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HILBERT TRANSFORM OF log|f|
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ABSTRACT. There are two general ways to evaluate the Hilbert transform of
a function of real variable u(z). We can extend w to a harmonic function in
the upper half plane by the Poisson integral formula. Non-tangential limit
of its harmonic conjugate exists almost everywhere and is defined to be the
Hilbert transform of u(z). There is also a singular integral formula for the
Hilbert transform of u(z). It is fairly difficult to directly evaluate the Hilbert
transform of u(z). In this paper we give an explicit formula for the Hilbert
transform of log | f|, where f is a function in the Cartwright class.

1. INTRODUCTION

Suppose u(t) is a real valued function such that ffooo |1“ Jg?zl dt < co. Then the
integral

U(z)+¢z7(z):=i/oo< Lyt )u(t)dt

T ) oo \z—t 142

1 [ Sz 1 [ Rz—t t
- /_OO ) de+i /_OO <—|Z_t|2 4 1+—tz) u(t) dt
converges absolutely for &z > 0 and is an analytic function of z. U is the unique
harmonic extension of u to the upper half plane and it is given by a Poisson integral
formula. U is the unique harmonic conjugate of U such that U (1) = 0. Tt is well
known that U and U have non-tangential limits at almost every ¢ € R. The non-
tangential limit of U is u. The non-tangential limit of U is denoted by @ and is
called the Hilbert transform of u. @ can also be found by the following singular
integral [3]:
x

1
u(t) = li — dx.
M= e (t—x+1+x2)“(x) )

It is fairly difficult to evaluate this integral for u(xz) = log|sinz| or for u(z) =
log |p(x)| where p(x) is a polynomial. In this paper we give an explicit formula for

—~

log | f| where f belongs to a large class of functions which contains sinz and p(z).
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In section 2 we discuss the argument of a meromorphic Blaschke product on
the real line. The argument is a C*° function and it can be given explicitly by
a formula. Then in section 3 the Cartwright class is defined, and an important
representation theorem in the upper half plane is derived. Section 4 is about the
behavior of these functions on the real line. Finally in section 5 we give an explicit

—~—

formula for log|f|.

2. BLASCHKE PRODUCTS

Let {z,} be a sequence of complex numbers in the upper half plane such that
lim |z,| = oo and ), “”<oo Letb()—iz?andputB() L, bn(2).

n—oo

B(z) is a meromorphic functlon with zeros at {z,} and poles at {z,}. At each
point ¢t € R, B is analytic and |B(t)| = 1. Therefore, there is a real C* function
¢ such that B(t) = ¢**® for every t € R [2]. We can find an explicit formula for

o(t):

?

— 219z, (1)

1= L0 0+ e
bn(t) = 1— T = 1— Rzp s Zn = —ipz, (1)
= (-2t i) e

[42)

Szn

The first candidate for ¢, (t) is arctan <1_27t) If Rz, = 0, then ¢, (t) =

Rzp +

[zn|

arctan ( ) is a well defined C*° function on R. But if ®z,, # 0, arctan (1“72)

is not continuous at t = |§’; ® We should use the following branches of arctan.
If Rz, > 0, then

van | ez’ t > Lzl
arctan <%> +m, > Rzn, ?
2
p)=3 3, =5
Szn
arctan (#;;) t< %’
n
and if Rz, <0
Szn t
arctan <ﬁj2t>v t> %’
oo (t) =4 =, " t= Lol
L 2
arctan (#%) -m t< |;g;|” :

Since b, (0) = 1, we defined ¢, such that ¢, (0) = 0. Therefore
(2.1) B(t) =[] ba(t) = [[ e*#®) = 2 2neen®,

Hence (t) =2, ¢-,(t). To prove ¢ is continuous suppose t € [a, b] where a and

2
b are arbitrary real numbers. Since “;{;‘ 00, there exists IV such that for each

Szn

t &
n > N and for each t € [a,b], ., (t) = arctan (127) Thus |-, ()] < ¢ 22

Rzn +

l2n |2

for each n > N. Therefore by the Weierstrass M-test ¢ is continuous. We can even
prove that ¢ is a C*° function, but continuity is enough in what follows.
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3. CARTWRIGHT CLASS

An entire function f(z) is said to be of exponential type if there are constants
A and B such that |f(z)| < BeAl*l everywhere. Cart denotes the space of entire
functions of exponential type which satisfy the boundedness condition

/°° log" |f ()]

1+ 2° dr < oo.
T

—0o0

Let {z,} denote the sequence of the upper half plane zeros of f. Since )" é’% < oo
and lim,, o |2,| = 00, the Blaschke product formed with this sequence B (z) =

1— =2
11 22 is a well defined meromorphic function. Let

n 1—%
1 .
b [f] = Tim sup 22170
y——+o00 Yy
1 .
h_[f] = limsup 81Tl |/ zy)|
y——+o0 Y

—thy z
Therefore O(z) = %(Z{(Z) has removable singularities at zeros of f. It is at least

an entire function free of zeros in the upper half plane. But since f € Cart, then
O(z) € Cart and for Sz > 0, O(z) = ¢ exp (% 1. (ﬁ + #) log | f(t)] dt). c
is a constant of absolute value one [I]. Therefore for Sz > 0

(3.1) |
F(2) = cemih+* B, (2) exp(% /OO< L, ! >log|f(t)| dt).

oo \z2—t 142

B, is analytic at each point of R and by (2]) for every ¢t € R

(3.2) By (t) = e? 20 #en(t)

4. CARTWRIGHT FUNCTIONS ON THE REAL LINE

Let f € Cart. Since f € Cart, by definition, log™ |f| € Ll(l_‘ittz). If f#0, by
dt

717 )- Therefore for almost

a deep theorem in function theory [1, 3], log™ | f| € L(

every t € R the Hilbert transform log | f|(¢) exists. Let o and 8 be two consecutive
real zeros of f. Consider an arbitrary closed interval [a,b] C (a,3). On [a,b],

log | f(t)| is Lipschitz. Thus lgt—g,‘\/m(t) is at least continuous on [a,b] []. Therefore,

—~

log | f](t) is continuous on (v, 3). Hence it exists at every ¢ € R except at real zeros

of f.

Theorem 4.1. Let f € Cart and let {x,} denote the sequence of real zeros of f.
Then for every t € R~ {z,}

f(t) — ¢ Bo(t) e ! i log1f1(t)

IF @)l

where ¢ is a constant of modulus one.
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Proof. By (3l), in the upper half plane Sz > 0

10 =ce B en (L [ (g ) sl )

T ) oo \z—t 1+

_ 1 [ Sz
=ce " * B, (2) exp (; /_wm log | f(t)] dt

1 o0 Rz —t ¢
T /oo (W*m) log |(¢)] dt).

Take the non-tangential limit of both sides as z — t. Thus, for every t € R~ {z,}
F(t) = cem ™+ B (1) exp (log | /(1) +ilog [F](1)) = e+ By (1) | £(1)] & 2710,
O

Let f*(z) := f(2). Thus

log | f*(iy)] log | f(—iy)|

(4.1) hy[f*] = grgigg " = lirgigg — h-[f],
(4.2) @) = f@) = ft), log [f*(t) = log | f(t)].

Since f € Cart by [@2), f* € Cart. The upper half plane zeros of f* are conjugates
of the lower half plane zeros of f, say (w,). Put B_(z) =] "I Bis analytic

n 1— 2
Wn

at each point of real line and by equation (1) for every t € R
(4.3) B_(t) = ¥ Xnon(t)

Corollary 4.2. Let f € Cart and let {z,} denote the sequence of real zeros of f.
Then for every t € R~ {z,}

rol

where ¢ is a constant of modulus one.

ft) B_(t) et cilog [£1(t)

Proof. Apply Theorem ETlto f*(z). O

5. HILBERT TRANSFORM OF log|f]

Let {x,} be a sequence of real numbers such that lim,|_ [v,| = c0 and z,, <
Ty if n < m. Let {k,} be a sequence of integers. The distribution function vy, (%)
is constant between z,,_; and x, and at each point x, jumps up k, units. The
value of v, 1(t) at , is not important. Therefore v, ;(t) is defined up to an
additive constant. For example, if we let x,, repeat k,, times, we can define v, 1(t)
by the following formula:

N #x, €10,t], t=0,
Vian) () = { (=1) #a, € (,0], t<0.
Lemma 5.1. Let f € Cart and let {x,} denote the sequence of real zeros of f

and {kn} be the sequence of orders of f at each zero. Then log|f| + Ty, 1 is a
continuous function.
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Proof. Let x,_1 and x,, be two consecutive real zeros of f. On [a,b] C (xp—1,Zn),
log | f| is Lipschitz. Therefore, log|f| is at least continuous on [a,b]. On the other

hand v, is constant on [a, b]. Hence log | f|+7vy,,} is continuous on [a, b] and thus
on (z,—1,7n). We can decompose f as f(z) = (z — z,)*" g(2), where g is analytic
and nonzero on a neighborhood of x,,. Thus log |f(t)| = kn, log|t — x| + log|g(t)]-
According to the above discussion, since g is not zero in an interval around x,,,
log |g| is continuous in this interval. The Hilbert transform of k, log|t — x| is
a step function jumping down by k, 7 at x,. Therefore, log|f| is continuous on
(X — 0, 25) U (Tpn, 2y + 0) for a small §, and jumps down by k, 7 at x,,. On the
other hand 7vy, ; is also continuous on this neighborhood and jumps up by k, 7

at x,. Hence log|f| 4 7v(,, has a removable discontinuity at z,. O

Lemma 5.2. Let f € Cart. Let {z,}, {zn} and {w,} be respectively the sequence
of real, upper and lower half plane zeros of f. Then for every t € R~ {z,}

o 710 =0+ (") S ()= 3 () (mod ),

where 6 is a constant.

Proof. By Theorem Bl and Corollary d2] for every t € R\ {z,} we have
¢ By(t) et gl log [71(t) _ ¢s B_(t) -1 e—i@\m(t).
Hence by (3:2) and (4.3))

exp (2ilog|f|(t)) = cellhtho)t

o]

-0 _ cellh+tho)t e Mzt
By(t 2%, Pen (D)
— Cei(h++h7) t 672i 3, Pan () =20 a0 (1)

~—

_ 20 (M) - een (-5, 020 )

= e*? is a constant of modulus one. Thus for every t € R\ {z,}

S ()= e () (mod 7).

log|f|(t)50+( 5

O

Main Theorem 5.3. Let f € Cart. Let {z,}, {zn} and {w,} be respectively the
sequence of real, upper and lower half plane zeros of f. Then for everyt € R~ {x,}

0B I71(0) = 70y () + () £ 3 (1) = 3 1)+

where 6 is a constant.

Proof. vy, y(t) is a step function which jumps up at {z,,} by an integer. Thus for
every t € R~ {zn}, My, )(t) = ¢ (mod ), where ¢; is a constant. Hence by
Lemma[5.2] for every t € R~ {z,}

log | f[(t) + Tvis, 3 (t) = log [f|(t) + c1
hy +h_

B ) t— Z Vs, (t) — Z ¢z, (t)  (mod ).

n n

ECl+02+(
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The right side is a continuous function of ¢. By Lemma BTl the left side is also
continuous. Hence there is a constant ¢z such that for every t € R\ {z,}

—— hy+h_
log | f1(t) + (e, (1) = €1 + et es + (F ) 1= D pu, (1) = Y ¢, (1):

n n

O

Corollary 5.4. Let f € Cart. Let {x,} be the sequence of real zeros of f. Suppose
f has no other zeros. Then for everyt € R~ {z,}

log 71(1) = (2tl=

5 )t—ﬂ'V{x”}(t)—l-H,
where 6 is a constant.

Let us consider the function f(z) = sinz € Cart. hy[f] = h_[f] = 1 and f
has only simple zeros at {nr}ncz. Hence vy, ;(t) = [£]. Therefore, for every
t € R~ A{nm}lnez

log/|§§x|(t) =t— w[%] +0.
The following result is due to Cartwright and Levinson.
Corollary 5.5. Let f € Cart. Suppose [ has only real zeros {x,}. Then
Ve ) et he
|t|—o0 t 27
Proof. By Corollary 5.4 for every t € R~ {zy}

Ye)®) _ he the loglfI®) 6
t 2 wt 7t

logl/I) _, 0 as [¢| — oo [1]. m
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