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ABSTRACT. Over a field F of any characteristic, for a commutative associative
algebra A, and for a commutative subalgebra D of Derp(A), the vector space
A[D] which consists of polynomials of elements in D with coefficients in A and
which is regarded as operators on A forms naturally an associative algebra. It
is proved that, as an associative algebra, A[D] is simple if and only if A is D-
simple. Suppose A is D-simple. Then, (a) A[D] is a free left A-module; (b) as
a Lie algebra, the subquotient [A[D], A[D]]/(Z(A[D])N[A[D], A[D]]) is simple
(except for one case), where Z(A[D]) is the center of A[D]. The structure of
this subquotient is explicitly described. This extends the results obtained by
Su and Zhao.

1. INTRODUCTION

There are many known classes of infinite dimensional simple Lie algebras and
simple associative algebras. Generalizations of the infinite dimensional simple Lie
algebras of Cartan type over a field of characteristic zero have been obtained by
Kawamoto [K], Osborn [O], Dokovic and Zhao [DZ1],[DZ2][DZ3], Osborn and Zhao
[O71], [O72), Zhao [Z3] and Xu [X]. Passman [P] and Jordan [IT] studied the Lie
algebras AD = A ® D of generalized Witt type constructed from a commutative
associative algebra A with an identity element and its commutative derivation sub-
algebra D over a field F of arbitrary characteristic. Passman proved that AD is
simple if and only if A is D-simple (that is, A does not have nontrivial D-stable
ideals) and AP D acts faithfully on A except for the case char F = 2, dimg, F1D = 1
and D(A) # A, where F; = AP = {z € A|D(x) = 0}.

In [SZ1], for a commutative associative algebra A with an identity element over
F and for the polynomial algebra F[D] of its commutative derivation subalgebra D,
Su and Zhao constructed the associative algebras AQF[D] of Weyl type, and proved
that A ® F[D] is simple if and only if A is D-simple and AP ® F[D] acts faithfully
on A, both as a Lie algebra (modulo its center) and as an associative algebra. The
simple algebras A ® F[D] (or modulo its center as Lie algebras) are always infinite
dimensional. But as operators on A, some nonzero elements in AQF[D] are possibly
zero operators on A. In this case, A®F[D] certainly cannot be a simple Lie algebra
(modulo its center) or a simple associative algebra. If we directly consider such
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operators on A, we can avoid this case so that we still get simple algebras. This is
the objective of this paper.

Throughout this paper, I is a field of arbitrary characteristic.

In this paper, for a commutative associative algebra A with an identity element
over F and for a commutative derivation subalgebra D C Der(A), we study the asso-
ciative algebra A[D] which consists of polynomials of elements in D with coefficients
in A and which is regarded as operators on A. These associative algebras can also be
realized as iterated skew polynomial rings if dim D < oo (see [J2]). As an associative
algebra, it is proved that A[D] is simple if and only if A is D-simple (see Theorem
2.3). Suppose A is D-simple, then (a) A[D] is a free left A-module (see Theorem
B.3); (b) as a Lie algebra, the subquotient [A[D], A[D]]/(Z(A[D])N[A[D], A[D]]) is
simple (except for one case), where Z(A[D]) is the center of A[D]. The structure of
this subquotient is explicitly described (see Theorems B8] B.9). The Lie algebras
obtained by Su and Zhao in [SZ1] are some infinite dimensional Lie algebra studied
in this paper. In particular we can get a lot of finite dimensional simple modular
Lie algebras. At the end of this paper, we give some finite or infinite dimensional
examples which cannot be covered by [SZT].

2. SIMPLE ASSOCIATIVE ALGEBRAS OF WEYL TYPE

Let A be a commutative associative algebra with an identity element 1 over F,
and let D be a nonzero F-vector space spanned by some commuting F-derivations
of A. Let

(2.1) {9;]i € I}, where I is some indexing set,
be an F-basis of D. Denote
J={a=(qli€ Doy €Z,,¥icland a; =0

(2.2) )
for all but a finite number of i € I},

where a = (o;|i € I), simply denoted by a = (a;), is a collection of nonnegative

integers indexed by I. Define
(2.3) o] =),
i€l
which is called the level of o. For any a € J,z € A, we define the operator on A
(2.4) 20™ =z [ o5,
icl

by (20102 ---0n)(y) = x(01(02---(On(y))---)) for any y € A. Let A[D] be the
F-vector space spanned by all the following operators on A:

(2.5) 20%, VYre A ael.

If we define the product of A[D] as the composition of operators on A, then A[D]
becomes an associative algebra. It is not difficult to verify that

(2:6) (u0%) - (v0%) =u 3 <a>m<v>aa+ﬁ%

yeJ(a) 7
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for all u,v € A, o, 8 € J, where

Ja)={y el <a Viel},

(- ~eo

We call the associative algebra A[D] an associative algebra of Weyl type. This is
different from that in [SZT].

Remark. Tt is clear that A is a left A[D]-module and A[D] is a left A-module.

For any

(2.8) r=> u,0" € A[D],

acJ

the expression in (2.8)) is sometimes not unique. An expression of x in (2.8)) is
called principal if the integer max{|c| |ao # 0} is minimal. We denote this integer
by h(z). Set

(2.9) Fy = AP = {u € A|D(u) = 0}.

We use this notation because it is a field extension of F when A is D-simple, i.e.,
A has no nontrivial D-stable ideals; see [J1].

Lemma 2.1. AN A[D]D =0.

Proof. Suppose © € AN A[D]D. Since x € A, then the action of x on 1is z-1 = x.
On the other hand, since € A[D]D and D(1) = 0, then the action of z on 1 is 0.
So z =0. Thus AN A[D]D = 0. O

Lemma 2.2. The center Z(A[D]) of A[D] is F;.

Proof. Tt is clear that Fy C Z(A[D]).
Suppose x € Z(A[D]). If h(x) > 0, write © = X + X1 where Xy € A and
X1 € A[D]D. Then X7 # 0. Choose a € A such that Xo(a) # 0. It follows that

0=[X,a] = [X31,0a] = X1(a) +Y,

where Y € A[D]|D. From Lemma 21 we deduce that X;(a) =Y = 0, a contradic-
tion. So h(z) = 0. We have

0 = 0x = 0 + 0(z), VO € D,

to give d(z) =0 for all & € D, i.e., x € F;. Therefore Lemma 22 follows. O

Theorem 2.3. The associative algebra A[D] is simple if and only if A is D-simple.

Proof. “=": Suppose A is not D-simple. Choose a nonzero proper D-ideal Z. Then
clearly Z[D] is a nonzero ideal of A[D]. Since A[D] is simple, then Z[D] = A[D],
in particular, A C Z[D]. From Lemma [ZT] we know that A C Z, a contradiction.
Thus A is D-simple.
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“«<": Suppose L is a nonzero ideal of A[D]. It suffices to show that L = A[D].
Claim 1. LN A #£0.

Suppose that LN A = 0. Choose X € L\ {0} such that A(X) is minimal. So
h(X) > 0. Write X = Xo + X; where Xy € A and X; € A[D]D. Then X; # 0.
Choose a € A such that Xo(a) # 0. It follows that

X' = [X, a] = [Xl,a] = Xl(a) +Y el
where Y € A[D]D. From the computation 26) we deduce that h(X') = h(Y) <
h(X). By the minimality of A(X) we deduce that X’ = 0. Applying Lemma 2T
gives X1(a) =Y =0, a contradiction. Thus Claim [ follows.

It is clear that L N A is a D-ideal of A. Since A is D-simple, then LN A = A. In
particular 1 € L. Therefore L = A[D]. O

3. SIMPLE LIE ALGEBRAS OF WEYL TYPE

Let A be a commutative associative algebra with an identity element 1 over F,
and let D be a nonzero F-vector space spanned by some commuting F-derivations
of A such that A is D-simple. It is well known that F; is a field extension of F.
From Theorem [Z3] we know that the associative algebra A[D] is simple.

We denote the induced Lie algebra from the associative algebra A[D] by A[D]L.

In this section we shall first study the structure of A[D] as a left A-module, then
investigate the Lie structure of A[D]. We still use the notations in (Z1) and ([22)).

The following lemma will be often used.

Lemma 3.1. (a) If 0% =0 for some x € A\ {0}, € J, then 0% = 0.
(b) A C [A[D]*, A[D])"].

Proof. (a) Let C = {x € Alzd0* = 0}. It is easy to verify that C' is a nonzero
D-ideal of A. Since A is D-simple, then C = A. It yields 0% = 0.

(b) From [20,y] = #d(y) € [A[D]*, A[D]¥] for all 2,y € A and 9 € D, we know
that AD(A) C [A[D]*, A|D]*]. Since AD(A) is a nonzero D-ideal of A and A is
D-simple, then A = AD(A). Thus A C [A[D]*, A[D]"]. O

If char F = p > 0, observe that for any 0 € Derg(A), one has 0P € Dergp(A). Let
(3.1) D = Derp(A) N4 [D],
where Fq[D] is the polynomial algebra of elements in D, and let
(3.2) {dili € I'}

be an F; basis for D. It is clear that D C D. J ={a = (wli € )|y € Z4, Vi€ I
and a; = 0 for all but a finite number of i € I'}, where a = (o;|i € I), and let

23 Jo={a=(lie)0<a,e<p—1,Viel

(3.3) and a; = 0 for all but a finite number of ¢ € I},

where o = (o;|i € ) will be simply denoted by o = (a;). We also use the notation
d® = [l;c; A%, Ya € Jo. If char F = p, then
(3.4) AD] = ) Ad~.

acJy

If char F = 0, we still have (B4 by replacing Jy with J.
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Lemma 3.2. (a) Suppose charF =p > 0 and J1 C Jy. Then the sum Y Ad®
is direct if and only if the sum ) ; F1d® is direct.
(b) Suppose charF =0 and J; C J. Then the sum Y
only if the sum Y F1d® is direct.

acJy

wc, Ad is direct if and

acJy

Proof. (a) “=": This direction is clear.
“«": Suppose . ; Ad* is not direct. There exists J» = {a® @ . o}

C Jp such that |J3] > 1 and Ad*” n Sy Ad™” # 0. Choose such a minimal r.
Let

ada(o) _ Zaida(i) c <Ada(0) mzAda(i)> \{O}
i=1 1=1

for some a € A\ {0}, a; € A, and let I; = {0,1,...,r}. It follows that d*"” # 0 for
any ¢ € I1. For any 0 < j <r, let

Bj={zeAud” e Y A"
i€n\{j}

Then it is easy to see that B; is a nonzero D-ideal of A. Since A is D-simple, it
follows that B; = A for any j € I;. Then

(3.5) = Y ad”,  aeA
ieh\{0}

By taking brackets with 0 € D, we deduce that

0=00,a""1= 18, Y aa"|= 3 8(a;)a"".

ieIl\{O} ieIl\{O}

From the minimality of r, we must have
(3.6) 8(a;))d™” =0, VoeD,1<i<r

Suppose D(a;) # 0 for some i € I, say D(aq) # 0. Lemma BTl yields a = 0,
a contradiction. Thus D(a;) = 0 for all ¢ € I, i.e., a; € F; in BI). Therefore the
sum » ; F1d® is not direct. This direction of (a) follows.

The proof for part (b) is similar to that of (a). O
Lemma 3.3. (a) If charF =p > 0, then A[D] = &P Ad®.
(b) If charF = 0, then A[D] = @, ; Ad“.

acJy
aeJ
Proof. (a) From (B.4), we know that it suffices to show the sum in (3.4) is direct.

Suppose the sum in B4) is not direct. From Lemmas 2] B, there exists
Jy = {a®,a® .. o} c Jy\ {0} such that F1d®” n Dy Fid®"” # 0. Let
I, ={0,1,...,7} and h(J2) = max{|a?||i € I;}. Then h(Jy) > 1. Choose such a
Ja such that h(J2) is minimal, and then r is minimal. Let

T T .
(3.7) =3 ad"" € (Flda(‘” mZIE‘lda(”) \ {0}
=1

i=1
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for some a; € F1, 1 < i < r. Denote ag = 1. It follows that aida(i) # 0 for any
i€ 1. Let

(3.8) Jo(a) = {8 € Jo\ {0,a}|6; < oy, Vi € I}.
Rewrite B) to give

T
(4)
E aida = 0.
=0

For any x € A, it is clear that >_, azd™"” (x) = 0; then

0= [i aida(i),xl = z’“: Z a; (a;i)>da(i>7(x)dv
=0

i=0 ye.Jo(al®)

- ¥ (Z a; (O‘;i)) " _7(33)> .

v€Jo,0<|y|<h(J2) \i=0
From the minimality of h(J3), it follows that
" Oé(i) (4)
Zai< )d(y “(x)d =0
=0 v
for all x € A, and all v € J with 0 < h(y) < h(Jz). Since d” # 0, from Lemma BTl

we see that
r (4)
> <a )da( @) =0

. v
1=0
for all z € A, and all v € J with 0 < h(y) < h(J2). So
- O
S (oo
=0 v
for all v € J with 0 < h(y) < h(J2). Since aEi) < p—1, then a; (";i)) #0if vy e
Jo(a). This contradicts the minimality of h(Js). Therefore A[D] = @ Ad>.

Part (a) is true.
The proof of part (b) is similar to that of part (a). O

Lemma 3.4. (a) If charF = p > 0, then d* # 0, for any « € Jy.
(b) If charF = 0, then d* # 0, for any « € J.

Proof. (a) It is obvious that d* # 0 for any « € Jy with |a] < 2.
Suppose d* = 0 for some a € Jy with |o| > 2. Choose an « such that |« is
minimal. For any z € A, we see d*(z) = 0. Then

0=[d 2= > (0‘) d*B(z)d? =0, Vz € A,
BeJo(a) ﬂ

where Jyo(a) is as in (B.8). Applying Lemma [3.3] and noting that (g) # 0 for any
B € Jo(a), since |a| is minimal we get d*~8(x)d® = 0, Vo € A, B € Jo(a). Applying
Lemma 311 and noting that d® # 0 for any 8 € Jy(a), we obtain d*%(x) = 0,
Vz € A, ie., d* P # 0 for any 3 € Jo(a). This contradicts the minimality of |a/.
Therefore (a) follows.

The proof of part (b) is similar to that of part (a). O

acJy
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Theorem 3.5. Suppose A is D-simple. Then A[D] is a free A-module. Further-
more,
(a) if charF =p > 0, then A[D] is a free A-module with a basis {d*|a € Jp};
(b) if charF = 0, then A[D] is a free A-module with a basis {d*|a € J}.

Proof. This theorem directly follows from Lemmas 3.2 and B4l O

Lemma 3.6. (a) Suppose that charF = p > 0, and that {d;|]1 < i < n} C D are
Fy1 linearly independent. Then, for any integers 0 < r1,79,...,7 < p — 1 with
ri+ro+--+r, <n(p-—1)—1, we have
Ady'dy? ---dir  [A[D]*, A[D]"].
(b) Suppose that charF = 0, and that {d;|]1 < i < n} C F1D are Fy linearly
independent. Then, for any integers r1,7ro,...,1r, > 0, we have

Adyrdy? ---dim C [A[D)F, A[D]").

Proof. (a) In this proof, we define Jo = {(r1,72,...,7)[0 < ry,7re, . ooy, <p—1}
Let =(p—-1p—1,....,p—1) € Jo,J1 = Jo\ {0} and Jo = J; \ {8}. Denote
W = [A[D]¥, A[D]X]. For any z,y € A, we deduce

[wdy b Ay = Y @)xda(y)dﬁ—a ew.

acJy
By using Lemma [B] we obtain that
3 .
3.9 d*(y)d°~* e W, Vz,y€ A.
(3.9 > (o)) Ve
[ 2

Note that the coefficients (g ) are not zero. Since {d*|a € J,} is A linearly indepen-
dent (Theorem[31]), there exist a, € A for all & € J3 such that the (p™—2) x (p" —2)
determinant

(3.10) w = det(d“(ay))a,vet, € A\ {0}.
In (B9), if we take y to be a, respectively, we obtain p" — 2 equations
(3.11) xZ() )P e W, Vxe Ay e .

a€Js

Applying linear algebra knowledge to ([B:11]), we deduce that Awd® € L for all
a € Jy. Let Xy = {x € Alzd® € L}. Then Aw C X,, and D(X,) C X,. By
induction on |a| we can easily show that Ad*(w) C X,. Thus A[D](w) C X,.
Note that A[D](w) is a nonzero D-ideal of A. Since A is D-simple, we must have
AD)(w) = A, so X, = A for all @ € J;. Therefore Ad* C L for all a € Jo. Part
(a) follows.

The proof of part (b) is similar to that of part (a). O

Theorem 3.7. (a) Suppose that charF = p > 0, and that {d;|1 <i <n} is an Fy
basis of D withn < co. Let = (p—1,p—1,...,p—1) € Jy. Then

(3.12) W =[AD]", AD]"] = € Ad* @ D(A)d’
a€Jo\{B}
(b) Suppose that charF = 0, or that dimD = oo if charF = p > 0. Then
L _

A[D]* = [A[D]*, A[D]"].
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Proof. (a) Let 0; = (d1,4,02,4y.--,0n,i) € Jo. From Lemma we know that
Docso\ (s Ad® € W. The computation [AdP, D] = D(A)d® yields D(A)d® C W.
Note that D(A) = D(A). For any a € Jy \ {8}, and any z,y € A, we obtain that

[2d®, yd" =t = (zaidi(y) — y(p — ai)di(x))d”  (mod L)
= w;d; (:cy)dﬁ (mod L),

where L = [A[D]*, A[D]*]. Thus (B12) holds.
Part (b) directly follows from Lemma O

Theorem 3.8. Suppose A is D-simple. Then the Lie algebra
(3.13) A[D] = [A[D)*, A[D]*]/(F1 0 [A[D]", A[D]*))

is simple exvcept when charF = 2, A = F1[t]/(t* — a) and A[D] = A @ Fy(d/dt) ©
Fy(td/dt) for some a € Fy where d/dt is the ordinary differential.

Proof. From Lemma B.1] we see that
A C [A[D])*, A[D]"],  A[D] # 0.
From [H], we know that the Lie algebra
A[D] = [A[D]", A[D]*)/(F, N [A[D]", A[D]"])

is simple except when charF = 2, dimp, A[D] = 4.

Next suppose charF = 2, dimp, A[D] = 4.

From Lemma [21] we see that dimp, A = 2,3. If dimp, A = 3, let A = F; &
Fix1 @ Fixe. Then F1 D = F19. We must have A9 = F19. Tt follows that 9(A4) =
AD(A) = A, contrary to O(IF1) = 0. Thus dimy, A = 2.

Let A = F; ® Fiz. Let 22 = az + b where a,b € F;. For any d € D \ {0},
we have 0 = 9(z?) = ad(x), to give a = 0 since d(z) # 0. Thus 22 — b = 0,
ie, A~Tyi(t)/(t* —b). It follows that Dery, A = Fy(d/dt) + Fy(td/dt). If b =0,
we see that A is not Der(A)-simple. So b # 0. Then we must have A[D] =
A@TFq(d/dt) ®Fq(td/dt). O

We call the Lie algebra m a Lie algebra of Weyl type.

From Theorem B.71and Theorem B8, we have

Theorem 3.9. (a) Suppose A is D-simple. Then A[D]"/(F, N [A[D]*, A[D]*]) is
a simple Lie algebra if and only if one of the following conditions holds:

(I) charF = 0;

(II) charF =p > 0 and dim D = oo;
(IIT) charF =p > 0,dimD < oo and D(A) = A.

(b) Suppose charF =p > 0 and dimD < oo. Let {d;|1 <i < n} be an Fy basis
of D withn < co. Let f=(p—1,p—1,...,p—1) € Jy. Then the subquotient
(Bacio\gsy Ad” ® D(A)d?)/F, is a simple Lie algebra except when charF =2, A =
F1[t]/(t* — a) and A[D] = A ® Fy(d/dt) ® F1(td/dt) for some a € F5.

Remark. If charF = 0, then in Theorem B we have A[D] = A ® F[D], and
dim A[D] = occ.
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The converse of Theorem B9(a) is generally not true. See the following example.

Example 3.10. Suppose charF = 0. Let B = FJt] be the polynomial algebra in
the invariable ¢, D' = F(d/dt). We know that B[D']/F is a simple Lie algebra. Let
A =B xF ={(z,a)lxr € A,a € F} be the associative algebra with the product
(z,a)(y,b) = (xy + bx + ay,ab). Then (0,1) is the identity element in A. Let
D =TF0, where 8((z,a)) = (2£,0). It is not difficult to verify that 0 is a derivation
of A, (B,0) is a D-ideal, and A” = (F,F). So A is not D-simple. But we can prove
that A[D]/AP ~ B[D']/F is a simple Lie algebra. O

Using Theorem B9, one can obtain some interesting examples of simple (asso-
ciative or Lie) algebras of Weyl type which cannot be obtained by the method in
[SZ1].

Example 3.11. Let charF = p > 0, let A = F[;]0 < i < n]/(t! — b;]0 < i < n)
where 0 <n < oo and b; € F, and let D = span{%m < i <mn}. Then

D(A) = span{ﬁi1 tgz e t%

Ogil7i25"'7in§p_1a
(ilvi%"'vin) # (p_]-ap_]-avp_l)}
Then A[D] = [A[D]*, A[D]*]/F is a simple Lie algebra of dimension p?* —2. O

Example 3.12. In Example 3111 if n = oo, then A[D]”/F is a simple Lie algebra
of infinite dimension. ([l

We would like to conclude this paper by several questions.

Questions. 1. Are there any commutative associative algebras A over a field F
without identity element such that A is D-simple for some commutative subalgebra
D C Derp(A)?

2. If A[D]/AP is a simple Lie algebra, what conditions do A and D satisfy?

3. If the commutative associative algebra A over a field F' does not have an
identity element, and A is D simple, is A[D] still simple?
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