PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 130, Number 4, Pages 1177-1182

S 0002-9939(01)06180-9

Article electronically published on September 28, 2001

NATURAL EXAMPLES OF II:-COMPLETE SETS IN ANALYSIS

NIKOLAOS EFSTATHIOU SOFRONIDIS

(Communicated by Carl G. Jockusch, Jr.)

ABSTRACT. The purpose of this paper is to show that given any non-negative
real number «, the set of entire functions whose order is equal to « is Hg-
complete, and the set of all sequences of entire functions whose orders converge
to a is TI2-complete.

1. INTRODUCTION

On page 322 of [4], H. J. Rogers states that:

... the human mind seems limited in its ability to understand and visualize beyond
four or five alternations of quantifier.

Moreover, on page 189 of [3], A. S. Kechris states the following:

In conclusion, we would like to mention that we do not know of any interesting
“natural” examples of Borel sets in analysis or topology which are in one of the
classes Eg or Hg for & > 5, but not in a class with lower indez.

The purpose of this paper is to give new natural examples of complex Borel
sets originating from analysis that live in the third and the fifth level of the Borel
hierarchy. In fact, we obtain the following result:

Theorem. Given any non-negative real number «, the set of entire functions whose
order is equal to a is Hg—complete, and the set of all sequences of entire functions
whose orders converge to o is Hg—complete,

Thus, we provide for the first time natural examples of complex Borel sets in
analysis or topology that live in the fifth level of the Borel hierarchy, and require
five alternations of quantifier for their definition.

2. COMPLEX BOREL SETS ASSOCIATED WITH ENTIRE FUNCTIONS

Let H(C) stand, as usual, for the Polish space of entire functions, equipped with
the topology of almost uniform convergence, i.e., the topology of uniform conver-
gence on compacts. If for any r > 0, we set M (r; f) = Jmax |f(re?)], then

<O0<2m
log log M (r;
p(f) — limsup Og Og (7'7 f)
r—oo logr
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is called the order of the entire function f (see, for example, page 182 of [2]), and

(n) o
if for any n € N, we set ¢, = fn—!(o), then f(z) = > ¢,2™ for every z € C, and
n=0
n-logn
T

|Cn|

p(f) = limsup
n—oo 10g

(see, for example, page 186 of [2]).
Theorem 2.1. For any « € [0,00), the set

Ao ={f € H(C): p(f) = a}

18 Hg—complete, and the set
Ba = {(fk)keN e HCON: Jim_p(fi) = a}

is TIS-complete.
(n)
Proof. If f € H(C) and (fx)ren € H(C)N, while ¢,, = % and ¢ p = ’“—(0),

n!
whenever k, n are in N, then

p(f) =«
(3

oo i  klogk ,
Viﬂjzi‘v’ij(J O%JZa—Z_z/\l 8 ga+2—1>
og

TesT ekl

and

Jm p(fi) = @

)

Vidjvk > j¥i3m > IYn > m

T = 1
log —— log Tennl

[ck,ml

-1 ) .1 ,
<m 08T o —9—i A 08T Sa+2l+2l>

which implies that the sets A, and B, are Hg and Hg respectively, since the
mapping H(C)N 3 (fi)ren — f. € H(C) is obviously continuous for every x € N,
and so is the mapping H(C) > f +— f*)(0) € C for every v € N (see, for example,
page 192 of [1]).

To prove that A, is Hg—hard, it is enough to show that a set which is known to
be IT3-hard is Wadge reducible to A, (see, for example, pages 156 and 169 of [3]),
and as P3 = {x € 2NN - vmv>*n(z(m,n) = 0)} is TI3-complete (see, for example,
page 179 of [3]), we will show that A, <y Ps. So let

“=10 ifn=0,
where ( )
a+27m if x(m,n) =1,
¢a:([ma TL]) - { o+ 3=[m.n] if a:(m,n) =0
whenever x is in 2N*N and m, n are in N. We should mention that [, -] stands

for the standard coding of the pairs of natural numbers by the natural numbers,
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and we denote by (+)o, (-)1 the associated decoding functions in the sense that
[(n)o, (n)1] = n for every n € N. Given any = € N, it is not difficult to prove

o0
that |¢Z|% — 0 as n — oo. Therefore, by setting f,(z) = 3. ¢Zz" for every

n=0
z € C, we obtain an entire function (see, for example, page 118 of [I]) and what
we want to show is that the mapping 28*N 5 2 — f, € H(C) is continuous.
Indeed we need only remark that for any integer N > 1, if =, y are in 2N*N and
z((n)o, (n)1) = y((n)o, (n)1) for every n € {0,...,N — 1}, then ¢& = c¥ for every
n € {0,...,N — 1}, and since for any u € 2N*N and for any integer n > N, we have

lenl <

n

it follows that

where

n>N

as n — oo for every R > 0. What is left to show is that for any z € 2N*N we
have x € P3 <= p(fy) = a. If © ¢ Ps, then there exists m € N such that
3°n(x(m,n) = 1), which implies that

-1
Joop | 08T ogln:a+27m
og 127

and consequently p(f,) > a+ 2™, If x € Ps, then for any m € N, there exists
nm € N such that for any integer n > n,,, we have z(m,n) = 0 and hence

-1
[mvn] O%[mﬂn] — a+37[m,n] <oa+27",
18 1o

[Fn
Therefore, given M € N\ {0}, we have

[m, n] - log[m, n]

1
18 T

a < §a—|—2*M

for every natural numbers m and n, apart from the values 0 < n < maxo<m<nm Nm
and 0 < m < M, which proves that p(f.) = a.

To prove that B, is Hg—hard, as before, it is enough to show that a set which is
known to be TIg-hard is Wadge reducible to B,. Since

Sy = {x € 2N v my>n(z(m,n) = 0)}

is X9-complete (see, for example, page 181 of [3]), it is not difficult to prove that so
is S5 = {z € 2V : v°mv>*n(z([m,n]) = 0)}. Indeed we need only remark that the
mapping 2N 3 2 +— (z([m,n])) (mn)enxN € 2NXN constitutes a homeomorphism
whose inverse is 2N*N 3 2 — (z((n)o, (n)1))nen € 2N. Therefore the set Py =
{z € 2N*N . Vi(z; € S5)} is IIP-complete (see, for example, page 180 of [3]), and
what we have to show is that P = {z € 2N*N - Viv>mv>n(z(l, [m,n]) = 0)} is
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Wadge reducible to B,. So let

0 ifn=0
where
[ a+27t+nt ifx(l,[m,n]) =1 and n € N\ {0},
¢u (L [m,ml) = { a+nt if z(l,[m,n]) =0 and n € N\ {0}

whenever x is in 2N*N and [, m are in N. Given any natural numbers [ and m, it

is not difficult to prove that for any z € 2N*N_ we have |c‘ﬁ,m],n|% — 0 asn — oo.
o0

Therefore, by setting fjj () = Eo Cflm) a2 for every z € C, we obtain an entire
n=

function (see, for example, page 118 of [I]), and what we want to show is that the
mapping 2NN 5 g f[”l” m] € H(C) is continuous. Indeed we need only remark

that for any integer N > 2! if 2, y are in 2N*N and z(l, [m, n]) = y(I, [m,n]) for

every n € {0,..., N — 1}, then since for any u € 2N*N and for any integer n > N,
we have
1
|cq[1i,m],n| R
nat2=l+1

it follows that
R’ﬂ

o
nsn Mot

T Y
‘Izr‘lgyf[z,m] (2) = i@ <2 Z
where
n
R 0

w
nsN et

as N — oo for every R > 0. Therefore the definition of the product topology
is easily seen to imply that the mapping 2N*N 35 2 s (ff)ren € H(C)N is
continuous, and what is left to show is that for any = € 2N*N_ we have z €
Py < (f7)ken € Ba; in other words, we have z € P} <= khj& p(fT) =

If © ¢ PZ, then there exist [ € N and natural numbers mo < m; < ... such that
3°n(z(l, [mi,n]) = 1) for every i« € N, which implies that

for every i € N, and consequently

-1

o(fi. 1) = limsupw >a+27!
[hms] n—oo Ogl = 1 ‘
flmylin

for every i € N, which implies in its turn that the sequence (p(f7))ren does not
converge to a.. So let x € Py and let [ € N. Then there exists m; € N such that
Vm > m¥>°n(z(l, [m,n]) = 0), which implies that
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and consequently for any integer m > m;, we have

. n -logn . _
Al = limstp i = Jim ot =
sz,m],n

while if 0 < m < m; and n € N\ {0}, then

n-logn [ a+27'+n7t ifz(l,[m,n]) =1,
10g ‘Cﬁ,m],n‘ N @ + n_l if x(l7 [m’ n]) = 0
which is easily seen to imply that
-1
a < p(fiim) = limsupw <a+27h
B v

1,m],n
Therefore, given N € N, we have a < p(f[“lC m]) < a4+ 27N for every value of the

natural numbers [ and m, apart from the values 0 < m < m; and 0 <[ < N, which
proves that klim p(fF) =a. O
—00

Corollary 2.2. The order of an entire function is a Baire class two function which
is not Baire class one.

Proof. Since for any particular a € [0, 00), the set p~1[{a}] = {f € H(C) : p(f) =
a}is Hg—complete and therefore not 1'13, the function p is not Baire class one, while
since if f € H(C) and ¢, = % for every n € N, then
. m -logm
p(f) = lim sup T8

n—00 ;m>n 10g [em]

in order to prove that the function p is Baire class two, it is enough to prove that
for any n € N, the function

m - logm
$p: H(C) > f — sup 5!

0BT ¢ o, o0
m2n 108 7w

is Baire class one. But if U C [0, 0] is non-empty open and oo ¢ U, then given
f € H(C), we have

sn(f) eU
(3

Elr,seQ([r—s,r—i—s]gU A VYm>n

m -logm m - logm
7,m!g7‘+8 /\Emzn 77”4!27"—8
log e oy log 77y

and consequently the set {f € H(C) : s,(f) € U} is 9. If oo € U, then U =
V U (e, 0], where V' C [0, «) is non-empty open and 0 < a < oo; hence

1
sn(f)elU <= [sn(f) eV V Im>n w>a
log e oy

which implies that the set {f € H(C) : s,(f) € U} is 9 and consequently the
function s,, is Baire class one. O
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It is not difficult to prove that the set Aoe = {f € H(C) : p(f) =
is Hg—complete, and a straightforward computation shows that the set By,

{(fk)keN € HC)N: khlrolo o(fr) = oo} is HZ.

o}

Open Problem. Is the set B Hg—complete?
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