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ABSTRACT. A Banach-algebraic approach to Stone’s decomposition of the re-
newal measure is discussed. Estimates of the rate of convergence in a key
renewal theorem are given.

1. INTRODUCTION

Let F' be a probability distribution on R with positive mean p = foF dzx),
and let H = ZZOZO F™* be the corresponding renewal measure; here F'* := F,
FtDx .— Py Fr* p > 1, and F% := §, the atomic measure of unit mass at
the origin. Suppose F' is spread-out, i.e., for some m > 1, I'™* has a nonzero
absolutely continuous component. Stone [I4] showed that then there exists a de-
composition H = H; + Hy, where Hs is a finite measure and H; is absolutely
continuous with bounded continuous density h(z) such that lim, .., h(z) = p=*
and limg_,_ o h(xz) = 0. Under additional assumptions, h(z) has further nice prop-
erties [14, Theorem].

The measures H; and Hs are constructed as follows. There exists an integer
p > 1 such that FP* = F}+ F5, where F; # 0 has a continuous density with compact
support. Put Q = > 07  F2™". Then Hy := F; * Q « H and Hy := Q * Zﬁ;é Fr
yield the desired decomposition [I4] (see also [Il Theorem 2.6.2]).

In the present paper, we obtain Stone’s decomposition H = H; + Hsy by using
Banach-algebraic techniques, which will allow us to extract detailed information
about the asymptotic properties of the terms H; and Hy. We will show that, under
suitable hypotheses, H; and Hs belong to specific Banach algebras of measures. In
this connection, it is appropriate to mention the paper by R. Griibel [4] as a major
contribution to renewal theory based on Banach algebra techniques.

2. PRELIMINARIES

Our discussion will rely on Banach algebras of measures with submultiplicative
weights.
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Definition 2.1. A function ¢(x), € R, is called submultiplicative if ¢(z) is a
finite, positive, Borel-measurable function with the following properties:

©(0) =1, oz +y) < o@)e(y) Vz,y € R.

We give some examples of such functions on [0,00): ¢(z) = (1 4+ )", r > 0;
o(x) = exp(cx®) with ¢ > 0 and a € (0,1); p(x) = exp(rz) with r € R. Moreover,
if R(x), x € R4, is a positive, ultimately nondecreasing regularly varying function
at infinity with a nonnegative exponent « (i.e., R(tx)/R(x) — t* for t > 0 as
x — oo [Bl Section VIIIL.8]), then there exist a nondecreasing submultiplicative
function ¢(x) and a point z¢ € (0,00) such that ¢y R(x) < ¢(x) < caR(x) for all
x > xp, where ¢ and ¢y are some positive constants [9, Proposition]|. The product of
a finite number of submultiplicative functions is again a submultiplicative function.

It is well known [5 Section 7.6] that

1 1
(21) —oo<r i= lim BP0 _ . loee(@)
oo x <0 X
1 1
< iuf 08P@) _ oy loee(@)
>0 x T—00 T

and M (h) = sup, <), p(z) < oo Vh > 0.

Consider the collection S(¢) of all complex-valued measures « such that ||«||, :=
Jr ¢(z) |&|(dx) < oo; here || stands for the total variation of x. The collection
S(p) is a Banach algebra with norm || - ||, by the usual operations of addition
and scalar multiplication of measures, the product of two elements v and k of
S(p) is defined as their convolution v * k [5] Section 4.16]. The unit element of
S(p) is the measure §. Define the Laplace transform of a measure k as k(s) :=
Jr exp(sz) k(dx). Then relation (ZII) implies that the Laplace transform of any
k € S(p) converges absolutely with respect to |x| for all s in the strip II(rq, r2) =
{s€ C:r <Rs < ra}.

Let v be a finite complex-valued measure. Denote by Tv the o-finite measure
with the density v(z;v) := v((z,00)) for x > 0 and v(x;v) := —v((—o0,x]) for
x < 0. In the case [z|z||v|(dz) < oo, Tw is a finite measure whose Laplace
transform is given by (Tv)"(s) = [0(s) — 2(0)]/s, Rs = 0, the value (Tv)"(0) being
defined by continuity as [g zv(dz) < oc.

The absolutely continuous part of any distribution F' will be denoted by F, and
its singular component by Fj, i.e., Fs = F — F.

3. AN ABSTRACT THEOREM

Let S(ri,72) be the Banach algebra S(¢) with ¢(x) = max(e™?,e""), where
r1 < 0 < ry. In this section, we shall consider Banach algebras A of measures such
that (i) A C S(r1,r2) and (ii) each homomorphism A — C is the restriction to A
of some homomorphism S(r1,72) — C. Property (ii) can be restated as follows:
Each maximal ideal M of A is of the form M; N A, where M; is a maximal ideal
of S(ry,r2). It follows from the general theory of Banach algebras that if v € A is
invertible in S(ry,r2), then v=! € A.

In Sections 4 and 5 we apply the results of this section to the special case
A = S(p), where p(z) is an arbitrary submultiplicative function.

In what follows, F' will denote a spread-out probability distribution with finite
mean g > 0 such that F € S(r1,m2), 11 <0 < ro; (F™)(r;) < 1,4 = 1,2, for
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some integer m > 1; and F(s) # 1 Vs € TI(ry,72) \ {0}. Let L be the restriction of
Lebesgue measure to [0, 00).

Theorem 3.1. Let A be a Banach algebra having properties (i) and (ii). Suppose
F, TF € A. Then the renewal measure H = ZZOZO F™ admits a Stone-type
decomposition H = Hy + Ha, where Hy € A and Hy = L/u+ rTHy for some
r > ry. If, in addition, T*F € A, then Hy — L/u € A.

Proof. Choose r > ry. The function

—-r)[l1—-F
v(s) = (s =)l (S)], s € (71, ra),
s
is the Laplace transform of the measure V := § — F + rTF € A, the value v(0)
being defined by continuity as ru. By Lemma 2 of [I0]] with obvious changes, there

exists W := V=1 € S(r1, ), and hence W € A. We have W (s) = 1/v(s) and

(31) A(s)= — }(s) Gl 2W<s> s - WZ(O) ~ r[W(s)S— W(0)]
W) S TW (), Rs =020,

Put He := W and Hy := L/u—rTW. The desired decomposition follows from (B-1])
[10, Lemmas 3 and 4]. (Note that in the case F(|0,00)) = 1, relation B]) is the
Laplace-transform version of the decomposition H = Hy + Hs.)

Finally, let T2F € A. Then

i = HD=WO st —l0) 1L

= —W(s)(TV)"(5)/v(0) = W(s)[(TF)"(s) = r(T*F)"(s)}/v(0).
This means that TW = W« (T F—rT?F)/v(0) € A, and hence the second assertion
of the theorem follows. O

4. SUBMULTIPLICATIVE CASE

This section deals with submultiplicative moments of the measures Hy — L/u
and Hy of the decomposition given by Theorem [3.11

Let p(z), = € R, be a submultiplicative function such that r; < 0 < ry. By
Theorem 1 of [7], A := S(y) satisfies properties (i) and (ii) of the preceding section,
and hence Theorem Bl applies. We note some nuances. Relation TF € S(y)
implies F' € S(p). Actually,

| e@r(@.)dr> Dt PRk 1k 2)

1 > k+2 1 I
= M(1) kz—o/kJrl o(z) F(dz) = W/l o(z) F(dx).

Since, obviously, fol ¢(x) F(dz) < oo, we have [°¢(z)F(dx) < oo. Similarly,
fi)oo @(x) F(dx) < co. Therefore, instead of the hypotheses F', TF' € S(¢) in The-
orem BI], we may assume only TF € S(y). Similarly, the set of conditions F', TF,
T%F € S(¢) may be replaced by T?F € S(p). Suppose now that ¢(x)/exp(rix)
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is nonincreasing on (—o00,0) and ¢(z)/ exp(raz) is nondecreasing on [0, c0). Theo-
rem 3 of [I1] implies that if r1 =0 = ry and [ (1 + |z|)*¢(x) F(dz) < oo for some
integer k > 1, or if 11 < 0 = 7 and fooo(l +2)kp(x) F(dr) < oo, orif r; = 0 < 79
and fi)oo(l + |z)fp(x) F(dz) < oo, then T*F € S(p). If 11 < 0 < 72, then
F e S(p) = T*F € S(p) Vk > 1 [I1} Theorem 2]. Suppose now that r; = 0 = ra.
Then, instead of the hypotheses F', TF € S(¢) in Theorem B.I] we may assume
only F € S(¢1), where ¢1(x) := (1 4 |z|)p(z). Similarly, the set of conditions F,
TF, T?F € S(¢) may be replaced by F € S(p2), where pa(z) := (1 + |2])%p(z).
In the latter case, Hy will be in S(p1). Suppose r1 < 0 < 79. Then the set of
conditions F', TF, T?F € S(p) may be replaced by F € S(¢). The intermediary
cases 11 < 0 =17y and r; = 0 < ry are dealt with in a similar way.

Corollary 4.1. Let o(x) be a submultiplicative function such that r1 < 0 < rq.
Suppose that ¢(x) is nonincreasing on (—oo,0) and nondecreasing on [0,00). As-
sume TF € S(p). Fiz any h > 0. Then

[~ L/pl((w.x+ h]) = o(1/p(@))  as |a] = o.

Proof. For the sake of definiteness, we consider the case x — oo. By Theorem 1,
Hj, € S(p), and hence

x+h x+h

p(2)|H = L/ p|((2,z + h]) é/ v(y) [Hz|(dy) +7"/ e(y) [Ha((y, 0))| dy

x x

< /Oo e(y) [Hz2|(dy) + rhM (h)p ()| Hz|((z, 00))

gp+rmwmﬂ/ o) |Hal(dy) = o(1)  as & — oo.

x

O

Remark 4.2. In the case r1 = ro = 0, the assertion of Corollary .1l was obtained
in [6l Corollary 3] (see also [I, Theorem 2.6.4 (b)], where ¢(z) = 1).

5. CONVERGENCE RATES IN A KEY RENEWAL THEOREM

Consider the renewal equation
(5.1) X(0) = 9(t)+ | X(e=y) Fldy) = 9(0) + X < P(0).

where g € L1(R) and F is a spread-out probability distribution on R with positive
mean . The function X (¢) := g * H(t) + c is clearly a solution to (E.1I); here ¢
is any constant. So the asymptotic properties of the solution to (5.I)) are those of
the convolution g * H(t), which, under various assumptions, have been studied by
several authors [12] [13], [8 2| [I]. Some properties of X (¢) were later rediscovered
in a slightly more general setting [15, Theorem 5.1]. Usually, assertions about the
asymptotic behavior of g x H(t) are called key renewal theorems. As pointed out
in [2] and carried out in [1], Stone’s decomposition allows us to obtain an elegant
proof of a key renewal theorem, which in simplified form can be stated as follows:

pt g g(x)de  ast — oo,

(5.2) g*H@yH{O

as t — —oo,

provided that g(x) is bounded and lim|,|—o g(z) = 0.
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In this section, we shall obtain submultiplicative rates of convergence in (5:2)) by
means of the Stone-type decomposition of Theorem Bl with A4 = S(yp).

Theorem 5.1. Let ¢(x) be a submultiplicative function such that r1 < 0 < 1o,
and let g(x), v € R, be a Borel-measurable function such that (a) g € L1(R), (b)
g9 € Los(R), (¢) g(x)p(x) — 0 as |x| — oo outside a set of Lebesgue measure zero,
and (d) o(t) [Zlg(x)|dz — 0 as t — oo and p(t) fjoo|g(x)|dx — 0 ast — —o0.
Suppose T2F € S(¢). Then, as t approaches 0o outside a set of Lebesque measure

=)

and SUPy.|a|<|g) lov ¥ H(t)| = o(1/¢(t)), the a(x) being Borel-measurable functions
on

Proof. By Theorem Bl with A = S(¢), both H; — L/i and Hy are elements
of S(¢). Choose g € Li(R) such that § = g a.e., sup,erld(z)|o(z) < oo, and
g(x)p(x) — 0 as |x| — oo in the usual sense. It suffices to put g(z) = 0 on
{z e R :|g(x)|p(x) > |lg-¢|le} and on a set, say B, of Lebesgue measure zero such
that lim,g g |4 -0 9(2)0(z) = 0; otherwise, §(z) := g(z). By Fubini’s theorem, the
sets Ay i {2 |§#|Hy— L l(2) # lgl = L/l (2)} and g = o : [3|+| Hal(z) #
lg| * |H2|(x)} are both of Lebesgue measure zero. Set A := A; U A2. We have

e(b)gl+ | H[(t) < /Rlﬁ(t — @)|p(t — 2)p(z) | He|(dz).

By dominated convergence, it follows from the hypotheses of the theorem that the
right-hand side tends to zero as t — oo, and so does the left-hand side. By the same
reasons, limy_,o ¢(t)|g| * |H1 — L/u|(t) = 0. Hence both o(t)|g| * |Hy — L/p|(t) and
©(t)|g| * |Hz2|(t) tend to zero as t — oo, remaining outside the set A of Lebesgue
measure zero. The first assertion of the theorem now follows from the obvious
inequality

sup
a:|al<|g]

ax H(t) —,u_l/Ra(x)dx

< gl *[Hy — L/ pl(t) + [g] = [Hz|(¢)

ax H(t) —M*I/Ra(x) dx

bt [ g ds
¢
and condition (d). The case t — —oo is dealt with in a similar way. O
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