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ABSTRACT. In this paper, we show that the dimension function of every semi-
linear G-sphere is equal to that of a linear G-sphere for finite nilpotent groups
G of order p™q™, where p, q are primes. We also show that there exists a
semilinear G-sphere whose dimension function is not virtually linear for an
arbitrary nonsolvable compact Lie group G.

1. INTRODUCTION

Let G be a compact Lie group and V an orthogonal G-representation. The unit
sphere S(V) of V is a closed G-manifold whose H-fixed point set is a sphere (or
possibly the empty set) for every closed subgroup H of G. We call this G-manifold
a linear G-sphere. A semilinear G-sphere is defined as a natural generalization of
a linear G-sphere, namely it is a (smooth) closed G-manifold such that the H-fixed
point set is a homotopy sphere or the empty set for every closed subgroup H of G.

Many authors studied linear G-spheres, in particular K. Kawakubo [9] studied
the G-homotopy classification of linear G-spheres for compact abelian groups, and
T. tom Dieck [3] studied these spheres for finite p-groups.

T. tom Dieck and T. Petrie [6] introduced the notion of G-homotopy representa-
tions and developed the (stable) homotopy theory of G-homotopy representations.
E. Laitinen [T0] developed the unstable theory of G-homotopy representations. The
G-homotopy representation X is defined as a G-CW complex satisfying the follow-
ing properties (1)—(3):

(1) For every closed subgroup H, the H-fixed point set X is homotopy equiva-
lent to a sphere SZ)~1 where we define the (—1)-dimensional sphere S~
as the empty set.

(2) n(H) — 1 =dim X for every closed subgroup H. (We set dim{) = —1.)

(3) X has finitely many orbit types.

Note that a semilinear G-sphere is an example of a G-homotopy representation
since any (smooth) G-manifold has a G-CW complex structure. We say that a
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G-homotopy representation X is linear if X is G-homotopy equivalent to a linear
G-sphere.

There exist many nonlinear G-homotopy representations for groups G. (See for
example [16], [I7].)

For any G-homotopy representation X, we define the integer-valued function
Dim X on the set of closed subgroups by setting Dim X (H) = dim X# + 1 for
H < @G. This function is called the dimension function of X. Clearly the dimension
function is a G-homotopy invariant, and the additivity of dimension functions holds,
i.e., Dim X *Y = Dim X 4+ Dim Y for G-homotopy representations, where * means
join. (Note that X %Y is also a G-homotopy representation up to G-homotopy.)
Dimension functions of G-homotopy representations are studied by [4] and [2] for
finite groups and by [I] for compact Lie groups. We say that the dimension function
n is linear if n = Dim S(V) for some G-representation V', and that n is virtually
linear (or stably linear) if n = Dim S(V)) — Dim S(W) for some V and W.

The purpose of this paper is to study the dimension functions of semilinear
G-spheres from the viewpoint of linearity.

For certain groups G, it is known that a semilinear G-sphere with nonlinear
dimension function is constructed by the equivariant surgery. (See Remark
below.) On the other hand, the following result is known for p-groups.

Theorem 1.1 ([7], [4]). For any p-group P, every P-homotopy representation has
a linear dimension function.

Our first result is the following.

Theorem A. Let G be a finite nilpotent group of order p™q™, where p, q are
primes. Then every semilinear G-sphere has a linear dimension function.

Remark 1.2. Theorem A does not hold for G-homotopy representations unless G
is a p-group.

Remark 1.3. Further generalization of Theorem A cannot be expected, because the
following results are known.

(1) There exists a semilinear Cpgr-sphere with nonlinear dimension function for
cyclic groups Cpqr of order pgr, where p, ¢, r are distinct odd primes ([I4],
[)).

(2) There exists a semilinear Z, ,-sphere with nonlinear dimension function for
metacyclic groups Z, , of order pg, where p, ¢ are distinct odd primes and
al(p — 1) (T3).

(3) There exists a semilinear S'-sphere with nonlinear dimension function for
the circle group S* ([15]).

We also show the following result on nonlinearity of dimension functions in Sec-
tion 4.

Theorem B. Let G be an arbitrary nonsolvable compact Lie group. Then there
exists a semilinear G-sphere whose dimension function is not virtually linear.

2. THE CASE OF Cp,

We first note the following fact.

Lemma 2.1. Let G be a compact Lie group. If a semilinear G-sphere ¥ has a
G-fized point, then X is linear, i.e., G-homotopy equivalent to a linear G-sphere,
and in particular its dimension function is linear.
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Proof. Let x be a G-fixed point of ¥. Take a (small) G-invariant neighborhood U
of x which is G-diffeomorphic to Int D(V'), where V is the tangential representation
at . Then the projection ¥ — X /(X -U) = S(V@R) is a G-homotopy equivalence
by the equivariant Whitehead theorem. O

In this section, we show the following special case of Theorem A.

Proposition 2.2. Let G be a cyclic group Cpq of order pq, where p, q are primes.
Then every semilinear G-sphere has a linear dimension function.

Proof. In case p = ¢, by Theorem [T, every semilinear G-sphere has a linear
dimension function. We may assume p > ¢q. By Lemma Bl we may also assume
that the action is G-fixed point free. Let ¥ be a semilinear C)4-sphere without a
Cpq-fixed point, and let n be the dimension function of 3.

We first show the inequality n(C,) + n(C,) < n(1). Put M := X% which is a
homotopy sphere with free C, (= C,,/C,)-action. Put N := ¥ — N(X), where
N (X¢?) is an equivariant open tubular neighborhood of £¢». Then N is considered
as a (compact) Cp-manifold with free Cp-action and its homology group H,.(N;Z)
is isomorphic to H, (S2(1)~2(Ca)=1: 7) by the Alexander duality. Clearly the natural
inclusion ¢ : M — N is a Cp-map. If necessary, by taking the join of S(W) and
N, N * S(W) is simply connected and dim N % S(W) > 3, where W is a free C)-
representation of dimension m > 2. Then N x S(W) is a C,-CW complex which
is (nonequivariantly) homotopy equivalent to Sn(Cq)+m=1 By Proposition 5.9 of
[6], one can see that N % S(W) is Cp-homotopy equivalent to a free Cp-homotopy
representation X of dimension n(1) — n(Cy) +m — 1, and M = S(W) is also a free
Cp-homotopy representation of dimension n(Cp) +m — 1. Let f: N+« S(W) — X
be a Cp-homotopy equivalence. Then the composite f o (i * id) : M x S(W) —
N+ S(W) — X is a Cp-map between free Cp-homotopy representations. By the
Borsuk-Ulam theorem for free Cp-actions (cf. [10, Proposition 1.14]), we obtain
n(Cp) +m —1<n(1) —n(Cy) + m — 1, and hence n(Cp) + n(Cy) < n(1).

Next, since Cpq/r = Cpq/Cy (1 = p or q) acts freely on the homotopy sphere
» n(C,) = dim X + 1 is even unless pg/r = 2. Then there exists a free Cpq/r-
representation V;. such that dim V;. = n(C;.). Via the projection Cpq — Cpq/r, We
regard V; as a Cpg-representation with kernel C,.. Put k := n(1)—n(C,)—n(Cy) > 0.
Then k is even. In fact, since Cp, (< Cpq) (p:odd prime by the assumption p > ¢) acts
semi-freely on X, it follows that n(1)—n(C,) is even, and n(Cy) is even as mentioned
above. Therefore k is even and so we can take a free Cpq-representation U of
dimension k. Put V =V, &V, @U. One can easily see that Dim ¥ = Dim S(V). O

3. THE GENERAL CASE

Throughout this section, G is a finite group. We first recall well-known results
on linear dimension functions. Let F'(G) be the free module consisting of integer-
valued functions on the set of subgroups of G. Let us denote by Dﬁ(G) the set of
linear dimension functions for G, and by D*(G) the submodule of F(G) generated
by Dﬁ(G). By the additivity of dimension functions, any function in D‘(G) has a
form of n —n/, where n, n’ are linear dimension functions, and hence DZ(G) is the
free module consisting of virtually linear dimension functions for G.

We say that G-representations V' and W are G-Galois conjugate if there exists
an integer k prime to |G| such that xv(g9) = xw(g*¥) for all g € G, where xv
denotes the character of V. Note that if V and W are G-Galois conjugate, then



1846 IKUMITSU NAGASAKI

Dim S(V) = Dim S(W) and KerV = KerW. Let Vi, Va,...,V, be the complete
representative system of G-Galois conjugate classes of irreducible G-representations,
and B(G) the set of dimension functions of S(V;).

Proposition 3.1 ([12], [5]). The set B(G) is a Z-basis of D*(G).

We call B(G) the standard basis of D*(G). By Proposition B, any virtually
linear function n is presented as

n= Z a(m, n)m.

meB(G)
We call the integer a(m,n) the multiplicity of m in n. We also put
B(G,n) ={m € B(G) |a(m,n) #0}.

We define Kern as KerV if n = Dim S(V). For any n € DY(G), we define a
function n by setting n® (H/K) = n(H) for H/K < G/K, where K is any normal
subgroup of G. Then n¥ € D*(G/K) because n = Dim S(VE) — Dim S(W ) if
n = Dim S(V) — Dim S(W). We shall show the following lemmas.

Lemma 3.2. Let K be an arbitrary normal subgroup of G. If m € B(G) and
Kerm # K, then m® = 0 (zero-function).

Proof. Let m = Dim S(V), where V is an irreducible G-representation. Then V¥
is regarded as a G-subrepresentation of V, and VX # V by Kerm # K. Since V
is irreducible, we have VX = 0, and hence m® = 0. |

Put B = {m |m € B(G) such that Kerm > K }.
Lemma 3.3. The set B is a part of the standard basis B(G/K).

Proof. If V is an irreducible G-representation whose kernel contains K, then VE (=
V) is an irreducible G/K-representation. It is easy to see that irreducible G-
representations V' and W are G-Galois conjugate if and only if VX and WX are
G/ K-Galois conjugate. This shows the desired result. O

We now prove Theorem A. Since G is nilpotent of order p™¢™, we may put
G = G, x G4, where G, [resp. G] is a p- [resp. ¢-] group. Let n be the dimension
function of a semilinear G-sphere. Since all dimension functions of G-homotopy
representations are virtually linear if (and only if) G is nilpotent ([6], Proposition
10.23), n is presented as a linear combination of m € B(G); n = ZmEB(G) a(m,n)m.
In order to prove Theorem A, it suffices to show that all a(m,n) are nonnegative.

The proof is done by induction on the order of G. For any m € B(G,n) with
nontrivial kernel K, it is seen that a(m,n) = a(m®,n’) by Lemmas and B3]
and hence a(m,n) is nonnegative by the inductive assumption.

We have to show that a(m,n) is nonnegative when Ker m = 1. By Theorem [[T]
Theorem A holds for p-groups, and so we assume that p and ¢ are distinct primes
and that G, and G are nontrivial.

The proof is divided into two cases: (1) G has a normal subgroup A isomorphic
to Cp x Cp, or Cg x Cy, and (2) otherwise.

Case (1): If there is no m € B(G, n) with trivial kernel, there is nothing to do.
We assume that there is an m € B(G, n) with trivial kernel, namely G has a faithful
irreducible G-representation. Let m = Dim S(U), where U is a faithful irreducible
G-representation. By assumption, G has a normal subgroup A isomorphic to Cp x
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Cp or Cy x Cy. We may assume that A is isomorphic to Cp x Cp,. Let Ay, Ay,
..., A, be all subgroups of order p in A. By representation theory, the following is
known.

Proposition 3.4. Under the above situation,

(1) One of the A;, say Ao, is normal in G and the others have the same nor-
malizer N = Ng(A;) of index p in G. Furthermore Ag is in the center Z(G)
of G, and N is normal in G and contains A.

(2) The restriction ResyU is the direct sum of irreducible N -representations
Ui, ..., U, such that KerResaV; = A; (1 <14 <p).

(3) The irreducible summands U; and U; are not N-Galois conjugate for i # j.

(4) Let W be another faithful irreducible G-representation and let ResyW =
Wi&--- @ W, asin (2). If U and W are not G-Galois conjugate, then U;
and W; are not N-Galois conjugate for every i and j.

Proof. Statements (1) and (2) are shown by Proposition 5.12 of [5] and its proof.
Statements (3) and (4) are shown by Proposition 5.6 of [I§]. O

For any n € D(G) and any subgroup H of G, we define the restriction ryn €
D*(H) by setting rgn(L) = n(L) for L < H. Put m; = DimS(U;) € B(N)
(1 <@ <p). By Proposition B4 rym = >, m,.

Lemma 3.5. Under the above situation, a(m,n) = a(m;, rnn) (1 <i < p).

Proof. Sincen =3 (eB(G.n) a(l,n)L, it follows from the additivity of the restriction
that

(3'1) a(miarNﬂ) = Z a(ﬁ,@)a(mi,m\/ﬁ).
LeB(G,n)

We first consider the case where £ € B(G,n) has a nontrivial kernel K. We
note that the center Z(G) = Z(G,) x Z(G,) of G is cyclic since G has a faithful
irreducible G-representation (see for example []]). Furthermore any (nontrivial) p-
group P has a nontrivial center, and any nontrivial normal subgroup of P intersects
the center Z(P) nontrivially. Since N = Ng, (A;) x Gg, Kerry = NN K is a
nontrivial normal subgroup of G, and hence Kers > NN K for any s € B(N,rn{).
On the other hand

TN/NﬂK(mNmK) = (TNm)NmK = me\mK-
i

Since m has the trivial kernel, it follows from LemmalZ2that m¥ "% = 0, and hence
mﬁva = 0for 1 <4 < p. Thus we have Kerm, 2 NNK and Ker s # Kerm,. This
shows that a(m;,rnf) = 0 when Ker ¢ # 1.

Next, if £ € B(G,n) has the trivial kernel, by Proposition B4l (3) and (4),

1 ifL=
a(m;, rnl) = L
0 if £#m.
Thus we obtain a(m,n) = a(m;,ryn) (1 <i < p) from equation EI)). O

By Lemma B35l and the induction hypothesis, we see that a(m,n) is nonnegative
for any m with trivial kernel. Thus the inductive argument in Case (1) is completed.
Case (2): Assume p < ¢. In this case, as is well known (see [§]), G, is cyclic,
dihedral, quaternion or semi-dihedral, where the last three cases occur only in
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case p = 2, and Gy is cyclic. All faithful irreducible G,-representations (r = p, q)
are GG-Galois conjugate by investigating the character tables, and hence all faithful
irreducible G-representations are G-Galois conjugate. Therefore B(G) contains only
one dimension function with trivial kernel. We denote by u this dimension function.
Let C be a cyclic subgroup C' = C), x Cy of order pq in the center Z(G). Then B(C)
consists of four elements ¢, £,, £, £, whose kernels are 1, C,,, C,, C respectively.
We have to show that a(u,n) is nonnegative.

Lemma 3.6. Under the above situation, a({y,rcn) = a(u,n)a(ly, rcw).

Proof. The dimension function n is presented as n = ZmeB(G,@) a(m,n)m, and
furthermore rcn = ZmeB(G’ﬂ) a(m,n)rem and rem = Y, a(l;, rem)l;. If m €
B(G,n) has a nontrivial kernel K, then Ker rcm = CN K is nontrivial since K is a
nontrivial normal subgroup of G and C = C}, x C; is contained in the center Z(G).
(Note that Z(G,) (r = p, q) is a cyclic r-group.) Hence we have a({;,rcm) = 0 by
Lemma [3.2] and so

a(ﬁlvrCﬂ) = Z a(ma ﬂ)a(ﬁl,TCM)
meB(G,n)
= a(u,n)a(ly,rcuw).

O

Lemma 3.7. The number a({y,rcu) is positive.

Proof. Suppose rcu = Z?Zl bil,, where b; = a({;,rcu). Since Keru =1, (rcu)® =
rc/cyc =0 and (rcu)® = rc/cryc"' = 0 for r = p and ¢q. This shows by = b3 =
by = 0, and hence rcu = b1f;. Since rcu(1l) and £, (1) are positive, it follows that

b1 = a(ly,rcu) is positive. O
By Lemmas and B and the inductive assumption, we obtain that a(u, n) is

nonnegative. Thus the inductive argument in Case (2) is completed and Theorem
A has been proved. O

4. SEMILINEAR (G-SPHERES WITH NONLINEAR DIMENSION FUNCTIONS

In this section we prove Theorem B. Let G be a compact Lie group. For the sake
of the proof, we shall show the following.

Lemma 4.1. Let n be a virtually linear dimension function. If n(C') =0 for every
(finite) cyclic subgroup C of G, then n is a zero-function.

Proof. Let n = Dim S(V;) — Dim S(V2). In the case where G is finite, by represen-
tation theory, n(H) = dim Vi — dim V; = > ger(xvi(9) — x12(g)), where xv, is
the character of V;. We also note

(4.1) Yo 0m9) —xn@) = D D (anle) — xwal9),

geEH C<H geC*
C':cyclic

where C* denotes the set of generators of C. We set, for any cyclic subgroup C,

h(C) =" (xn(9) = xw(9)),

gel

KC) =Y (nl9) = xwl(9)-

geC*
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From equation (£1I), we obtain

(4.2) h(C) = > k(D).

D<C

Applying the Mébius inversion to (£2)), we obtain

K(C) =Y w(C/D)h(D),

D<C

where 4 is the Mébius function. Since, by assumption, h(D) = n(D) = 0 for any
cyclic subgroup D, we obtain k(C') = 0 for any cyclic subgroup C. It follows from
(ET) that n(H) = 0.

We next consider the case where G is a compact Lie group. Since Gy is normal,
ViG0 is considered as a G-subrepresentation of V;. We denote by V; ¢, the orthogonal
complement of ViGO in V;. Since Vi g, and Vs ¢, are isomorphic as G-representations
by Theorem 1.1 of [20], we have n = Dim S(V,°) — Dim S(V,7°), and also n%0 =
Dim S(V,%°) — Dim S(V®) by considering V,° as a G/Go-representation. Let
K/Gq be any cyclic subgroup of G/Gy, g € K an element representing a genera-
tor of K/Gp, and T the closure of the subgroup generated by g. Then K/Gy =
TGo/Go, and n% (K/Gy) = n(T). Since Uc<7,cfinite cyetic C 18 dense in T' and
a G-representation has only finitely many isotropy types, there exists a finite
cyclic subgroup C' such that n(T) = n(C). By assumption, n(C) = 0 and hence
n% (K/Gpy) = 0. Since this lemma has been proved for finite groups, by applying
to n@, we obtain n(H) = n% (HGy/Gy) = 0 for every closed subgroup H. O

By [1Y], there exists a smooth G-action on a disk D such that D is a disk if H
is solvable, and the empty set if H is nonsolvable. In particular D has no G-fixed
point if G is nonsolvable. We call D a quasilinear G-disk. Clearly D x D" is also
a quasilinear G-disk, where D" is an n-dimensional disk with trivial G-action, and
the boundary (D x D™) is a semilinear G-sphere. We put X,, = 9(D x D™).

The following leads to the proof of Theorem B.

Theorem 4.2. Let G be a nonsolvable compact Lie group. Then the dimension
function of X, is not virtually linear except at most one n.

Proof. Suppose that Dim 3, and Dim X are virtually linear for two distinct num-
bers r, s (r < s). Put n = DimX,, m = DimX; and £ = Dim S(R*~"). Then
u:=m —n — £ is also a virtually linear dimension function. For any finite cyclic
subgroup C, n(C) = DimdD(C) +r, m(C) = DimdD(C) + s and £(C) = s — r.
Therefore u(C) = 0. By Lemma BTl we have u = 0. On the other hand, since E?
(£ =, s) is empty, we have u(G) = s —r # 0. This is a contradiction. O
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