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ABSTRACT. We prove LP estimates for functions of Markov operators on a
discrete measure space of superpolynomial volume growth.

Let X be a discrete, measurable space endowed with a measure dr and a mea-
surable distance d(.,.). Let us denote by B(z, ) the ball of center x and radius r.
If | B(x, )| is the dz-measure of B(xz,r), we assume that there exist 0 < o/ < a <1
and k, k', ¢, > 0 such that

/.

(1) de"™ < |B(x,r)| < ce™, VzeX,r>0,

i.e. X has superpolynomial (o < 1) or exponential (o’ = a = 1) volume growth.

Let us consider a bounded symmetric Markov kernel P(z,y) on X and let us
set Py(z,y) = 06.(y), where 0, is the Dirac mass at =, Pi(z,y) = P(z,y) and
Po(x,y) = [ Po_1(z, 2)P(z,y)dz for n > 2. We assume that there exists constants
¢, 3 > 0 such that

2
@ N
for any z,y € X and n € N.

Markov chains with transition kernels satisfying an estimate such as (2)) were
first studied by N.Th. Varopoulos [§]. T.K. Carne [3] proves (2) in the case when
X is countable by improving the result of [§]. G. Alexopoulos [1]] generalised this
in the context of continuous groups.

In the presence of a group structure on X, translation invariant, symmetric
Markov kernels are obtained by the convolution powers of a probability measure
pon X. In fact, if 4 has a bounded symmetric density f with respect to the left
invariant Haar measure dx, then the Markov kernel

P(z,y) = f(z"'y)
is translation invariant and satisfies
Py (z,y) = "z 'y)

where f™ is the n—convolution power of f.
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Let |x| be a word distance. Then by [8], [3] and [1], there exist a 8 > 0 such that
z 71y 2
ffaly) Sece T,
for any z,y € X and n € N.
It is worth mentioning that every locally compact group is at most of exponential
volume growth. Further, in [0], Grigorchuck proved that there exist discrete finitely
generated groups such that

ce”™ < |B(z,r)| < Ce™

with a, ' € (0,1). In this case, for a class of symmetric and bounded probability
densities f, one can prove that
wiso gl bl

f”(x_ly) <ce e n ., Vr,y€eX;

see [6], Remark 1, p. 690.
If P is the Markov operator with kernel P(z,y), then I — P is symmetric, positive,
bounded on L? and admits the spectral decomposition

I—P:/ ME,.
0

Also, for any bounded Borel function m on R, by the spectral theorem we can
define the operator

m(I — P) = /O (B,

which is bounded on L2.
Let us consider the following class 7 of Borel functions: m € 7 iff its Fourier
transform satisfies

(3) im(t)] < ce”™IH, vt eR,

for some W > 0. The class T is of the type of multipliers introduced in [4] and
[7]. In fact, the class Fo(e="I b), b > 0 ([7], p. 787), contains functions m which
satisfy

k k
o]z (G)

for any t and k& > 0. _
We note that if m is smooth in the zone Qw = {A € C : [ImA| < W} and
holomorphic on Qyy, then it belongs to Fo(e~ VI, b) for some b > 0, iff

k
mv < () @

for any A € Q and k > 0 ([7], Lemma 5.5).

In [2], G. Alexopoulos proved an analog of the Mikhlin-Hérmander multiplier
theorem for random walks on discrete groups of polynomial volume growth. In this
article we prove the following analog of the main result of M. Taylor [7].

Theorem. Let as assume that P, satisfies @), m € T and that either

(i) X is of superpolynomial volume growth but not exponential, i.e. assumption
@) is valid with o/, € (0,1),
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(ii) X is of exponential volume growth and B > k+ &, W > § where 0 is the
supremum of n € (0,e~Y) such that n < max(3,e~?).

Then m(I — P) is bounded on LP, p > 1.

The proof of the Theorem is based on the following lemmas.
For a fixed y € X we shall denote by A,(y), p € N, the shell {z : 2P/2 < d(z,y) <
2(P+1)/2} | Let us also recall that the Dirac mass , at y is in L?(X) if X is discrete.

Lemma 1. There is n € (0,e™') with n < max(3,e~?) such that for all p € N,
x € Ap(y) and |t| < n2v/?,
@) [P (8,) ()] < cem(FmmCe),

Proof. We have that

5, ) = 3 U g, o)

n!
n>0
i)™ i)™
= Z (n)' P (z,y) + Z (n)' P"(z,y) = I + Is.
n<2p/2 ’ n>2p/2 ’

It follows from (E) that for x € A,(y) and |t| < n2P/?

(n2P/2)™ _ povr
L] < ¢ Z ——e
n<2r/2 nl

< e BT — o= (B2,

By @) and Stirling’s formula n! ~ \/n (%)n, we get that

c Z Oﬂ;ﬂgc Z <772:26>”%

L] <
n>2p/2 n>2p/2
< 1 n < 1 op/2
S Sena Z (ne)™ < Cw(ﬁe)
n>2p/2
provided that ne < 1.
Now,
(ge)?”* = &' or(ne) < o= (B-m2*?
provided that
log(ne) < —(8—n)
which holds true if
ne<elePorn<e?
since n < 1. O

Since

m(I — P) = / (1)t 0= dy
R
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the kernel K (z,y) of the operator m(I — P) is given by

K(zy) = /R ()t I-P)5, (2)dt

= / +/ =K0($7y)+Koo($,y)-
[t|<n2r/2 [t|>n2p/2

We have the following:

Lemma 2. Let n be as in the Theorem. Then there is ¢ > 0 such that

(5) / |Ko(z,y)|de < e 3 e~ B-m2"90/2 4, ).
X

p=>0

Also, for any € > 0, there is ¢ > 0 such that

— _¢g)opr/2
(6) /X Ko (1,9) d < 3 eV =202 | 4 ()12

p=>0

Proof. It follows from () and @) that for z € A,(y)

[Ko(z,y)| < c/ in(t)] e~ B=md(@v) gy
[t|<n2r/2
< 067(6*77)2?/2772;0/2.

Thus, by using ()

/ Ko(w,y)lde = 3 / Ko(e,y)) de
X ol )

< Cze—(ﬁ—n)2"/2n2p/2/ dx

p>0 Ap(y)
< Cze—(ﬁ—n)2p/22p/2 1A, ()|
p>0

On the other hand, by the Cauchy-Schwarz inequality, (), (&), the decay of m(t)
for ¢ large and the fact that the Dirac mass 6, € L?(X), we get that

/ |Koo<x,y>|dxs/ /
Ap(y) Ap(y) [t|>n2r/2

< c/ | ()] dt/ |eitP6y(x)| dx
[t]>n20/2 Ap(v)

N 1/2 7
< 0/ ()] [ A, ()] || P ||, 118, ], dt
|t >n2r/2

m(t)eit(I_P)éy(x)‘ dt) dz

< c|Ap ()2 / 1))

[t|>n2e/2

<yl e [ gy
|t 222

< c|Ay(y)| /2 eV,
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Therefore,

| Eawa =Y [ PRLSCEE

p=>0

sc Z ¢ |Ap(y)|1/2 (W —e)27/2

p=>0

Proof of the Theorem. (i) Let us assume that () holds for o/, € (0,1). Then by
B) and (@) we get that

[ K)o
X
ey TR Ay () e 3 eI Ay )2

p=>0 p>0
S CZ e_(/ﬁ_n)Qp/sz/QeK/(Qp/Z)u + Ze_n(W_E)QPMe%(Qp/z)a < oo.
p=>0 p>0

This implies that m(I — P) is bounded on L*°(X). As already mentioned, by the
spectral theorem m(I — P) is bounded on L?(X) and by interpolation and duality
we obtain the boundedness of m(I — P) on LP(X), p > 1.

(ii) Similarly, if |B(x,r)| < ce"", then

JALCIEE

_(B— p/2 p/2 _ _eg)oP/2 kop/2
<e E e~ (B=—m2""gp/2 w2777 | E e (W —e)2P/= 52775 0,
p=>0 p=>0

provided that 8 > k 4+ n and nW > £/2 and the boundedness of m(I — P) on
L>(X) follows.
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