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MANIFOLDS WITH INFINITE FUNDAMENTAL GROUP
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ABSTRACT. This brief note presents refinements of the bounds on the first
Betti number and the polynomial growth degree of the fundamental group for
manifolds with nonnegative Ricci curvature and infinite fundamental group.
These refinements are then sharpened when applied to symplectic manifolds.

1. INTRODUCTION

It is by now well-established that the condition of having nonnegative Ricci
curvature constrains a Riemannian manifold in many ways. For instance, if the
Ricci curvature is nonnegative and bounded away from zero, then Myers’ theorem
(see [DoC| or [GHL] for example) shows that the manifold is compact with finite
fundamental group. The Bochner method (see [LM] or [GHL]|) may be applied to
a manifold M with nonnegative Ricci curvature to constrain the first Betti number
by b1 (M) < dim(M), with equality holding only in case M is a flat torus. Finally,
Milnor [Mil] and Wolf [Wol] (also see [Gro]) proved that the fundamental group of
a compact manifold M with nonnegative Ricci curvature has polynomial growth of
degree d, where d < dim(M).

In this paper, we wish to refine the upper bound dim(M) in both inequali-
ties mentioned above for manifolds with nonnegative Ricci curvature and infinite
fundamental group. The refinement replaces dim(M) by cat(M), the Lusternik-
Schnirelmann category of M. The arguments are quite simple and follow directly
from the fact that the Cheeger-Gromoll splitting theorem for nonnegative Ricci
curvature manifolds gives a splitting 7" x N of a finite cover of M, where N is
simply connected. The refined bound on by (M) is then an easy topological conse-
quence of the hard geometry underlying the Cheeger-Gromoll result. In spite of
this, we think these refined bounds are interesting and we do not believe they have
been noted before. We shall also see that, in the case of symplectic manifolds with
nonnegative Ricci curvature, the refined inequalities are actually the best possible.
Because category is not a common tool in geometry, we first give a short review of
it and then proceed to the results.
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2. REVIEW OF CATEGORY

A space X has cat(X) = n if and only if n is the least integer such that there is
an open covering of X, Uy,...,Uyt1, with each U; contractible to a point in the
space X . Category was invented by Lusternik and Schnirelmann [LS] as a tool for
obtaining a lower bound on the number of critical points of any smooth function on
a manifold. In particular, Lusternik and Schnirelmann used category to prove the
beautiful fact that the sphere (with any metric) has at least three closed geodesics.
Since its invention as a tool in geometric analysis, category has also found a niche in
homotopy theory as a bound for various homotopical invariants (see [Fe] or [Wh]).

Properties 2.1. The basic properties of category which we shall use are the fol-
lowing (see [Ja] for instance).

(1) Category is a homotopy type invariant.

(2) The cup length of a space X is the largest integer k such that there exists
a product x1 - -z # 0, with x; € H*(X; A). Here the coefficient ring A
may vary and the cup length may be considered for any coefficients. In this
paper, we shall be concerned only with cup length over Q or R. It is also
easy to see that cup(X X Y) = cup(X) + cup(Y). The fundamental relation
between cup length and category is cup(X) < cat(X).

(3) An upper bound for category is given by cat(X) < dim(X) (where, for
spaces more general than manifolds, dim(X') denotes the covering dimension
of X). For CW-complexes (and manifolds in particular), this inequality may
be refined to cat(X) < dim(X)/r where m(X) = ... =m_1(X) =0 (i.e. X
is (r — 1)-connected).

(4) If X — X is a covering map, then the relation between the categories of X
and X is cat(X) < cat(X).

(5) There is a general product inequality for category. Namely, cat(X x V) <
cat(X) + cat(Y).

These basic properties of category are all we need from homotopy theory to prove
our refined bounds.

3. THE MAIN ESTIMATE

The main tool we use is the following consequence of the Cheeger-Gromoll Split-
ting Theorem [CG] (also see [Pet] for an exposition).

Theorem 3.1 (Cheeger-Gromoll Splitting). If M is a compact manifold with non-
negative Ricci curvature, then there is a finite cover M of M with a Riemannian
splitting M = T" x N. Further, N is simply connected and T" is flat.

Remark 3.2. In the theorem, it could be the case that » = 0. Then, since NV is sim-
ply connected and the covering is finite, 71 (M) would have to be finite. We exclude
this case below and focus only on manifolds with infinite fundamental groups. Also
note that, because the covering p: M — M is finite, the induced homomorphism
p*: H*(M;Q) — H*(M;Q) is an injection. This is so because a finite covering of
degree m has associated to it a transfer homomorphism 7: H*(M;Q) — H*(M;Q)
with the property that 7o p*(a) = m - « (see [Ad] for an exposition). For Q coeffi-
cients, multiplication by m is an isomorphism, so p* is a (split) injection. Therefore,
in particular, we see that by (M) < by (M) = by (T") = r.
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The refined estimates for the first Betti number and for the growth degree of the
fundamental group are immediate consequences of the Cheeger-Gromoll splitting.

Theorem 3.3 (Main estimate). Suppose M™ is a compact manifold with nonneg-
atie Ricci curvature, infinite fundamental group and Cheeger-Gromoll splitting
M =T" x N. Then

cat(M) > r + cup(N) > b1 (M) + cup(N)
where by (M) is the first Betti number of M.

Proof. We simply apply the basic cup length and covering estimates of category
given by Property 2] (2) and Property 211 (4).

cat(M) > cat(M)

> cup(M)
— cup(T") + cup(N)
= r + cup(NV).

Of course, we know that by (M) < by (M) = r by Remark so this gives the
second inequality. O

This almost trivial estimate relating cat(M) to r and by (M) may now be applied
to refine two of the most well-known results about nonnegative Ricci curvature
manifolds.

Corollary 3.4. For M as in Theorem [T.3

(1) b1(M) < cat(M). Further, if by(M) = cat(M), then M is a flat torus.
(2) The degree of growth of w1 (M) is bounded above by cat(M).

Proof. The proof of (1) is immediate except for the case by (M) = cat(M). Suppose
b1 (M) = cat(M). Then we get

cat(M) > by (M) + cup(N)
> cat(M) + cup(N)
0 > cup(N).

But this means that cup(N) = 0 for rational coefficients and this is impossible for
a compact manifold unless it is a point. Hence, M = T™. This implies that M =
K(m,1) and we know that cat(M) = dim(M) in that case. Thus, by (M) = dim(M)
and we are back to the standard ‘Bochner’ condition for M to be a flat torus (see
[LM] or [Pet| for example).

For (2), note that the degree of growth of a free abelian group is its rank, so the
degree of growth of (M) = m(T") is 7. Also, the degree of growth for a group
and a subgroup of finite index are the same (see [Grd]), so the degree of growth of

w1 (M) is also 7. But Theorem [3.3] then gives r < cat(M). O

Remark 3.5. The Bochner technique shows that, for M of nonnegative Ricci cur-
vature, by (M) is the dimension of the space of parallel vector fields on M. While
it is obvious why b1 (M) should then be bounded above by dim(M), the upper
bound cat(M) is more mysterious (even in light of Corollary BA) and should be
investigated more extensively.
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4. C-SYMPLECTIC MANIFOLDS

A 2n-manifold M?" is c-symplectic if it has a cohomology class w € H?(X;Q)
such that w™ # 0. These manifolds are called c-symplectic because they mimic
symplectic manifolds cohomologically (see [LOJ). If a c-symplectic manifold is
simply connected, then its category is easy to determine. By Property R11 (2), we
have cat(M) > cup(M) > n and, by Property 2] (3), cat(M) < dim(M)/2 = n.
Hence, cat(M) = n = dim(M)/2. Non-simply connected c-symplectic manifolds of
dimension 2n may have any category between n and 2n (see [RO] for a case when
cat(M) = dim(M)). We shall see this in Example 6. When M in Theorem
is c-symplectic, we can obtain a much better bound on by (M). In order to see
how this comes about, we need a few facts about finite coverings of c-symplectic
manifolds.

Lemma 4.1. Supposep: M — M?" is a finite covering map and M is c-symplectic
with c-symplectic class w. Then the following properties hold:

(1) M is c-symplectic.

(2) If M =T" x N with N simply connected, then r = 2k, dim(N) = 2(n — k),

w = w + wy with wy € H*(T?*;Q), wy € H*(N;Q) and wf # 0, wy ™ £0.

In particular, for a c-symplectic manifold M with nonnegative Ricci curvature, the
Cheeger-Gromoll splitting has the form M = T?* x N with N simply connected and
c-symplectic.

Proof. For (1) we use the fact that H*(M;Q) injects into H*(M;Q) (see Re-
mark [3:2). Hence, w and w™ lift to the cover nontrivially. Because M is a finite
cover, dim(M) = 2n = dim(M), so w™ # 0 is a top class.

For (2), note that, since N is simply connected, H2(M;Q) = H?(T";Q) @
H?(N;Q). Thus, w = w; + wa. Then w" = (w; + w2)™ # 0 splits as a sum of
terms involving products of powers of w; and ws, at least one term of which is non-
zero. Take wiwy ™ * # 0. Suppose 2s < r. Then n — s > n —r/2 and, consequently,
|wh %] > 2n — r. But dim(M) = dim(7") + dim(N), so dim(N) = 2n — r and
wy ™ ® must vanish, contradicting the nontriviality of wjwj ™. On the other hand,
if r < 2s, then w; = 0, again contradicting the nontriviality of wjwj ™ ®. Therefore,

r = 2s and the rest follows. O

Remark 4.2. There are two things to note here.

e While all symplectic manifolds are c-symplectic (see [MS]), the notion of
c-symplectic is definitely more general than symplectic. For example, while
CP?#CP? is c-symplectic, it is certainly not symplectic (see [Au] or [TOJ).

e Calabi-Yau manifolds are Kéhler manifolds which are Ricci flat (or, equiv-
alently, whose first Chern class vanishes). These manifolds, which therefore
are symplectic with nonnegative Ricci curvature, are known to exist in all
(complex) dimensions. See [Yau] for example. Other symplectic manifolds
of nonnegative Ricci curvature may be found in Example

Theorem 4.3 (Main estimate for c-symplectic manifolds). Suppose (M?",w) is a
closed c-symplectic manifold with nonnegative Ricci curvature, infinite fundamental
group and Cheeger-Gromoll splitting M = T?* x N (as in Lemma[f_1). Then

2 cat(M) — dim(M) > 2k > by (M)
where by (M) is the first Betti number of M.
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Proof. Note that, because N2("~¥) is c-symplectic and simply connected, we have
1
n—k <cup(N) <cat(N) < 3 dim(N)=n—k
so that cup(N) =n — k. Then
2 cat(M) > 2 cat(M)

> 2cup(M)

= 2cup(T?*) + 2 cup(N)

=4k +2(n—k)

=2k+2n

= 2k + dim(M).

Of course, we know that by (M) < by (M) = 2k, so this gives the second inequality.
([l

So now we have the following refined estimates.

Corollary 4.4. For M as in Theorem [[.3%
(1) The dimension of the space of parallel vector fields on M is less than or equal
to 2 cat(M) — dim(M).

(2) The degree of growth of w1 (M) is bounded above by 2 cat(M) — dim(M).
Remark 4.5. Note that 2 cat(M) — dim(M) < cat(M) unless cat(M) = dim(M).
Manifolds with cat(M) = dim(M) have very special properties, in some sense akin
to those of aspherical manifolds (see [OW]).

The following examples show that the estimates above are best possible for c-
symplectic manifolds with nonnegative Ricci curvature.

Example 4.6. There are symplectic manifolds M?" of nonnegative Ricci curvature
having category anywhere between the cup length estimate n and the dimension 2n.
For a simply connected, symplectic manifold N2"~% of nonnegative Ricci curvature

(e.g.
N=CP"7/ or N=]]5%,
t=1

define a 2n-dimensional symplectic nonnegative Ricci curvature manifold
MZ™ = N?'2 5 T
and note that Property 2711 (2) and Property 211 (5) show
cat(M;) =n+j
for 0 < j < n. Specifically, we have
cup(N x T?) < cat(M) < cat(N) + cat(T%),
n+j=n—j+2j<cat(M)<n—j+2j=n+j

This shows that c-symplectic (or even symplectic manifolds) with nonnegative Ricci
curvature realize all category values between dim(M)/2 and dim(M). This example
also shows that it is not true that by (M) = 2 cat(M) — dim(M) implies M is a
flat torus. To see this, observe that b1 (M;) = 2j and 2 cat(M;) — dim(M;) =
2(n+j) — 2n = 2j also.
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Problem 4.7. Give an example of a c-symplectic manifold M with infinite fun-
damental group and nonnegative Ricci curvature such that by(M) < 2 cat(M) —
dim(M).

The Bochner bound by (M) < dim(M) obstructing the existence of a metric on M
with nonnegative Ricci curvature may be overcome by taking products. Specifically,
suppose a (compact) manifold M™ has by (M) > dim(M) = n. Choose a (compact)
simply connected manifold N*® with b1 (M x N) =b;(M) <n+s=dim(M x N).
Then, although M has no metric with nonnegative Ricci curvature, the product
M x N exhibits no Bochner obstruction to having such a metric. The following result
shows that this behavior cannot happen in the context of c-symplectic manifolds
with the upper bound by (M) < 2 cat(M) — dim(M).

Proposition 4.8. Suppose (M?" w) is a c-symplectic manifold with by (M) >
2 cat(M) — dim(M). Then, for any simply connected c-symplectic manifold N>,
bi(M x N) > 2 cat(M x N) — dim(M x N).

Therefore, for any such N, the product M x N cannot have nonnegative Ricci

curvature.
Proof. We know that cat(M x N) < cat(M) + cat(N) and cat(N) = s by Prop-
erty 211 (5), Property 211 (2) and Property 2.1] (3). Thus
2 cat(M x N) —dim(M x N) <2 cat(M) + 2s — 2(n + s) = 2 cat(M) — dim(M).
Because b1 (M x N) = by (M), we obtain
b1 (M x N) = b (M)
> 2 cat(M) — dim(M)
> 2 cat(M x N) — dim(M x N).
O

Remark 4.9. There have been many papers which give generalizations of the
Cheeger-Gromoll splitting to almost nonnegative Ricci curvature manifolds. In
particular, in [Call, it is shown that there are € > 0, igp > 0 so that, for a manifold
M, the conditions

Ricci(M) > —e, diam(M) < 1, Injectivity radius(M) > ig

provide a (diffeomorphic) splitting of a finite cover M = T7 x N. The results
presented here have obvious generalizations to these situations which the reader
can formulate.

Remark 4.10. The h-rank of a space X is the rank of h(G(X)), where h: m(X) —
H,(X;Z) is the Hurewicz homomorphism and G(X) is the Gottlieb group. Recall
that G(X) = Image(evy: m (XX, 1x) — m1(X)) where ev: X¥ — X is the evalu-
ation map given by ev(f) = f(zo). In [Gal, [Op] (also see [OP]), it was shown that
a space with h-rank equal to 7 has a finite abelian cover X — X with X ~ 7" x Y
for some Y. The same arguments as those above (with small modifications such as

assuming the simply-connectedness of Y for instance) show the following.

Theorem 4.11. Suppose M is c-symplectic with h-rank(M) = r. Then r = 2k
and

h-rank(M) < 2 cat(M) — dim(M).
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Of course, h-rank(M) < by (M), but the result does not assume nonnegative
Ricci curvature. In some sense then, the condition on the Gottlieb group replaces
the curvature requirement.
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