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ABSTRACT. Using the theory of full and symmetric tensor norms on normed
spaces, a theorem of Kiirsten and Heinrich on ultrastability and maximality
of normed operator ideals is extended to ideals of n-homogeneous polynomials
and n-linear mappings—scalar-valued and vector-valued. The motivation for
these results is the following important special case: the “uniterated” Aron-
Berner extension g*: E” — F’' of an n-homogeneous polynomial q : £ —
F to the bidual remains in certain ideals under preservation of the norm.
Moreover, Lotz’s characterization of maximal normed ideals of linear mappings
through appropriate tensor norms is proved for ideals of n-homogeneous scalar-
valued polynomials and ideals of n-linear mappings.

1. PRELIMINARIES

1.1. For vector spaces F1,...,FE,, E, F over K =R or C the “full” n-fold tensor

product of (Eq,...,FE,) will be denoted by F1 ® -+ ® E, = ®(E1,...,E,) =
—1E;. The universal definition of the n-fold tensor product identifies the n-linear

mappings Ey X --- X E, — F with the linear mappings ®7_, E; — F:

L(Er,...,Ep; F) = L@} Ej; F), ¢~ "

Symmetric linear mappings E™ — F are linearized by the n-th symmetric tensor
product Q™K

Ly("E; F) = L@ E; F), ¢~ o
(see e.g. [F1] for more details). A mapping q : E — F is, by definition, an n-
homogeneous polynomial (notation: ¢ € P™(E; F)) if there is a ¢ € L("E; F') with
q(z) = ¢(z,... ,x) for all x € E. Actually there is a unique ¢ € L ("E; F) with
this property:
P"(E;F) = Ly("B; F) = L@ E; F),  q~q~q".

If the spaces are normed, then the continuous n-linear mappings and n-homogeneous
polynomials are denoted by L(F1, ..., E.; F), L("E; F) or P"(E; F), respectively.
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1426 KLAUS FLORET AND STEPHAN HUNFELD

1.2. Again for fixed n € N the projective norm 7 is uniquely defined by the property
[®7T(E|1a cee 7En)}l é ‘C(Ela cee 7En) :é ’C(Elv s 7En,K)

if Fn,...,E, are normed spaces (é means isometrically equal).

1
The injective norm ¢ satisfies, by definition (< stands for a metric injection),

1
R(Ery. .. En) = (97(E,...  EL)';

this shows that € is somehow dual to w. A tensor norm (3 of order n assigns to
each n-tuple (F1,...,E,) a norm B(; E1,...,E,) on &(F1,...,E,) (notation:
®s(E1,...,E,) or ®g,j:1Ej) such that

(a) e<p<m,

(b) ®F=1Tj: ®F ;1 E; — @5 ;1 Fj| < H?zl |T; : E; — Fj|| for all operators

T; € L(Ej; F;) (the metric mapping property).

Note that (a) and (b) imply that in (b) there is actually equality. 3 is called finitely
generated if for all E; and z € ®7_, F}

B(z; En, ..., Ey) =inf{B(z; My,... ,M,) | M; € FIN(E;), z € ®}_, M}

(where FIN(E) denotes the set of finite-dimensional subspaces of E). ¢ and 7 are
finitely generated tensor norms of order n. There is no general reference for the
theory of tensor norms of order n > 2; many results, however, are straightforward
generalizations of the case n = 2 which, e.g., is treated in [DEF].

1.3. In the same spirit the natural projective and injective norms 7 and €4 on the
n-th symmetric tensor product satisfy

(27°E)' = PY(E;K) =: P"(E),
@B = P(E).
An s-tensor norm a of order n (or shortly s-tensor norm, if n € N is clear) assigns
to each normed space E a norm a(-; ®™°FE) on ®*FE (notation: ®°F) such that
(a) es <a < s,

(b) the metric mapping property ||@™*T : @2°FE — QL°F|| < |T: E — F||"
for al T € L(E; F).

« is called finitely generated if for all E and z € Q™°F,
o(z;®™°E) = inf{a(z;®™*M) | M € FIN(E), z € @™°M}.

A detailed study of 4 and s can be found in [F1]; the theory of s-tensor norms
(in the spirit of Grothendieck’s theory of tensor norms of order 2, see [DF|) will be
developed in a forthcoming paper [F2]. We do not need anything from the general
theory in this paper. Note that for convenience the definitions allow n to be 1: in

this case ®LF 1pi RLE.

1.4. Let i be an ultrafilter on a set I; the ultraproduct (along ) of a family
(E,).er of Banach spaces E, will be denoted by (E,)y (see e.g. [DF] 18.4]). Now
take ¢, € L(Eh,,...,Ey,; F,) for all © € I such that sup;c; [|¢.| < co. Then

@u((q"})ua teey (J"ZL)M) = (@L(m}a s ’xf))u
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defines an n-linear map (Ey )y XX (Ey, )y — (F,)u between the ultraproducts;
it easily follows that [|(¢,) || = limy ||¢,||. If F, = K™, then

n n

(@L)u((x?)ilv s (@ )U) = hirin @L(xle 1))
since (K™)y = K™; in this case we write limg ¢, for (¢,). f By, = - =E,, =
E,, it is clear that (p,)y is symmetric if all ¢, are; in particular, for polynomials
q, € P"(E,; F,) with sup, ||l¢.| < oo,

(qL)u((J?L)u) = (qL(xL))u = @u((@)uv R (xL)u)

is an n-homogeneous polynomial (E,)y — (F,)y. Again it is rather immediate to
see that
(Pn(EL; FL))u - Pn((EL)M§ (FL)M)7 (QL)H - @u

is an isometry; for F, = K™ we write limy ¢, := (¢.)y. The purpose of this paper

is to study under which circumstances (g,) (resp. (¢.),) is in a certain class of
polynomials (resp. n-linear mappings) if all g, (resp. ¢,) are.

1.5. For this, two special properties of ultraproducts will be needed: local deter-
mination and local duality.

Proposition (local determination of ultraproducts). Let E, be normed spaces for
v € I and {0} # M € FIN((E,)y). Then there are, for all v € I, operators
R, € L(M;E,) such that

(a) = = (R,x)y for all x € M;

(b) ||IR.|| <1 for all v € I and there is an U € & with |R,|| =1 for all v € U;

(c) for all € > 0 there is an U. € ik such that the inverse R ' : R,(M) — M
exists and ||R; || <1+ ¢ for all v € Ue.

This is due to Kiirsten [K| Satz 4.1] and Heinrich [H| Prop. 6.1]. Here we shall
only need (a) and the first part of (b).

1.6. For the local duality, take normed spaces E, and denote by
T By — (BYy, Ja)u=lima!

the natural map from 1.4., i.e., (J(z})y, (x,)y) = limy(z},z,), and by

K (E)a— (Bl L (B

L

Proposition (local duality of ultraproducts). Let E, be normed spaces for all v €
I, N € FIN((EL)Q) and L € FIN((EL)u). Then for every e > 0 there is an operator
T € L(N;(E))y) such that

(@) |T||=1and |T7': TN — N| <1+¢,

(b) JT2' =a' for all 2’ € NNim.J,

(¢) (JT2',x) = (Ka,Ta') = (2, x) for allz’ € N and x € L.

This result is due to Kiirsten [K], Stern (see [H] for references) and Heinrich [HI;
the present formulation is taken from the proof of [H, Theorem 7.3]. We shall only
need | T|| =1 and (c).
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2. THE MAIN THEOREM ON ULTRASTABILITY

2.1. Every 2’ € [®}€”=1(®”’C’5Ek)]* defines a (}_;", ny)-linear functional ¢ on
[T, (Ex)™ which is symmetric in the ny variables in Ej for each k = 1,... ,m,
and vice-versa. In the spirit of the notations of 1.1 we may define o’ := 2’. For
ultraproducts and z/ = ¢ the notation

. 12 . L
lin =/ = [l
will be used in the following:

Theorem. Let m,ni,... ,ny € N, U an ultrafilter on I, normed spaces Ey ., a
finitely generated tensor norm B of order m and finitely generated s-tensor norms
ayp of order ny, be given. If 2| € [®gk=1 (®Z§’3Ek¢)}/ =: H, for all v € I such that
sup, ey ||z || o, < oo, then
I
i =/ € (@ (057 (Bro)y )| = H
and || limu ZZHH S hmu ||ZZ||HL .

Proof. Since [ and all oy are finitely generated, it is enough to show that for all
M, € FIN((Ey,.)u) and all z € @), [@™*M,;] =: M,

[tz 27, 2)| < lim || (]|, - B(z €51 "My, -, @57 Mon)
holds. Given these M} the local determination of ultraproducts (see 1.5) gives

operators Ry, : My — Eji, with |Ry,|| <1 and (Rk,.zx)y = xx for all x5, € My;
it follows that

(lip st [5m] ©-- @ [ ] )

and hence for all z € M,

({lim 2/, 2)| = [lim {2/, R,2)|

<| 1iir1n ||ZZ||HL5(RLZ§ Qar B, - - a®Z::’,’sEm,L)|

< [l 2l R ™ - R 778 (2 @51y, @2 M)

by the metric mapping properties of # and aq, ... , ay,. This is the desired inequal-
ity. [l

In other words, the natural map

!
([epm e Bl ), — o5 (o5 ()

has norm < 1. It is rather immediate that the norm is 1 if all E, # {0} and that
for 8 = m and ay = 7, this is even an isometry (as in the special cases of 1.4, one
has to take wx, € Bg,, with [(z],...)| > [|z]]|(1 —¢)).

!/
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2.2. Note the special cases of m = 1 (polynomials) and all ng = 1 (no symmetry):
(a) If v is a finitely generated s-tensor norm of order n, then for all normed spaces
FE, the natural map
li

(@E)), — (07 (E))

has norm < 1.
(b) If 3 is a finitely generated tensor norm of order m, then for all normed spaces
Ej,,, the natural map

(@s(Br,.. ,Em))’)u — (@s((Bru - ,(Em,L)u))'

has norm < 1.

2.3. It is clear that the same reasoning gives that the natural map

([ome@3amBed] ), =[50 (B (Br)))

has norm < 1.

3. SCALAR-VALUED IDEALS OF POLYNOMIALS AND MULTILINEAR MAPPINGS

3.1. A subclass Q@ C P™ of n-homogeneous continuous scalar-valued polynomials
on Banach spaces is called an ideal, if

(a) Q(E) :=P™"(E)N Q is a linear subspace of P"(E) for all Banach spaces E,

(b) if T € L(E;F) and g € Q(F), then qoT € Q,

(c) Koz~ 2"eK]eQ.
If || - |lo : @ — [0, 0] satisfies

@) |- ||Q‘Q(E) is a norm for all Banach spaces E,

®) lgeTlle < IITII™|lgllg in the situation of (b),

() |IKoz~2"eK|g =1,
then (9, - ||o) is called a normed ideal of n-homogeneous polynomials. It can
easily be seen that always ||¢|| < |l¢/lg¢ and that Q(M) = P*(M) = ™M’ for
all finite-dimensional M. It would also be possible to define ideals of polynomials
on normed spaces (not only Banach spaces) — but this would not make much of a
difference.

It is rather immediate to see that for each s-tensor norm « of order n

QE) = (@3°EB)’

defines a normed ideal of n-homogeneous polynomials. For a = €5 one obtains the
integral polynomials (see e.g. [ET], chap. 3] for their properties). It is not difficult
to see that all extendible n-homogeneous polynomials (i.e., those ¢ € P™(E) such
that for all super spaces G D FE there is an extension ¢ € P"(G) of G; see Kirwan
and Ryan [KR]) are also of this form; in this case the s-tensor norm « of order n is
the “injective associate” of the projective s-norm 7y, i.e., satisfies

1
Q1E < @1 o (B ;

we omit the details.
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3.2. For (Q,| ||o) and ¢ € P™(E) define

9]l Qe := sup{lla|,llo | M € FIN(E)} € [0, 00].

(2,1l llg) is called mazimal if every ¢ € P"(E) with |q[lg,,., < oo is in Q
and flglo = lldllon.. (@1 llo) is called ulirastable if for ¢, € Q(E,) with
supe; @]l < oo one has limg g, € Q((E,)y) and | limyq. o < sup|lq.o (and
hence < limy ||q.||o)-

Theorem. For each normed ideal (Q, || ||g) of n-homogeneous (scalar-valued) poly-
nomials the following statements are equivalent:

(1) (9,] o) is mazimal.
(2) (9,1l lle) is ultrastable.
(3) There is a finitely generated s-tensor norm « of order n such that

Q(E) = (31°E)'

for all Banach spaces E.

It is clear that this result can be conjectured when knowing the Kiirsten-Heinrich
characterization of maximal Banach operator ideals [H, Theorem 8.1] and Lotz’
representation with tensor norms of order 2 (see [DF}, 17.5]. It follows from (3) that
Q(FE) is a Banach space if Q is maximal.

Proof. (1) ~ (3). For finite-dimensional Banach spaces M define o by
@M = Q(MY

and for arbitrary normed spaces E by

a(z;@™°E) = inf{a(z; @ °M) | M € FIN(E), z € ®°M} .
It is straightforward to see that « is a finitely generated s-tensor norm of order n
with (%) Q(M) = (®@2°M)" it M is finite-dimensional. Now

lg" @ my = sup{l{a™, )| | alz; @™ E) <1}
= sup{|<(q‘M)L,z>| | M € FIN(E), z € @™°M, a(z;@™°M) < 1}

= sup{lla] ,llo | M € FIN(E)} = [lqllo
by the maximality of Q.

(3) ~ (2). This is the special case 2.2(a) of the main theorem.

(2) ~(1). Let g € P™(E) with ||¢]| ga < 00 and let 4 be an ultrafilter finer than
the order filter in FIN(E). For q‘M on M € FIN(E) one obtains ||q‘M||Q < gl @
and limg q| a5 (M) — K extends ¢ (via the natural isometric embedding £ —
(M)g). If follows from (2) that ¢ € Q and

lalle < | liggch\Mllg <suplq|,,lle = lallQua

and hence ||gllg = sup||q|,,Ilo since always || - [ o,... <[ [le. O
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3.3. Every ¢ € P"(F) has an extension to P*(E"): the Aron-Berner extension (see
[AB]) can easily be seen as an iterated limit along local ultrafilters of E (see [LR]
or [F1), 6.9]). This motivated Dineen and Timoney [DT] and Lindstrém and Ryan
ILR] independently to define an “uniterated” Aron-Berner extension (as it is called
in [F1]) as follows: for ¢ := (M, N, ¢) € I :== FIN(E") x FIN(E")x]0, 1] choose with
the strong principle of local reflexity an operator T, € £L(M; E) with T,x = x for
all z € M N E such that ||T,]] <14 ¢ and (T,2”,2') for all (z”’,2') € M x N; for
" € E" define f,(2"):= T, 2" if 27 € M and f,(2”) := 0 otherwise. Take a local
ultrafilter 4 on I, i.e., an ultrafilter which is finer than the order filter on I, then
the natural mappings

Jp: B — (E)y; 2"~ (ful@”))y,

Qe:(E)y — E"  (z)u ~ limga,
(o(E", E')-limit) have the following properties: Jg is an isometry which extends
the natural embedding E — (E)g, the mapping Qg has norm 1 (if F # {0}) and
JeQgp : (F)y — imJg < E" is a norm-1-projection. For ¢ € P™(E) define

7= [limg] o J5 € P"(E")

hence g% (2"') = lim, « q(f,(2")); it is clear that g* extends g. The foregoing theorem
implies the following:

Theorem. Let Q be a maximal normed ideal of n-homogeneous polynomials, q €
P™(E) and i a local ultrafilter of E. Then q € Q(E) if and only if 7* € Q(E");
in this case ||7%]la = |lqll o-

In particular, this applies to the class of integral polynomials. Note that it took
considerable effort to prove this result for the iterated Aron-Berner extension in
the cases Q := P" (Davie-Gamelin [DG]) and Q := {integral polynomials} (due to
IC7Z]; in [E1), 6.8] there is an alternative proof).

3.4. Tt is clear that a theorem like 3.1 holds also for normed ideals of m-linear
functionals originally defined by Pietsch [P] in 1983: a subclass A of all n-linear
continuous functionals on Banach spaces is an ideal if (for all Banach spaces Ej
and F})
(a) A(Ey, ..., Ey) :=ANL(Ey,... ,E,) is a linear subspace of L(E, ..., Ey),
(b) if T; € L(Ej; F;) and ¢ € A(En, ..., Ey), then oo (Th,...,T,) € A,
(¢) [K"> (z1,...,2p) »~ 21 -2, € K] € A
If|| - ]]a: A— [0, 0] satisfies

(@) |- ||A|A(E1,...,E,,) is @ norm on A(E1,...,E,),
M) oo (Tr,... ,To)lla < IT| - |Tnll l|@lla in the situation of (b),
) |IK" > (z1,... ,&pn) 212y € K[| a =1,

then (A, | ||.4) is called a normed ideal of n-linear functionals. It is obvious from
3.2 how to define that (A, | ||.4) is maximal or ultrastable. The same kind of ideas
as in the proof of Theorem 3.2 gives the following;:

Theorem. For every normed ideal (A, || ||.4) of n-linear functionals the following
statements are equivalent:

(1) (Al |la) is mazimal.
(2) (A, ]l la) is ultrastable.



1432 KLAUS FLORET AND STEPHAN HUNFELD

(3) There exists a finitely generated tensor norm [ of order n with

(2p(Er, ... E)) £ A(Ey, ... Ey)

for all Banach spaces E1, ..., E,.

4. VECTOR-VALUED IDEALS OF POLYNOMIALS AND MULTILINEAR MAPPINGS

4.1. A normed ideal of n-homogeneous continuous vector-valued polynomials on
Banach spaces is, by definition, a pair (Q, || ||g) such that:
(a) Q(E; F):=QNP"(E;F) is a linear subspace of P"(E; F') and || ||Q}Q<E;F) is
a norm on it.
(b) IfT € ,C(El;EQ), qc Q(EQ;E?,) and S € L:(Eg;E4), then SoqoT € Q and
1S oqoTlo <|T|"llqlle S]]
(¢) K>z~ 2" €K]isin Q and has norm 1.

4.2. We are only interested in ideals coming from tensor norms. For this the
following notation will be used:

LE;G")=(E®:G), T~ B,

PYE;G) = L(QME;G) = ((90°F) ©: G)', g~ By 1= Bye.
Let « be a finitely generated s-tensor norm of order n and ( a finitely generated
tensor norm of order 2. We define g€ Py, 5 (E; F) if Bep 0 g) € ((®Z’5E)®5F’)/ and
in this case ||q||(a,8) := [|Bsr o qll(...) (here g : F — F" is the natural injection).
It is easy to see that (P(;, 5 || [l(a,5)) is a normed ideal in the sense of 4.1. If C is

the maximal Banach operator ideal associated with the dual tensor norm 3’ of 3,
then from the representation theorem [DF] 17.5] we get

Pl (B F) 1 C(®.°E;F).

A consequence of this is that 73("& 8) is regular, i.e., q € 77("& B)(E; F) if (and only
if) sr 0 q € Py, 5)(E; F") and |||l (a,) = [I3¢F © ql|(a,p)- It is also rather routine to
show that P, ) is mazimal in the following sense: ¢ € P™(E; F) is in Plog if

sup{ [|QF o q| (e, | L € COFIN(E), M € FIN(E)} < oo

and then this number is [|q||(4,) (where COFIN(E) := {L C E/L finite-codimen-
sional, closed subspace of E) = {N° | N € FIN(E')} and Qf : F — F/L the
canonical quotient map). However, it seems to be unlikely that every maximal and
regular (Q, || [[@) is of the form Py, 5, contrary to the scalar case.

Just one example: Since [®*E] ®. F < P"™(E'; F), one can deduce from [IM]|
Lemma 2.1.] (see also [A2] for the reflexive case) that P _(E; F’) is the space of
integral n-homogeneous polynomials £ — F’ in the sense of Alencar [AT].

Theorem. The ideal P(’Laﬁ) s ultrastable, i.e., if 8 is an ultrafilter on I and q, €

’P(”a’ﬁ)(EL;FL) such that sup ||q.||(a,3) < 00, then (q.)y € P(Tlaﬁ)((EL)u; (FL)L[) and
I1(g)y(ll o,y < limy (|, (o, 8)-

See 1.4 for the notation.
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Proof. Let V€ L(®%°(E,)u; (F,)y) be the operator associated with (g,),. One
has to show that V & C(éZ’S(EL)u; (F,)u) where (C,C) is the Banach operator

ideal associated with 3 and V is the extension of V to the completion @, (E, ).
From the main theorem in Section 2 we get

/
o liinﬁnpt oq € [(@Z’S(EL)L[) ®p (FL,)H} = H

and [|2'||lg < limy [|q. (a8 If 2/ = Bu with U < ll(éZS(EL)u,(FL’)h) (hence

C(U) = ||#'||u), then U = K oV where K : (F,)y =: F — (F/){ =: G’ is the
natural mapping from 1.6 (check on [®"(z,)y] ® (2!)y). Using maximality it is
enough to show that

~ F
1M = &1 (E)y -5 F 258 F/NO = N'| < |||la

for all M € FIN(&."(E,)y) and N € FIN(F'). With L := V(M) C F the local
duality 1.6 of ultraproducts gives an operator T' € L(N;G) with ||| =1 and

(KV(),T2 ) = (@, V(W) pr r = (QRoV (1), 2) nr

for all w € M and 2’ € N. This means Qﬁo 0‘7|M = T’oKoV‘M. It fol-
lows that C(QY. o V|,,) < IT'|C(K - V]|,,) = C(U|,,) < 2|l and therefore

(@) yll(a,8) = C(V) < limy [[¢. | (a.p)- O

4.3. Note the special case § = 7 and ¢¥ : E, — ®™°E, being the “canonical”

polynomial ¢°(z) := ®"z, i.e., (¢°)L = idgnr<p, and Hq?H(am) = 1. Then (¢?) is

in Po,x ((E)u; (éZ’SEb)u) which means that the natural map
@0 (B)u — (25°E.),

defined by ®"(z,)y ~ (®™x,)gy has norm < 1, if « is a finitely generated s-tensor
norm.

4.4. For any ultrafilter 4l and normed space F' the map Qp : (F)y — F” from
3.3 is well-defined, extends the natural embedding F' — (F)y and satisfies

(Qr((y)w), ¥ )Y pr p = lim(y,, V)R F

If {1 is a local ultrafilter of another space E and ¢ € P"™(E; F'), then (see 3.3 for the
notation)

7 =Qro(q)yoJp: E' — F’
is an n-homogeneous polynomial which extends ¢ and can be calculated as follows:
(@ (")) P g =limdg(£.(")), /)
Theorem 4.2 and the regularity of ’P(”a, 3) imply the following:

Corollary. Take g € P*(E; F) and a local ultrafilter on E. Then the extension g~
is in Py, 5 (E"; F") if and only if q is; in this case ||q||(a,6) = 17 (8-
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4.5. For n-linear operators F1 X --- X E,, — F' the same ideas apply: a normed
ideal of n-linear continuous operators between Banach spaces is a pair (A, || [|.4)
such that
(a) A(Er,...,BEn; F)=ANL(EL,...,Ey; F) is linear and || ||A|.A(E1,.A.,E,,L;F) 18
a norm,
(b) ifTj € L(G}; Ej), ¢ € A(En, ... ,En F) and S € L(F;G), then the composi-
tion S oo (Th,...,Ty) is in A and
[So@o(Ty,....T)lla < [[S[HIelal Tyl - ITnll,
(¢) [K" 3 (z1,...,2p) » 21 xn €K]isin Aand ||---]|4a=1.

Every tensor norm 8 of order n + 1 defines an ideal Ag as follows: an n-linear
map ¢ isin Ag(En, ..., E,; F) if and only if the (n+ 1)-linear form associated with
#p o isin [®g(Er,...,Ey, F)].

An ideal (A, || ||4) is called mazimal if

pllames := sup{|QL © @]y, «...xcar, Ila | M;j € FIN(E;), L € COFIN(F)} < o0

implies ¢ € A and ||¢]|.4 = ||| amax holds. The ideal is called regular if »p o ¢ €
A(E1, ..., En; F”) implies ¢ € A and ||¢]|la = ||¢F o ¢||l.4; it is easy to see that
the ideals Ag are regular. A is wltrastable if for ¢, € A(E1,,...,E,,;F,) with

loll.a < c the operator (¢,), is in A((El,L)u; v (Bn)ws (FL)LL) and [[(¢)ylla <
sup [, [|.a-

Theorem. Let (A, | )4 be a normed ideal of n-linear continuous mappings be-
tween Banach spaces. Then the following statements are equivalent:

(1) (Al |la) is mazimal.

(2) (A, || la) is ultrastable and regular.

(3) There is a finitely generated tensor norm [ of order n+ 1 such that

A(Er, ... ,Ep; F') = (94(B,. .., En, F)),
A(E1, ... ,Ep; F) = (93(E1, ... ,En, F')) NL(Ey,... ,En; F).

Proof. (1) ~ (3) runs exactly as in the case n = 1 (see [DF} 17.5.], the extension
lemma holds also for finitely generated tensor norms of arbitrary order) with a
construction of § as in the proof of Theorem 3.2.

(3) ~ (2). Ultrastability follows from the main theorem as in the proof of
Theorem 4.2; the regularity follows immediately when looking at the (n + 1)-linear
functionals appearing in the two formulae in (3).

(2) ~ (1). Take p € L(E4, ..., Ey; F) with ||¢]| amax < co. Following Heinrich’s
proof for the case n = 1 (see [H]) consider I := FIN(F;) x - - - x FIN(FE,,) x FIN(F")
and let 4 be an ultrafilter finer than the order filter. For « = (My,... ,M,, N)
define Ey,, := My and F, := F/N° and metric embeddings

Ji: By — (Ek,b)u T ~ (xk,L)il

where x, = zp if x; € My and = 0 otherwise. Moreover, define a mapping
Q:(F)y— F" by .
<Q(yL)Ll7yl> = hifln<yuyi>

where y =3/ if y’ € N and = 0 otherwise; @ has norm < 1.
For ¢, := Qo o <p|M1meM’ one obtains

%FO(p:Qo(?L)uo(Jl,...,Jn)E.A
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with |27 o ¢||la < lim, ||@|la < ||@]| amax; the regularity gives ¢ € A, and ||p]|a =
2w o lla < llpl s O

For n = 1 the equivalence (1) v« (2) is the Heinrich-Kiirsten result for Banach
operator ideals and (2) v» (3) Lotz’ respresentation theorem. Note that the result
implies that all A(Ex,..., E,; F) are Banach spaces if (A, || ||.4) is maximal.

4.6. As in 4.3 one obtains that the natural map
@Y k1 (Bra)y — (®Z,k=1Ek,L)u

defined by (z))y ®@ -+ @ (2")y ~ (2} @ -+ ® 27")y has norm < 1 if ~ is a finitely
generated tensor norm or order n. For a proof define the tensor norm 3 of order
n+ 1 by

®[3(E17 cee aEna En-i—l) = [®’y(E17 cee 7En)] Qr En-‘,—l 3
and apply the theorem to ® : By, x --- x B, , — év(El,L, oo By = F,.
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