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Lp VERSION OF HARDY’S THEOREM
ON SEMISIMPLE LIE GROUPS
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(Communicated by Christopher D. Sogge)

Abstract. We prove an analogue of the Lp version of Hardy’s theorem on
semisimple Lie groups. The theorem says that on a semisimple Lie group, a
function and its Fourier transform cannot decay very rapidly on an average.

1. Introduction

Uncertainty principles related to decay of a function and its Fourier transform
have a long history, starting from a theorem due to Hardy (see [10], [8]). Hardy’s
theorem consists of two parts: in the first it characterises the heat kernel in terms of
its decay and that of its Fourier transform and in the second it shows that a nonzero
function and its Fourier transform can have no faster decay. Several generalisations
of the second part of Hardy’s theorem has appeared since, most notable among them
being the results of Cowling-Price and of Beurling (see [3], [14]). The theorem of
Cowling and Price says roughly that it is not possible for a nonzero function and
its Fourier transform both to decay very rapidly. To be precise, let ea(x) = eax

2
;

then if ‖eaf‖p <∞, ‖ebf̂‖q <∞, min(p, q) <∞ and ab ≥ 1
4 , then f = 0. The case

p = q =∞ was treated by Hardy.
Recently, considerable attention has been paid to proving analogues of Hardy’s

theorem and its Lp version in the setup of noncommutative groups (see [2], [4], [5],
[6], [7], [8], [16], [17], [18], [19], [21] and references therein). In [20], Sitaram and
Sundari generalised the second part of Hardy’s theorem to connected semisimple
Lie groups with one conjugacy class of Cartan subgroups and to the K-invariant
case for general connected semisimple Lie groups. This result was extended to all
semisimple Lie groups with finite centre by Cowling et al. in [5]. In this paper our
aim is to discuss the analogue of the theorem of Cowling and Price on semisimple
Lie groups. It turns out that the obvious analogue of the Cowling-Price theorem is
false on semisimple Lie groups for p > 2 (see the example in section 3), that is, for
p > 2 there may exist a nonzero K−bi-invariant function f such that for ab = 1

4 ,∫
G
|f(x)|pepa|x|2Gdµ(x) < ∞ and

∫
A∗ |f̂(λ)|qeq|λ|2 |c(λ)|−2dλ < ∞ (for the meaning

of the symbols see section 2). So to get an analogue of the Cowling-Price theorem
we need to find the correct decay condition, and our work shows that the correct
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decay condition depends on the index p. In the course of the proof we will make
use of the main lemma proved in [5]. We also mention that the final result proved
in [5] can be deduced from our result as in the Euclidean spaces.

This paper is organised as follows: In section 2 we describe the notation and
background material from the theory of semisimple Lie groups along with some
complex analytic results needed for the Cowling-Price theorem. In section 3 we
prove our version of the Cowling-Price theorem on semisimple Lie groups.

We are grateful to the referee, whose suggestions and comments improved the
presentation of the paper.

2. Notation and preliminaries

In this section we set up the notation that we subsequently employ and recall
some basic facts from the theory of semisimple Lie groups. Our discussion of the
latter will be brief and we refer the reader to [9], [12], [15] for details. Let G be
a connected, non-compact, real semi-simple Lie group with finite center and K be
a fixed maximal compact subgroup of G. Let G, K denote the Lie algebras of G
and K respectively. Let B be the Cartan Killing form on G, and let G = K⊕P be
the Cartan decomposition of G. It is known that B

∣∣
P×P is positive definite, thus it

gives an inner product and hence a norm on P . Let A be a fixed maximal abelian
subspace of P . Let ∆ denote the set of nonzero roots corresponding to (G,A) and
∆+ the set of positive roots with respect to some ordering. Let A+ be the positive
Weyl chamber and A+ = expA+. If Ā+ denotes the closure of A+ in G, then one
gets the polar decomposition G = KĀ+K, that is, each x ∈ G can be uniquely
written as x = k1(x)a(x)k2(x) with k1(x), k2(x) ∈ K, a(x) ∈ Ā+. If Gα denotes
the root space corresponding to α ∈ ∆ with mα = dimGα, then one can choose
a Haar measure dx on G such that relative to the polar decomposition it is given
by dx = J(a)dk1dadk2 where J(a) = J(expH) =

∏
α∈∆+

(
eα(H) − e−α(H)

)mα
and da is a Haar measure on A. If ρ = 1

2

∑
α∈∆+

mαα, then one has, J(a) =
J(expH) ≤ Ce2ρ(H) for H ∈ Ā+. Using the polar decomposition we define |x|G =
|k1(x)a(x)k2(x)| = B(log a(x), log a(x))

1
2 . For λ ∈ A∗, Hλ ∈ A is the unique vector

such that λ(H) = B(H,Hλ) = 〈H,Hλ〉 for all H ∈ A. For λ, µ ∈ A∗ we thus have
〈λ, µ〉 = B(Hλ, Hµ). The bilinear extension of 〈., .〉 to A∗C is also denoted by 〈., .〉.
For λ ∈ A∗, |λ| will denote 〈λ, λ〉 1

2 .
Let G = KAN be the Iwasawa decomposition of G. Then we have the projection

mappings κ : G → K, a : G → A, η : G → N such that x = κ(x)a(x)η(x) =
κ(x) expH(x)η(x) where H(x) = log a(x) ∈ A. Let M denote the centralizer of A
in K. Let δ ∈ M̂ and Hδ be the Hilbert space corresponding to δ. For δ ∈ M̂ and
λ ∈ A∗C we have a representation πδ,λ acting on the Hilbert space L2(K/M, dk,Hδ)
and the action is given by

(πδ,λ(g)f)(k) = e−(iλ+ρ)H(g−1k) f(κ(g−1k)).

The πδ,λ’s are called the principal series representations induced from the minimal
parabolic subgroup. πδ,λ is unitary if λ ∈ A∗. It is known that given δ ∈ M̂ there
exists a dense open subset Oδ ⊂ A∗ such that for λ ∈ Oδ, πδ,λ is irreducible and
the only identification among the above-described representations are given by the
obvious action of the Weyl group on M̂ and A∗.
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If δ is the trivial representation of M , then πδ,λ is denoted by πλ, the so-called
spherical principal series representations, which are realised on the Hilbert space
L2(K/M). Note that πλ|K are given by left translation on L2(K/M), in particular
the K-fixed vectors are given by constant functions. Let φλ be the elementary
spherical function corresponding to λ ∈ A∗C, that is, for λ ∈ A∗C

φλ(x) = 〈πλ(x)1 , 1〉

=
∫
K

e−(iλ+ρ)(H(x−1k)) dk =
∫

e(iλ−ρ)H(xk) dk,

where 1 denotes the constant function 1(x) = 1 for all x ∈ K/M. The following
properties of φλ are crucial for us and can be found in ([9], [12]).

Proposition 2.1. i) φλ(x) is K-bi-invariant in x ∈ G and W invariant in λ ∈ A∗C.
ii) φλ(x) is a C∞ function of x and a holomorphic function of λ.
iii) We have

e−ρ(H) ≤ φ0(expH) ≤ C(1 + ‖H‖)me−ρ(H)

for H ∈ Ā+ and some constants C, m > 0.
iv) We have

0 < φiλ(expH) ≤ eλ(H)φ0(expH)

for H ∈ Ā+ , λ ∈ Ā+
∗.

The following lemma, proved in [3], is crucial for us.

Lemma 2.2. Suppose that g is analytic in the region Q = {z = reiθ : 0 < θ < π
2 }

and continuous up to the boundary. Suppose also that for p ∈ [1,∞) and constants
A, a

|g(x+ iy)| ≤ A eax
2

(x+ iy ∈ Q̄),(∫ ∞

0

|g(x)|p dx
) 1
p

≤ A.

Then ∫ σ+1

σ

|g(ρeiψ)| dρ ≤ A max (ea, (σ + 1)
1
p )

for ψ ∈ [0, π2 ] and σ ∈ R+.

Lemma 2.3. Suppose f : Cn → Cn be an entire function such that for positive a
and m

i) |f(z)| ≤ C ea‖Re z‖
2

(1 + ‖Imz‖)m,
ii)
∫
Rn |f(x)|p |Q(x)| dx <∞

for some p , 1 ≤ p <∞, where Q is a measurable function on Rn with the property
that, for almost all x̃ ∈ Rn−1, Q(x̃, t) is bounded away from zero as a function of
t ∈ R outside a compact set. Then f = 0.

Proof. Fix some x̃ ∈ Rn−1 with the property that Qx̃(t) = Q(x̃, t) is bounded away
from 0 for large t and define gx̃(z) = f(x̃, z) for z ∈ C. Then gx̃ is an entire function
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on C and satisfies i) and ii). Assuming the lemma to be true for n = 1, we get
f(x̃, z) = 0 for almost every x̃ ∈ Rn−1. Thus f = 0 almost everywhere on Rn and
hence on Cn. So it is enough to prove the case n = 1. In this case ii) implies that∫
R |f(x)|pdx is finite. Let g(z) = f(z)

(i+z)m for Imz > 0. Then g satisfies the conditions
of Lemma 2.2, which gives the estimate∫ σ+1

σ

|g(ρeiψ)|dρ ≤ Cmax{ea, (σ + 1)
1
p }

for ψ ∈ [0, π2 ]. Considering g1(z) = f(−z)
(i+z)m , g2(z) = f(z̄)

(i+z)m , g3(z) = f(−z̄)
(i+z)m , we have

for large σ ∫ σ+1

σ

|f(ρeiψ)dρ ≤ C(σ + 1)m(σ + 1)
1
p ,

for ψ ∈ [0, 2π]. Now by Cauchy’s integral formula,

|f (n)(0)| ≤ n!(2π)−1

∫ 2π

0

|f(ρeiψ)|ρ−ndψ.

Consequently, for large σ,

|f (n)(0)| ≤ n!(2π)−1

∫ 2π

0

(∫ σ+1

σ

|f(ρeiψ)|ρ−ndρ
)
dψ

≤ Cn!(2π)−1σ−n(1 + σ)m(1 + σ)
1
p .

So f (n)(0) = 0 for n large. Thus f is a polynomial. Then it follows from ii) that f
is zero.

3. Uncertainty principles

Before we can embark on our extension of the Lp analogue, we need the following
lemma which is essentially in [5].

Lemma 3.1. Let f ∈ L1(G)∩L2(G). Suppose f decays sufficiently rapidly so that
f̂(πδ,λ) makes sense for all δ ∈ M̂ , λ ∈ A∗C (see the remark below), and

f̂(πδ,λ) = 0 for all δ ∈ M̂, λ ∈ A∗C,

then f = 0 almost everywhere.

Remark. For a rapidly decreasing integrable function f , even though f̂(πδ,λ) may
fail to make sense as an operator on L2(K/M, dk,Hδ) when λ ∈ A∗C (note that, in
general, for λ ∈ A∗C \ A∗, πδ,λ is not unitary), we use the notation f̂(πδ,λ) in the
sense of an infinite matrix whose elements are

f̂(πδ,λ)m,n =
∫
G

f(x) 〈πδ,λ(x)em, en〉Hδ,λ
dµ(x) em, en ∈ Hδ,λ.

For more details we refer to [5].

For each δ ∈ M̂ let νδ denote the density of the Plancherel measure on the set
of representations {πδ,λ : λ ∈ A∗}. Let ‖T ‖ denote the operator norm of T.
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With this preparation we proceed to prove the following theorem.

Theorem 3.2. Let f : G → C be a measurable function. Suppose that 1 ≤ p ≤
∞, 1 ≤ q <∞, and a and b are positive numbers such that ab ≥ 1

4 . If
i)
∫
G

( |f(x)| ea|x|2G φ0(x)
2
p−1)p dµ(x) < ∞,

ii)
∫
A∗ eqb|λ|

2 ‖f̂(πδ,λ)‖q νδ(λ) dλ < ∞ for all δ,
then f = 0.

Proof. It suffices to prove the case ab = 1
4 . For λ ∈ A∗C, let Fm,nδ (λ) =∫

G f(x) φm,nδ,λ (x) dµ(x), that is, Fm,nδ (λ) is the (m,n)-th matrix entry of f̂(πδ,λ).
If we can show that Fm,nδ (λ) = 0, then it will follow from Lemma 3.1 that f = 0.
Now,

|Fm,nδ (λ)| ≤
∫
KĀ+K

|f(k1ak2)| eλ
+
I (log a) φ0(a) J(a) dk1 da dk2

=
∫
KĀ+K

|f(k1 expHk2)| ea‖H‖2 φ0(exph)
2
p−1 eλ

+
I (H) e−a‖H‖

2

φ0(expH)2− 2
p J(expH) dk1dHdk2

≤ Const.

(∫
Ā+

(e−a‖H‖
2
eλ

+
I (H) e−(2− 2

p )ρ(H) (1 + ‖H‖)r)p
′

e2ρ(H)dH

) 1
p
′

(by i) and Proposition 2.1)

≤
(∫
Ā+

e−p
′
a‖H‖2+p

′
λ+
I (H) (1 + ‖H‖)rp

′

dH

) 1
p
′

= Const e
1
4a‖HλI ‖

2

(∫
Ā+

e
−p′a‖H− 1

2aHλ+
I
‖2

(1 + ‖H‖)rp′ dH
) 1
p′

≤ Const e
1
4a‖HλI ‖

2
(∫
A
e−p

′a‖H‖2 (1 + ‖H +
1
2a
Hλ+

I
‖)rp′ dH

) 1
p′

.

Hence |Fm,nδ (λ)| ≤ C e
1
4a ‖ Imλ‖2 (1+‖Imλ‖)s. Define Gδ(λ) = Fm,nδ (λ) e

1
4a 〈λ,λ〉 for

λ ∈ A∗C. Then it follows that Gδ(λ) is an entire function in λ and

|Gδ(λ)| ≤ C e
1
4a ‖Reλ‖2 (1 + ‖ Imλ‖)s.(3.1)

As b = 1
4a and |Fm,nδ (λ)| ≤ ‖f̂(πδ,λ)‖, from ii) it follows that∫

A∗
|Gδ(λ)|q νδ(λ) dλ <∞.(3.2)

Theorem 3.2 will be proved if we can show that each νδ(λ) satisfies the conditions
on Q given in Lemma 2.3. When G is a complex semisimple Lie group it is known
that the Plancherel measure is a polynomial in λ and it is easily verified that the
conditions of Lemma 2.3 are satisfied. If real-rankG = 1, then there are two
cases, either rankG >rankK or rankG =rankK. In the first case it is known
that for every fixed δ, νδ,λ is a polynimial in λ, and in the second case it follows
from the explicit description of the Plancherel measure given in [23] (see p. 420)
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that it satisfies the condition of Lemma 2.3. Thus the theorem is true if real-
rankG = 1. For the general case, let us assume that δ is the trivial representation
of M. Other cases can be similarly dealt with. From [11] we have νδ(λ) = |c(λ)|−2 =∏
α∈∆++

|cα(λα)|−2 (here ∆++ is the set of short roots) where each cα(λα) is the
Plancherel measure of certain rank one subgroup of G. From the explicit expression
for the Plancherel measure of the rank one group (see [23]) it is clear that |cα(λα)|−2

is bounded away from zero whenever 〈λα, αα〉α is large enough. Since 〈λα, αα〉α =
〈λ, α〉 (see [12]), |cα(λα)|−2 is bounded away from zero whenever λ is away from
the hyperplane Xα = {β ∈ A∗ : 〈β, α〉 = 0}. Without loss of generality we assume
that no α is in the direction of any axis in A∗. Let us write λ = (λ1, · · · , λn) and
λ̃ = (λ1, · · · , λn−1). Then it is clear that for any fixed λ̃ and N > 0 the intersection
of {λ : |〈λ, α〉| ≤ N} and the axis Xn = {β ∈ A∗ : β = (λ̃, λn)} lies in a bounded
set contained in Xn, say Sα. Now from the above remarks it follows that, for
N large, if λn is outside a compact set containing

⋃
α∈∆++

Sα, then |c(λ)|−2 is
bounded away from 0. This completes the proof of Theorem 3.2.

Remark. The above theorem continues to hold even if we replace φ
2
p−1

0 by φα0 where
α ≤ 2

p − 1. We also observe that for p < 2 our result is stronger than the obvious
analogue stated in the Introduction.

Now we give an example to show that the index 2
p − 1 is optimal.

Example. Let G = SL(2,C). Then

A =
{
at =

(
et 0
0 e−t

)
: t ∈ R

}
and A =

{
at =

(
t 0
0 −t

)
: t ∈ R

}
.

λ ∈ A∗ is identified with λ ∈ R via at 7→ λt. With this identification the Jacobian of
the Haar measure is sinh2 2t, |c(λ)|−2 = λ2, φλ(t) = Const. sinλt

λ sinh 2t (see [12], [22])
and thus φ0 = Const. t

sinh 2t . Also |λ|A∗ = |λ|
4 and ‖at‖G = 4|t|. Fix an s > 2

p − 1.
We will give an example of a nonzero K-bi-invariant function f such that:

a)
∫∞

0 |f(at)|pept
2 ( t

sinh 2t

)sp sinh2 2tdt <∞,
b)
∫
A∗ |f̂(φλ)|qeq λ

2
4 λ2dλ <∞.

Let ψ ∈ C∞c (−β, β) be even. Define f = A−1(ψ) ∗ h where h is the K-bi-
invariant function defined by ĥ(λ) = e−

λ2
4 and A is the Abel transform (see [13]).

f is well defined by the Paley-Weiner theorem, belongs to Lp-Schwartz class for
0 < p ≤ 2 (see [1], [9] for Lp-Schwartz class functions) and f̂(λ) = ψ̃(λ) e−

λ2
4 ,

where ψ̃ is the Euclidian Fourier transform of ψ. Obviously f satisfies b). Using
the spherical Fourier inversion and the explicit description of φλ we can easily prove
that |f(at)| ≤ c e

−t2e2βt

sinh 2t for large t (see [17]). So it is enough to show that for large
N

I =
∫ ∞

N

e2pβt

(sinh 2t)p

(
t

sinh 2t

)sp
sinh2 2tdt <∞.

If s > 0, then

I ≤
∫ ∞
N

e2t{pβ−(p+sp−2)}tspdt;
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as s > 2
p − 1 we can choose a β > 0 such that pβ− p− sp+ 2 < 0. For such a choice

of β, I is finite. If s ≤ 0, that is, p ≥ 2, then

I ≤
∫ ∞
N

e2t{pβ−(p+sp−2)}dt.

Again due to positivity of sp+ p− 2 one can choose a positive β making the above
integral finite. Notice that in this case if we take s = 0, then it follows that the
version of the Cowling-Price theorem without the factor of φ0 is false for p ≥ 2.
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