead of ¢, for the same k.
For k > n® we obtain

togte = (27— (2)7 (1 4-0(1)

- (5 (- () <1+0<>>>

(3.4) 2( n 4+ )%( 1+0(1 )

<=

(1+no- 1)
(1+o(1 ( ) n” 1>(n-gp/z);5’ —
and for n® <k <n
st (3 (0 ()
4) > (2)7 (1o - = ne )
rop(B) R T
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Put 7, = eXp{ 2kl } and fix an arbitrary positive a from the interval (— 1). By
2po P n LI
a similar manner for log 7, we have

14+0(1)k n® 3 ke st
1Og7—k*( +?( 1)) = 1 (n+ )n1 ) na<k<n7
porna 2por 4por
1+ o0(1))k k)yn~ Eyn®—a !
g — LoD (kO d i
porna 4dpor 4por

Since log’}—*_"t5 is a decreasing function of ¢ on (1,400), using (3.4), (3.4") and

the latter inequalities from (3.1) we have

B(r’10g|f|)— T10g|f| Zlo‘t k+1‘+zl ‘tk+1‘

+oo
T+ 1 t_p+1 T £ 1
I B e R )
ZO + 8 Tk—].
k=1 =1
+00 iy
41 e+ 1 T+ 1
o \—1 | D— o
+Z(Ogtk—1 Ong—]. Z Ong—].
k=1 k=
Tk+1 2dx
2% lo ‘
> (/ o) )E
+°° +oo +°° oo\ 2y
o 2 (L) 2 )3
k=[ne]4+1 Tk th k=[n%]+1 t—k zt—1

= O
Zl + 22 + ( Z /exp{K3(n+k) %}

k= [n” J+1
o= L )%)
—ina]41 7 exp{Ks(nthn®" i/ a?

:21+22+o(23+24)~

Let us estimate the last sum in (3.5). Using 'Hospital’s rule one can obtain

+oo . 400 .
S5 X e+ k< [ (Kt

k=[n"]+1 s

3.6 1 1
" B O(eXp{_KB(nJrn(’)a*?}(n+n(’)1+7a>

= O(exp{—K;mO“%}), n — +00.
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Similarly,
+oo .
a—-—1
Z4S > exp{—Ks(n+kn*"a}
k=[n*]+1
e 2&—%—1
3.7) < exp{—K3n® 7} exp{—Kyn )

1- exp{—Kgnaféfl}
< eXp{—Kg(n‘k% + 2ot
S

>, is estimated dependent on a sign of ¢. First, we suppose that ¢ > 1,i.e. p > 1. If

i = O(eXp{—sz‘k% 1.

k < n7, then taking into account (3.3) and the inequality logx < x—1 < K(x0) logx
which holds for x € [1, o] with some constant K (x¢) > 0, we find

o) ) o] |
ko 2dx [tk — Tk| Tk | 7
< — =1 1
1; /Tk 2?2 —1] 7 = (1+o(1))log 7 (1+0(1)) ;1 log 73,
(3.8) - - ) -
[na] logt_k [na] k 11
= — Tk | = 2 = 77%).
N O(kz_l 10g7‘k) O<k_1 n) Ofn )

The definition of 7, and (3.3) yield and that min{log 7y, logtx} > K5 > 0 for ni <
k < n®. Therefore, using the mean value theorem, we obtain (& € [¢1(tr), ¥1(7%)])
%]

ot S| et 94 (s)
> |LESl XL A

n n wi(m) Pi(s) =1
k=[na]+1 k=[na]+1

246
= WW&(%) — 1 ()|

1
k=[na]+1
[n?]
log? ty, — logP 7
of § Iyt
i K 1(8k)
[n?] i -1
o §7 lenilod ' ny
L 1) 1 (6k)

k=[n7)

°

-o( Sew{-xtr}) —o(n i —— L)

1- exp{—Kﬁn_%}
—O(ni77), n— 4o,
In a similar manner, Z%":l] |ffk_’c | can be estimated. Hence, (3.8) and (3.9) imply

Yo = O(nii%) as n — +oo for ¢ > 1.
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Now, suppose that 0 < p < 1,i.e. ¢ <0 or ¢ = co. Then there exists a positive
constant K7 such that 7, tx, t_j are greater than K7 for all k. Thus, proceeding
in a similar fashion as in (3.9) we can see that (Cx € [1(7x), ¥1(tx)])

[n°] [n®
[ ] oS Ao -vo0)
|10gptk — log? 73|
(kz o1 () )
[n?] B )
(3.10) B <Zexp{ o+l ))Qi];inli}nlﬁl/q)
—O(Llfexp{— 3? 1})
ne - dporna

_O< n*%exp{—ﬁ} })

1
1 —exp{—K7(o,p)n"a

= o(exp{—%}), n — —+o00.

orna

Recall that due to (3.3) estimate (3.10) also holds for ZLTQ |th,:'“ |, so >y =

o(exp{— an_ f }) as n — 4o0. Therefore, using (3.6)(3.10) one can obtain from
(3.5) that

B(rp,log |f])—A(rn,log |f]) = Zlo —I—’y(n)

(3.11) .

th 1+1
k=1
where
1 O(ni~7), g>1,
hzexp{_?pa%n% }7 v(n) = O(QXP{_ i L})a g<Qorg=o00
4poPrnd

Finally, it remains to compute the infinite product in (3.11). If p =1 (¢ = c0) we

_ 2
have [] ;;“;(H) = Cy(0™), (h = exp{—1}, o = 20™). Tt is known ([11],

Chap. IV) that

+°°(h2’“—1 - 1)2  6p(0,h)
ARZEEL 1) 605(0,h)

where 6y, 03 are theta-functions. If we associate with h the value k of the modulus
of a corresponding elliptic integral (see [11], p. 95), then (8;(0|7) = 6,(0, h)).

04(0|7) 64(0|7) _{ 2h% + 207 + ... }4

3.12 k2 = —1- -
(3.12) 02(0|7) 03(0|7) 1+ 2h+2h4 +
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where h = e™7. It follows from the latter formula (see also [I1], p. 118) that
k% ~ 16k as h | 0, which is equivalent to

(3.13) K% ~16n', K |0,

where k' is a complementative modulus (k'2 + k2 =1, 1 =™, 7 = —%)
The connections between h, h/ and k, k' yield that ¥’ — 1 as h 7 1. Indeed,
= eXp{—i—”} = exp{%}, so k' — 0 as h 1 1. Hence, using (3.12) and (3.13)

-
we obtain

. 2
60(0, h) _ ¢ 1_k2N\4/16h/:2exp{ il }7 h11.

3(0, h) 4logh
Then if ¢ > 1,
Too pok-1 2
h +1\2 ™
1ng1;[1(h2k1 - 1) N —10g((2 +o(1) eXp{410gh})
— log240(l) = —— — _log2+o(1) + “patni
= —log2+o(1) Tlogh og —|—0()—|—2p0n , n — 4oo.

p—1
But painé = Up(%) 7~ oplogf 'y, = thy(rn) — 400 as n — 4o00. Therefore,
according to (3.11) for ¢ > 1 we have

71_2
B(ra, log |f1) = A(raslog |f]) = (5 +0(1) ) a(r), n = +oc,

g
B(r,1 ~N ~ — logPt! .
(r,log|f]) (r,0, f) Srios r — 400

If0<p<1(g<0), then tps(r,) — 0 and h = eXp{—;;;(ZSB)} — 0 as n — +o0.

In this case

v(n) = o(exp{r;_jni }) = O(exp{—m}), n — ~+o0.

Consequently, taking into account (3.11) as in the previous case,

Alra, [7) _ V1= k2e 0 = /T —16A(1 + o(1))(1 — y(n)(1 + o(1)))

B(rn, |f])
= (1= 4h(1+0(1)))(L —v(n)(L+o(1)))
1+0(1)
=1- eXp{—m}, n — +00.
Theorem 2 is proved. |

Remark 2. In [9] (Chapter 6) constructing an example which showed sharpness of
inequality (2.15) the author approximated a subharmonic function by the logarithm
of modulus of an entire function. But sharpness of (2.15) was shown only under
the restriction B(r,log |f])/log®? r — +o0.
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