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ABSTRACT. For symmetric continuous time Markov chains, we obtain some
formulas on total occupation times and limit theorems of additive functionals
by using large deviation theory.

1. INTRODUCTION

In [I1], we extended Donsker-Varadhan’s type large deviation of symmetric
Markov processes with finite lifetime and established the full large deviation prin-
ciple; let M = (P,, X¢,¢) be an m-symmetric Markov process on a locally compact
separable metric space X. Here ( is the lifetime of M and m is a Radon measure
with full support. If the process M explodes rapidly in the sense that the 1-resolvent
of the identity function 1, R11(x)(= 1—Ey(exp(—())), belongs to C(X), the space
of continuous functions vanishing at infinity, then the full large deviation principle
is derived (Theorem 3.1 and Theorem 4.4 in [11]). As a corollary, the following
variational formula on the lifetime ( is obtained:

(1) tlim%1ong(t<§)——inf{5(u,u):ue}", / qum—l}

for any x € X, where (€, F) is the Dirichlet form on L?(X;m) generated by M. As
an application of formula (1), we considered in [I2] tail probabilies of A,,, where
Ay is a positive continuous additive functional of the Brownian motion and 7p is
the exit time from a regular domain D.

In this paper, we shall treat the same problem for symmetric continuous time
Markov chains. Our results are also formulated as an application of formula (1)
but contain the accurate calculations of its exponential decay rates represented by
Dirichlet forms. Let I be a countable set with the discrete topology. Let Q = (g;5)
be an I x I matrix such that m;q;; = m;q;; for some strictly positive function m;
on I. Denote by M = (P;, X;) the minimal Q-process with lifetime ¢, ¢ = inf{¢ >
0 : X; = A}. Here A is the one-point compactification of I. We shall show our
main theorem in section 2.
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Theorem 1.1. Let p be a non-negative function on I such that

. ¢ p B
ilirg E; <eXp <—/O E(Xt) dt)) =1.

We have for any i € I,

lim ~ log P /CM(X)dt>ﬁ
m — 10 i —
foo B g , m t

(2) = —inf{é’(u,u):ué]—', Zuz(i)uizl},
il
where (€, F) is the Dirichlet form associated with the Markov chain M.
In section 3, we shall consider concrete examples as an application of Theorem
1.1, and extend D. Freedman’s theorem on stochastic interpretation of g;; in our

setting.
Let us consider the discontinuous additive functional of the form

Ag’F = A? + Z F(XS,,XS),
0<s<t

where A} is the positive continuous additive functional of the form (5) below for a
non-negative function g on I. Under certain conditions on M and F, we can see
from [7] that

1
(3) lim - log E; (eXp (Af’F>) = —inf {EM’F(u,u) : ZuQ(i)mi = 1} ,
t—oo t
iel
where £# is the symmetric form on L?(I;m) generated by the semigroup

P (@) = B (exp (A1) £(X0))

In section 4, we obtain the large deviation principle for A* /t by combining (3)
with the Gértner and Ellis theorem ([3]). In particular, we shall show that

ARE I) + 2 iz (4, 5)qima
!_ exponentially converges to ) Z’;;](I)( 9 .

2. PROOF OF THE MAIN THEOREM

Let I be a countable set with the discrete topology. Let Q = (g;;) be an I x I
matrix such that
qi; =0 (i #j), Z%‘kﬁ—qii<00, Viel
ki

and m;q;; = m;qj; for some strictly positive function m; on I. Let £ be the Dirichlet
form on L?(I;m) defined by

(4)
E(u,v) = 5> (u(f) = u(@)(v(j) = v(@))aimi + Z w(@)o(@) | =g — Y iy | ma-

i#] J#i
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Denote by F" the collection of functions w on I such that £(u,u) < co. Let F be
the set of L2(I;m)-functions u in F” for which there exists u,, (n =1,2,...,) with
finite support such that

up, —u and  sup & (up, un) < 00.
n

Then (€,F) becomes a regular Dirichlet form on L?(I;m). Denote by M =
(Q, Xy, P;, ¢) the Hunt process generated by (€, F), which is nothing but the mini-
mal Q-process constructed by W. Feller (Theorem 17.2 in [10]). Here 2 is the space
of all right continuous maps of [0, 00) into I U {A}, the one-point compactification
of I. When [ is finite, A is regarded as an isolated point. ( is the lifetime of M,

= inf{¢t > 0: X; = A}. Let us denote by {p:}+>0 and {R, }(y>0 the semigroup and

resolvent of M respectively, i.e., p. f(i) = FE;(f(X:)), Raf(4) fo o f(Xy)dt).
We then make following assumption:

(A) (Irreducibility of M.) For any i,j € I, Pi(0; < ¢) > 0, where o is the first
hitting time of j, o; =inf{t > 0: X; = j}.

Let B be the set of all non-negative functions on I. We introduce the subspace
K of BT,

K = {u68+ hmE(exp(—Ag)):1},

where Af' is the positive continuous additive functional of the form

(5) sz%u

Let us denote by 7 (¢ > 0) the right continuous inverse of A},
7 =inf {s > 0: A > t}.
The time changed process Y} of X; with respect to A} is defined by
Y/ =X,

Let F = {i € I:p; >0}. The process Y} is then a p-symmetric Hunt process on
F with lifetime A‘g (Theorem 6.2.3 in [6] and Theorem 65.9 in [9]). Set

Hpu(i) = Ei(u(Xop) : 0r < (),

where op = inf{t > 0 : Xy € F}. Then the time changed process Y} of X;
generates the following Dirichlet form (€, F) on L?(F; u):

(6) f:{¢6L2(F;u):gazuoanorsomeuG]-'},
E(p,0) =E(Hpu, Hrpu), o € F, p=uon F u € F,.

Here F. stands for the extended Dirichlet space of (£, F) (Theorem 6.2.1 in [6]).
Let {G*(i,)}a>0 be the resolvent kernel of Y/',

Gﬂ%ﬂ=&<éwmﬁﬁ()m>

Then by the definition of the time changed process and the fact that A’g is the
lifetime of Y}, we have the following:

¢ .
(7) G (i,j) = E; </ I{j}(Xt)dt> Hi for i,j € F
0 ,

my;
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and

®) B (/OOO etIF(Yt“)dt> =B </0AZ etdt> =1-E (exp (—Ag)) .

Since Gf(i,j) > 0 for any i,j € F due to (7), the process Y/ is irreducible.
Moreover, equation (8) says that for u € K, the l-resolvent G of the identity
function 1p vanishes at infinity A. Therefore, we obtain Theorem 1.1 by exactly
the same argument as Theorem 3.1 in [12].

Remark 2.1. (i) We can easily see that the statement of Theorem 4.1 in [II] still
holds even if P, is replaced by sup,cx P:. As a result, we see that

o1 u . 2
— . < — : . = .
5hm log SZIEJ.I})PIL (AC > ﬁ) inf {S(u, u):u € F, ZEEI w” (i) s 1}

(ii) For 4 € BT, assume that the support of y is a finite set. Then p belongs to
the class K.
(iil) If lim; A E; (Ag) = 0, then u belongs to the class K.

3. EXAMPLES
For a Borel subset B of I x I, let Jg be the terminal time defined by
Jp =inf{t >0: (X,—,X,) € B}
and X7 the killed process defined by

B _ Xt Ont<JB, B _
X _{A ont>Jp (Xoo = 4).

The process X7 is then a Hunt process on the state space
IP ={xrel:P,(Jp>0)=1}

Note that X/ is not always symmetric; however, we see from Theorem 3.10 in [13]
that it is nearly symmetric. More precisely, let us define the bilinear form (€2, FB)
on L2(I%;m) by

EB(u,v) = E(u,v) + > e w@)v(d)aimi,

FB=Fn {u Y yen WM < 00, 3 e u(5)gimi < oo} .
Then, (B, FB) is the non-symmetric Dirichlet form generated by the process X[.

Let K be a finite subset of I” and consider the time changed process Y,X of X/

with respect to fg Ik (Xs)ds,
S
Y =XP  n=if {s >0: / I (Xy)du > t} :
0

Then, V¥ is a Hunt process on K with lifetime ¢ = fOJB Ik (Xs)ds. Set Hru(j) =
E;(w(Xsy) : 0x < JB), where ox = inf{t > 0 : X; € K}. The Dirichlet form
(EB,FB) on L*(K;m) generated by the time changed process Y;¥ is as follows:
FB ={p e L>(K;m): ¢ =uon K for some u € FP},
EB(p,p) = EB(Hgu, Hxu), ¢ € FB, o =uon K ue FB.
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Here F2 stands for the extended Dirichlet space of (€8, FB). Now by applying
Theorem 1.1 and Remark 2.2 (ii) to X, we obtain the asymptotic formula for the

total occupation times as follows:

Proposition 3.1. Assume that XP is irreducible and that Y, is symmetric with
respect to m. Then, for any i € IP

1 JB
lim — log P; / Ix(Xs)ds >
0

B—oo 3

9) = —inf{EVB(u,u):ueva, Zu2(i)mi—1}.
ieK
Now, let us consider some concrete examples of (9), for which we mainly con-
centrate on the calculations of exponential decay rates represented by Dirichlet
forms.

Example 3.1. Let B=1Ix D (D C I) and K C I\ D. Then, Jp is the hitting
time op of D, op = inf{t > 0: X; € D}, and Hxu(j) = E;(u(Xsx) : 0k < 0D).
If X2 is irreducible, then the assumptions in Proposition 3.1 are fulfilled. Hence,
we have

oD
lim llong (/ Ik (Xs)ds > [3)
B—oo 3 0

(10) = —inf {EB(HKU,HKu) : Z u?(i)ym; = 1}
icK
for any j € I\ D. In particular, let K be a one point set {a}. Then, since
Higyu(j) = Ej(u(Xo,,) : 0(ay <0p) = u(a)Pj(0iay < D)

and Cap’\P({a}) = EB(Pj(o(ay < op), Pj(0{ay < op)) on account of Theorem
4.3.3 in [6], we obtain

lim %log Pj (/ I{a}(Xs)dS > ﬁ)
0

B—o0
= —inf {EP(H{gyu, Hiayu) : u?(a)me = 1}

(1) _ _CapI\D({a}),

Mg
where Cap?\P ({a}) is the 0-order capacity defined by Cap’\P ({a}) = inf{EB (u,u) :
u€ F, ula) =1, u(i) =0Vie D} ([6]). Indeed, let G(i,7) be the green function
of the part process on I\ D and F(a) = Py(0{q) < 00),0¢,3 = inf{t > op (4} :
X: = a}. Denote by R(a) the expected number of visits to a with respect to P,.
Then, since

R(a) =1+ F(a) + F*(a) + --- = 1%F(a) Gla,a)ym, — JZ((:)’
and
Cap'\P({a}) = G(; it
we see that
Cap"\P({a})



2120 D. KIM, M. TAKEDA, AND J. YING

Hence, equation (11) can also be derived from Proposition (5.3) in [I].

Example 3.2. Let B={a} x D (D C I\ {a}). Then
EP(u,v) = E(u,v) + Z u(a)v(J)qa;Ma-
JjED

Assume that X7 is irreducible and K is a one point set {a}. We then have

1 7o
lim — log P; Ity (Xs)ds >
65205%1(/0 {a} (Xs)ds B)
(12) = —inf {EP(H{ayu, Hayu) : u?(a)me = 1}

for any j € I”. By again noting Hipu(j) = Ej(w(Xs,,) @ 0y < JB) =
u(a)Pj(orqy < (), we see that the right-hand side of (12) is equal to

u?(a)E(Pj(0(ay <€), Pi(ogay < Q)+ > u*(a)qajma P (o) < C)
jeD
= 7(3&})({04}) + Z qaij(a{a} < 00).

(13)
Ma jeD

Here Cap is 0-order capacity associated with the Dirichlet form (£, F). If X is re-

current, then Cap({a}) = 0 and P;j(0y,} < 0o0) = 1. Moreover, since fOJB Ity (Xs)ds

is a random variable with the exponential distribution with respect to P,, we see

that fOJB I1q3(Xs)ds has the exponential distribution of parameter
D os-
j€D
As a result, we rediscover D. Freedman’s probabilistic interpretation of the compo-

nent ¢g;; (Theorem (2) in [5]) through the large deviation theory.

Example 3.3. Let I = {0,1,2,...} and X be a birth and death process with birth
rate ¢; and death rate ¢; on I. We denote by

1 1 n—1
s0=0, s1=—, S,=—+
T %o ®o ;¢imi

where

mo—=1, om0l g,
@1@2"'@1‘

Then the corresponding Dirichlet form on L?(I;m) of X is as follows:

Elu) — i (u(i—i—l)—u(i)) (v(i+1)—v(i)) (5501 — )

0 Si+1 — Ss Si+1 — Ss
= > ((i+1) —u(@))(v(i+1) = v(i))gimi,  wvEF.
=0

Let B=Ix{n}and K ={a,a+1,...,a+k—1} (0 <a < a+k—1 < n). Then the
terminal time Jp is the hitting time o,y of {n}. By observing P; (UK < U{n}) =1
for0<i<a+k—1and

Sp — 84

Pi(UK<U{n})= for a+k<i<n,

Sn — Sa+k—1
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we have
at+k—2 ) B
(14)  EP(Hyu, Hgu)= > (u(i+1) — u(i))’ gym, + @tk
i=a Sn — 5(1+k‘—1

Consequently, the right-hand side of (9) is the extremum problem of (14) with
condition

at+k—1
(15) > wr(iym; = 1.
For convenience, we put u(a +1i) =x;, 1 =0,1,..., k-1,
k—1 1‘2
2 _
G(xo,- - xk—1) = ) (zi—i1)” gim; + bl

Sn — Sa+k—1

i=1

and
k—1
F(/\,J?(), o ,.L“k_l) = G(J,‘Q, o ,mk—l) + A (Zx?mz - 1) .
i=0
Then by (15)

2o OF o OF k1 _OF
2 81‘0 2 81‘1 2 8l‘k_1

= G(mo,...,xk,l) +A=0.
Hence we conclude that

1 Tiny
lim — log P; </ I (Xs)ds > ﬂ)
B—oo 3 0

= —inf{E(HKu,HKu) : Zuz(i)mi = 1}

€K

(16) = the maximum solution of det(A) =0,
where

U, -V, 0 e 0

_Va Va + Ua+1 _Va+1 e 0
A — O —Va+1 VaJrl + Ua+2 : : ,

1
0 —Vatk—2 m +Uayr-1

Ui=o¢im; +Im; and V; = pym;, i =a,...,a+ k— 1.

4. THE LARGE DEVIATION PRINCIPLE FOR ADDITIVE FUNCTIONALS

In this section, we further assume that the state space I is finite and the life-
time of M is infinity, P;({ < co) = 0. Let us consider the discontinuous additive
functional

APF = A+ > P(X., X,
0<s<t
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where F' is a Borel function on I x I such that F(i,j) = F(j,i) (symmetry),
F(i,i) = 0. Then the symmetric bilinear form &% on L?(I;m) generated by the
semigroup

P (@) = B (exp (A7) £(X0)

can be written as

9 (uw) = 5 S2(wl) — wl)(0G) ~ vli)am
i#]
(17) =Y ulie(iu = Y u(@ol) (1= ") gigmi,
i i#]
and we have from [7]
(18) tli>nolo % log E; (exp (QAQ"F)) =(C(f) foralliel,

where
C(0) = —inf {59~79F(u,u) DY ut(i)ym; = 1} .
iel
Let us denote by ug the function attaining the infimum of the right-hand side above,

that is, the first eigenfunction with eigenvalue —C(#). Now, let us express £/
as a power series

EOOF (y u) = E(u,u) + 0ED (u, u) + 02E@ (u,u) + - - .
Then €M) is written as

EW(uu) = > uP(@)p — Y (u(h) — uli)>F(i, j)gijm

iel i#£j
(19) +Zu2<z‘> ZF(i,j>qijmi

We see from [§] that C(6) is differentiable with respect to 8 and C’(0) = £ (ug, ug).
In particular, since ug = 1/4/m(I) (constant), we see that
p(I) + Zi;ﬁj F(i, 7)qijmi

m(I)
The Gértner and Ellis theorem ([3]) tells us that A" /t obeys the large deviation
principle with rate function I(\)(= sup{\d — C()}); for any Borel set A of R*,

(20)

C'(0) =

t—o0 t t—o0

1 Apr 1 Apr —
— I(A°) <liminf —log —P; tt € A ) <limsup n log P; tt eA| <—-I(A),

where A° and A are the interior and closure of A respectively, and I(A) stands for
I(A) = inf{I(\) : A € A}. Therefore, we obtain that A" /¢ converges to C’(0)
exponentially as ¢ — oo (cf. [3]); for any € > 0, there exist constants k1, ko > 0

such that
AF
P ( t

- C'(0)

> e) < kie~ k2t
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