
PROCEEDINGS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 6, Pages 1805–1808
S 0002-9939(01)06220-7
Article electronically published on December 20, 2001

A RICCI-SEMI-SYMMETRIC HYPERSURFACE
OF EUCLIDEAN SPACE WHICH IS NOT SEMI-SYMMETRIC

BAHAA E. ABDALLA AND FRANKI DILLEN

(Communicated by Wolfgang Ziller)

Abstract. We construct the first explicit example of a Ricci-semi-symmetric
hypersurface of Euclidean space which is not semi-symmetric.

1. Preliminaries and introduction

Let (Mn, g) be a Riemannian manifold of class C∞. Let R, defined by

R (X,Y )Z = [∇X ,∇Y ]Z −∇[X,Y ]Z,

denote the Riemann-Christoffel curvature tensor of Mn and let S, defined by

S (Y, Z) = trace {X → R (X,Y )Z} ,
denote the Ricci tensor of Mn. For any (0, k)-tensor field T on Mn, we define a
(0, k + 2)-tensor field R · T by

(R · T ) (X1, . . . , Xk;X,Y ) = −T (R (X,Y )X1, X2, . . . , Xk)

−T (X1, R (X,Y )X2, . . . , Xk)− · · · − T (X1, . . . , Xk−1, R (X,Y )Xk) .

A Riemannian manifold (Mn, g) is said to be semi-symmetric if

R ·R = 0(1.1)

on Mn. It is well known that the class of semi-symmetric manifolds includes the
set of locally symmetric manifolds (∇R = 0) as a proper subset. A Riemannian
manifold (Mn, g) is said to be Ricci-semi-symmetric if

R · S = 0.(1.2)

The class of Ricci-semi-symmetric manifolds includes the set of Ricci-symmetric
manifolds (∇S = 0) as a proper subset. Evidently, condition (1.1) implies condition
(1.2). The converse is in general not true. However, under certain conditions (for
instance if n = 3), (1.1) and (1.2) are equivalent; see [3] for an account of results
in this direction.

A long-standing open problem is the following: are conditions (1.1) and (1.2)
equivalent for hypersurfaces in Euclidean space? This problem is known as Ryan’s

Received by the editors July 28, 2000 and, in revised form, November 28, 2000.
1991 Mathematics Subject Classification. Primary 53B25.
Key words and phrases. Semi-symmetric, Ricci-semi-symmetric, hypersurface.
The second author is a Postdoctoral Research Fellow of the Fund for Scientific Research–

Flanders.

c©2001 American Mathematical Society

1805



1806 BAHAA E. ABDALLA AND FRANKI DILLEN

problem, although P. J. Ryan never stated this problem explicitly for hypersur-
faces in Euclidean space. In his papers [7], [8], Ryan studies the relation between
the two conditions, proving for instance that conditions (1.1) and (1.2) are equiv-
alent for hypersurfaces in spheres and hyperbolic spaces and for hypersurfaces of
Euclidean space with nonnegative scalar curvature. Another interesting result in
this direction is proved in [5]: conditions (1.1) and (1.2) are equivalent for com-
plete hypersurfaces of Euclidean space. Also it is proved in [2] that conditions
(1.1) and (1.2) are equivalent for hypersurfaces of 5-dimensional semi-Riemannian
space of constant curvature. Finally, F. Defever shows in [1] the existence of a 5-
dimensional hypersurface of Euclidean space that is Ricci-semi-symmetric but not
semi-symmetric. Defever’s result is an existence result: no explicit examples are
given. In the present paper we give for all dimensions n > 4 an easy and explicit
example of a hypersurface in Euclidean space En+1 that is Ricci-semi-symmetric
but not semi-symmetric.

2. The example

Let Mn be a hypersurface of the Euclidean space En+1. Denote by ∇ and D the
Levi-Civita connection of Mn and En+1 respectively. For any vector fields X, Y
tangent to Mn, the formula of Gauss is given by

DXY = ∇XY + h (X,Y ) ξ,(2.1)

where h is the scalar-valued second fundamental form, and ξ a unit normal vector.
The formula of Weingarten is given by

DXξ = −A(X),(2.2)

where A is the shape operator of ξ. The shape operator is related to the second
fundamental form h by

g (A(X), Y ) = h (X,Y ) ,

where g is the induced metric on Mn. Then the equation of Gauss is

R (X,Y )Z = g (A (Y ) , Z)A(X)− g (A (X) , Z)A(Y ).

Now, we take any point p ∈M and an orthonormal basis {e1, . . . , en} at p which
diagonalizes the shape operator A with principal curvatures λi (i = 1, . . . , n). With
respect to this frame, the only nonzero components of the Riemann-Christoffel
curvature tensor are

Rijji = λiλj , i 6= j, 1 ≤ i, j ≤ n,
and the Ricci tensor is diagonal with eigenvalues

Sii = −λi

∑
i6=j

λj

 .

Using the equation of Gauss, the set of equations for R ·R = 0 amounts to

λiλjλk (λi − λj) = 0, i 6= j, j 6= k, k 6= i, 1 ≤ i, j ≤ n.(2.3)

The set of equations for R · S = 0 amounts to

λiλj (λi − λj)

 ∑
k 6=i,k 6=j

λk

 = 0, i 6= j, 1 ≤ i, j, k ≤ n.(2.4)
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We remark that any solution of (2.3) is indeed a solution of (2.4). We remark that
equations (2.3) and (2.4) appeared first in [6] and [7] respectively.

In [1], Defever proved the existence of a hypersurface M5 of E6 which has prin-
cipal curvatures (0, b, b,−b,−b) at every point p ∈ M5, for some function b on
M5. In this section we give an easy explicit example of such a hypersurface. It is
clear that a hypersurface with principal curvatures (0, b, b,−b,−b) at every point
is Ricci-semi-symmetric but not semi-symmetric, assuming b 6= 0. More general,
a hypersurface with principal curvatures (0, b, . . . , b,−b, . . . ,−b), where b and −b
have the same multiplicity, is Ricci-semi-symmetric but not semi-symmetric.

Let n > 1 and Sn =
{
p ∈ Rn+1 such that |p| = 1

}
be the standard unit sphere.

First consider

M2n = Sn1 × Sn2 =
{

(p, q) ∈ R2n+2 = Rn+1 × Rn+1 such that |p| = |q| = 1
}
.

Next we take the cone C2n+1 on M2n, with top at the origin, such that a parametri-
zation is given by

C2n+1 =
{

(tp, tq) ∈ R2n+2 such that |p| = |q| = 1, t ∈ R, t > 0
}
.

It can be easily seen that the unit normal of C2n+1 is given by

ξ =
1√
2

(−p, q) .(2.5)

To evaluate the shape operator of C2n+1, let u and v be parameters in Sn1 and Sn2 ,
respectively. Then we have that

∂u = (tpu, 0) , ∂v = (0, tqv) , ∂t = (p, q) .

We also have that

D∂uξ =
−1√

2
(pu, 0) , D∂vξ =

1√
2

(0, qv) , D∂tξ = 0.

Now using (2.2), we find that

A (∂t) = 0, A (∂u) =
1√
2t
∂u, A (∂v) =

−1√
2t
∂v.

Hence the principal curvatures of C2n+1 are given by (0, 1√
2t
, . . . , 1√

2t
, −1√

2t
, . . . , −1√

2t
).

Thus we have constructed a hypersurface of every even-dimensional Euclidean
space of dimension at least 6 which is Ricci-semi-symmetric but not semi-symmetric.
We can remark that we can obtain a hypersurface of every odd-dimensional Eu-
clidean space R2n+1 of dimension at least 7 which is Ricci-semi-symmetric but not
semi-symmetric by considering the product of a cone in R2n with a line R.

Recently, a class of non-semi-symmetric Ricci-semi-symmetric hypersurfaces of
semi-Euclidean space forms was described in [4].

Added in proof

Recently we were informed by V. A. Mirzoyan that he has obtained an intrinsic
classification of Ricci-semi-symmetric hypersurfaces of Euclidean space.

[Mirzoyan, V. A., Classification of Ric-semiparallel hypersurfaces in Euclidean
spaces, Sb. Math. 191 (2000), no. 9, 1323–1338.]
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