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ABSTRACT. We provide sharp local isoperimetric inequalities on Riemannian
manifolds involving the scalar curvature, and thus answer a question asked by
Johnson and Morgan.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let (M, g) be a complete Riemannian manifold of dimension n > 2 with sectional
curvature K, < Ko. A long-standing conjecture, a formulation of which can be
found in [I], asserts that for any € M, there exists r, > 0 such that for any Q
contained in the geodesic ball of center x and radius 7,

0Qg > [0Blg,

where |.|g (resp. |.|q,) denotes the volume with respect to g (resp. go) and B is a
ball of volume ||, in the model space (Mo, go) of constant sectional curvature K.
A compact version of this conjecture was proved, with an additional assumption on
the Gauss-Bonnet-Chern integrand in even dimensions, in the very nice Johnson
and Morgan [I0]. A natural question that Johnson and Morgan [10] asked is the
following: is the result still true if we assume that the scalar curvature of (M, g)
is such that S, < n(n — 1)K instead of assuming that K, < K,? We answer this
question in the affirmative and prove the following:

Theorem 1. Let (M, g) be a complete Riemannian manifold of dimension n > 2
and let x € M. Assume that S4(z) < n(n — 1)Ko for some Ko € R. Then there
exists r, > 0 such that for any ) contained in the geodesic ball of center x and
radius T,

095 > |0B|g,

where B is o ball of volume ||, in the model space (Mo, go) of constant sectional
curvature K.

In the compact setting, the situation that was actually considered by Johnson
and Morgan [10], we have the following:
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Theorem 2. Let (M, g) be a compact Riemannian manifold of dimension n > 2
with scalar curvature Sg < n(n—1)Ky. There exists V > 0 such that for any subset
Q of M of volume less than or equal to V,

0Qg > [0Blq,

where B is a ball of volume |Q|, in the model space (Mo, go) of constant sectional
curvature K.

These results are optimal in the following sense: if we only assume that the Ricci
curvature of M verifies Ric, < (n—1)Kj, the above isoperimetric comparison fails.
Indeed, for any n-manifold M which is Ricci-flat but not flat (see [3] for examples
of such manifolds), one may find a ball B, in M of radius r as small as we want
which verifies

|aBr|g < |aB|E

where B is a ball of volume |B,|, in the Euclidean space (R",§). The above
comparison result is also false on S? x S2, as noticed in [I0]. The proof of Theorem
1 is based on the study of local optimal Sobolev inequalities. The proof relies
on PDE techniques and a fine asymptotic analysis of solutions of quasi-elliptic
equations involving the p-Laplacian. Theorem 2 is a consequence of Theorem 1
thanks to geometric measure theory. The relevance of the scalar curvature when
studying the validity of sharp Sobolev inequalities was noticed first by the author
in [4] and underlined by Hebey in [9].

2. SOBOLEV INEQUALITIES AND PROOF OF THEOREM 1

Let B be a ball in the model space (M, go) of constant sectional curvature K.
It is not difficult to check that, for balls of small volume,
n

n+2

_ 2n=1
0B, = K(n,1)Blg, " — (n(n —1)Ko) B3, +0(1BI3,) -
Here, n = dim M, and

1

K(n,1)"'=n (wr;;l); )

Now, let (M, g) be a complete Riemannian manifold of dimension n > 2 and let
x9 € M. In order to prove Theorem 1, it is clearly sufficient to prove that for any
€ > 0, there exists r. > 0 such that for any Q C By (x0,7:),

2 —210 2% n 2
(21) 0013 = K 1) 2100 — (g Sy(a) +¢) 9

It is now well known that (2.1) is a consequence of the following Sobolev inequality:
for any u € C2° (By (z0,7¢)),

n
ol < K1 (190l2) + (2580 )+ ) ul?

where || .||, denotes the LP-norm with respect to the Riemannian volume element
dvg. Indeed, @ C By (x¢,re) being given, one may find a sequence (u;) of smooth
functions with compact support in By (zg, 7<) such that for any ¢ > 1,

lim [w;]? dvg = Qg
i—=too By(xOvT’a)
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SHARP ISOPERIMETRIC INEQUALITIES 2353

and
lim [Vuilg dvg = [09],.
10 By (wo,re)

Before starting the proof of the above Sobolev inequality, we must set up some
notations. For any 1 < p < n, we let

L IVul? do
Konpr= A VUl
wec R0 ([l dug)

where p* = n"—ij is the critical exponent for the Sobolev embeddings and £ is the
Euclidean metric. The value of K (n,p) is explicitly known (see [I] or [15]) but the
only point of interest to us is that

umK(n,p)—K(n,1)—l< n >

p—1 n \ Wnp—1

We also let, for 1 < p < n, HY (R™) be the standard Sobolev space of order p, that
is the completion of C2° (R™) for the norm

1
el sy = < I |Vu|§dvf)

At last, we let BV (R"™) be the space of functions with bounded variations in R",
defined as the completion of C° (R™) with respect to the norm

lullBy = sup{—/ udiv (X) dvg, || X[ pe@mn) <1, div(X)e L" (R”)}

where div (X) = 0'X;. Basic facts about BV (R™) can be found in [7] or [16].
As already mentioned, Theorem 1 reduces to the following proposition:

Proposition. Let (M,g) be a complete Riemannian manifold of dimension n > 2
and let xgo € M. For any € > 0, there exists r > 0 such that for any u in

C (Bg (w0,7¢)),

lul2e. < K (n, 1) (I90])3 + acllul)
where ae = 158,(x0) + €.
We prove the Proposition in what follows.

Proof of the Proposition. Clearly, we may assume, without loss of generality, that
M =R"™ and that zop = 0. We let, for any » > 0, any p > 1 and any ¢ > 0,

2 2
(fBg(Om) Vaulg dvg) T t+ae (fBg(o,r) |ul? dvg) '
Apr = in ( .

u€Cee (By(0,r)), uz0 « pr
(fBg(o,r) Jul? dvg)

We proceed by contradiction. We assume that there exists g > 0 such that for any
r >0,

/\177« < I((’I’L7 1)72.
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Then, since limsup,_,; A » < A1, one easily gets that for any r > 0, there exists
pr > 1 such that

2
n—p _
- )) Aper < K(n,py) 2,

(2.2) Apor < K(n,1)7? (m

We may assume that r — 0 and we may choose p, decreasing when r is decreasing.
Then we get a sequence p > 1 going to 1 and a sequence r, > 0 going to 0 as p goes
to 1 which verify (2.2). It is by now classical that the second inequality in (2.2)
ensures the existence of a minimizer u, which satisfies the following:

(2.3) CpAptty + o[ty ||27Pub™" = \ub" ™ in By (0,7),
u, € C*" (B, (0,7,)) for some n > 0,
up >0 in By (0,7p), up =0 on 0By (0,7p),

(2.4) / ub dvg = 1,
BQ(O,TP)

n—mp 2
@) < K)o < K (Gt )

2-p

(2.6) Cp = </ [Vup|D dvg>
Bg(oﬂ"p)

In the above equations, A, is the p-laplacian with respect to g, that is Ayu =
—divg ([Vul[f~2Vu), and we have set

n
S,(0 .
n+2 g()+€0

o =

Now the aim is to study this sequence (up) as p — 1. We let z, be a point in
By (0, r,) where u, achieves its maximum and we also let

1-n
up(Tp) = pp -

We have
1= / ug* dvg < Voly (By (0,7p)) p, "
Bg(0,rp)

and since 7, goes to 0, (i, goes to 0 as p goes to 1. In the same way, thanks to
Hoélder’s inequalities, we get

(2.7) lim ub dvg = 0.
p—l Bg(0,rp)

Step 1. We first claim that

(2.8) lim A, = K (n, 1)~2
p*}
and that
(2.9) lim |Vuplh dvg = K(n, 1~k

p—l By (0,rp)
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Indeed (see for instance [§] for an exposition in book form) for any € > 0 there
exists B. > 0 such that for any p > 1,

-1

2 2
. E p(n=1)

(/ u dvg> < <K<n,1)+e>2</ |V(up"-P)|gdvg>

By(0,mp) By(0,1p)

2

p(n—1)
+B. / up" " dug
Bg(0,7p)

which gives with (2.3), (2.4) and Hélder’s inequalities

2
pn—1)
1< (K1) + 2 (PE=0) (3 = alugl) + Bl
This leads with (2.7) to
1< (1+eK(n, 1)) liminf (A, K (n, 1)) .
p—1

Since it is valid for any € > 0, we obtain liminf, 1 A, > K(n,1)"% By (2.5), we
get that (2.8) is proved. Then (2.9) is an obvious consequence of (2.3), (2.4), (2.7)
and (2.8).
Step 2. We let @, = pu, ! exp;p1 (Bg (0,7)) C R™ and we set

gp(2) = exp%, g (1pz) forze @
and

n__

vp(z) = pp 1up (expxp (,upa:)> for x € Qp, vp(z) =0 for z € R™\Q,.
Clearly we have
(2.10) Cplpog,Vp + a2 Jop]|27PoE~t = X0 71 in Q,

with v, = 0 on 012, and

(2.11) / v dvg, = 1.

P

We also let

- p(n—1)
(2.12) Up(x) = vp(z) »=r .
By the Cartan expansion of a metric in the exponential chart, there exists C' > 1
such that

L oy
dvgp > <1 — Eup) dve,
[Vplg,dvg, < (1 + Cﬂi) |Vop |edvg

where ¢ is the Euclidean metric. This easily leads with (2.9), (2.11) and Holder’s
inequalities to

V’l~)p|§ d’UE

(2.13) lim Jr — =K(n,1)""

p—1 (fR" vg* dvg) n
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Remember here that r, — 0 as p — 1. Since (7,) is bounded in H{ (R"), there
exists vo € BV (R™) such that

1in Up =1vo weakly in BV (R").
p—)

If we apply the concentration-compactness principle of P.L. Lions ([11], [12], see
also [14] for an exposition in book form) to |v,|P" dve, four situations may occur:
compactness, concentration, dichotomy or vanishing. Dichotomy is classically for-
bidden by (2.13). Concentration cannot happen since supg v, = vp(0) = 1. As
for vanishing, since v, is bounded in L*°, by applying Moser’s iterative scheme to
(2.10), one gets the existence of some C' > 0 such that for any p > 1,

ox

1= sup vy, < C / vg* dve
Q,NBy, (0,1/2) Q,N By, (0,1)

Thus vanishing cannot happen. Compactness together with (2.13) just gives

(2.14) 1im1 ¥p =vo strongly in BV (R").
p—)

Then v is a minimizer for the H{ Euclidean Sobolev inequality which verifies
fR,, vF dve = 1. Thus there exists yo € R", A\g > 0 and Ry > 0 such that

(215) Vo = AOIB(yo,Ro)

where 15y, r,) denotes the characteristic function of the Euclidean ball B (yo, Ro).
Moreover, since v, < 1 in §,, we obtain with (2.14) that v, — vg in any L7 (R"),
q > 5. One can deduce from this that Ao = 1. At last, we have:

Wn—1

(2.16) Volg (B (yo, Ro)) =

o = 1.
Up to changing x, into exp,, (ppyo) in the definition of v,, Q, and g,, we may
assume that yo = 0. We have thus obtained that

lim 0, = 1p(,r,) strongly in BV (R").

p—1

This means in particular that

(2.17) 11711% Up = 1p(0,r,) strongly in LoeT (R™)

and that for any ¢ € C° (R"™),

(2.18) lim |V, |ep dve :/ pdoe.
r—1 Jgrn 8B(0,Ro)

If we set

210 o= (14 (B)7) e

a simple application of the concentration-compactness principle, using what we just
proved, gives

(2.20) lim |V (’5;,, — Vp) |§ d’Ug =0.

p—1 Rn
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Applying Moser’s iterative scheme to (2.10) with the help of (2.17), we also get
that for any R > Ry,

(2.21) lim sup w,=0.
P~ \B(0,R)

Step 3. The aim is to transform the L7-1T-estimate (2.17) into a pointwise estimate.
We follow here [6] (see also [5]). We let

wp(z) = |2|7 "Hop(2)

and we let 2z, € Q, be a point where w,, achieves its maximum. Let us assume by
contradiction that

lim wy(zp) = +00.

p—1
We set
1—n

vp 7 =0y (2p)
so that
(2.22) lim @ = +00

p—1 Vp
Independently, since v, < 1 in Q,,
(2.23) ;eri |zp| = +o0.

Thanks to (2.22) and (2.23), one proves then that (V,?ilvp(expzp (vpz))) is bounded
in L* (B(0,1)). This allows us to apply Moser’s iterative scheme to the equation
verified by (VE _1vp (exp., (Vp:c))) and to get the existence of some C' > 0 such
that

lim inf/ v;’ dvg > 0.
p—1 Byp(szl’p)mgp

The contradiction then easily follows from (2.17), (2.22) and (2.23). Thus we have
the existence of some C' > 0 such that for any p > 1, any z € Q,,

(2.24) 2|7 Lo, (2) < C.

In the same way, using (2.24), one proves thanks to (2.21) that for any R > Ry,

n__

(2.25) lim  sup |27 tu,(z) = 0.

P=10,\B,, (0,R)

We refer the reader to [6] for details on such claims.
Step 4. We let L, be the following operator:

_ 2 2—p, p—1 *_p. p—1
Lyu = CpAp g,u+ apip||vp |, Pul™" — Apvp ~PuP ™",
We fix 0 < v <n —1 and we set

n—p—v

Gp(x) = Opla| ™77
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where 6, is some positive constant to be fixed later. Easy computations lead to
L,Gp(x) n—p—v\*"
T n—v PP > C v _ C 2 T 2
| | Gp(x)p—l = P p—l Mp| |

— *_
+apgoplly 7|2l — Ap|z[Pop P

in Q,\ {0}. Here C denotes some constant independent of p. Thanks to (2.7), (2.8),
(2.9), (2.25) and the fact that r, — 0 as p — 1, one gets that for any R > Ry,

Ly,Gp(z) >0 in Q,\B,, (0,R)
for p small enough. On the other hand,
Lyv, =0 in Q.
At last, it is not difficult to check with (2.21) that
vp < 0,Gp on 0By, (0,R)

if we take 0, = R 55T, Now we may apply the maximum principle as stated for
instance in [2] (lemma 3.4) to get, for p small enough,
R S

vy (y) < (H) T i Q,\B,, (O,R).

Since this inequality obviously holds on By, (0, R), we have finally obtained the
following: for any v > 0 and any R > Ry, there exists C(R,v) > 0 such that for
any p > 1 and any y € Q,,

n—p—
p—1

(2.26) ()" = cmn).

Step 5. We conclude the proof of the Proposition. We apply the Hi Euclidean
Sobolev inequality to ¥p:

n—1

(2.27) (/ ﬁﬁdv5> gK(n,m/ V5, e du.
Q Q

P ya

By the Cartan expansion of g, around 0, we have

2
(2.28) dve = (1 + %Ricg(yp)ijxixj +o0 (uf,|x|2)> dvg,

where Ricy denotes the Ricci curvature of g in the exp, -map. Thus, by (2.11),

2
I Ky 0. P i x
/Q Oy dve =1+ _6p chg(yp)ij/Q z'rlvl dvg, + o <M?)/Q ||*v? dvgp> .

P P P

Using (2.17) and (2.26), one gets

o=ty S4(0)
2.2 net =149
(2.29) /Qp vp dvg * 6n(n+2)

By the Cartan expansion of g, around 0, since r, — 0 as p — 1, we also have

wa 1 RGP + 0 (12) -

4

|V@;D|éJ = |V7~)p|5p [ 6 |V6P|;p2ng (Yp) (Vp, 2,2, Vi) + 0 (u§|x|2)]
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where Rmy, denotes the Riemann curvature of g in the exp, -map. Then, using
(2.28), we get

2
. - 1% . e~
/ [Vple dve = / [Vplg, dvg, + FPRZCQ (yp)ij/ 22! [V e dvg
Qp Qp Qp
2
W R - N
_Ep o |vvp|gp1ng (yp) (Vp, z,2, VD) dvgp (2.30)

+o <,u12,/Q

Let us now look at the different terms of (2.30). First, by equation (2.10) and
relation (2.5), we have

B p(n _ 1) 7L£L'p:1)
/ |V'Up|gp d’ng 7/9 Up i |V'Up|9p dvgp

Q, n—p »

p(n—1) /
< P
> n—p ( o |va|gp Vgy

1
< K D)7 (1 —amh Hvl2)®

|2V Tplg, d%) :

P

P

P

Since, by (2.17) and (2.26), ||vpllp, = 1 +0(1), we get

- _ (6%
(2.31) [ V80l vy, < K1) = S i+ 0 (2).

P

Independently, by Holder’s inequalities, we have

_]_)
22|V dv,<p(n7 /
(L||| plo, v, < P2 (|

=

P P

|2 [Vl d%)
By equation (2.10), one gets

/ |a:|2p|va|f]’p dvg, < / |va|§p_2 (V (|a:|2pvp) , va)gp dvg,

P P
—l—C’/Q |x|2”_1 |va|5p_1vp dvg,
P

< C"’C(/ |22V, b d”%) (
QP

where C denotes some constant independent of p. Using (2.26) and Young’s in-
equalities, one deduces that

(2.32) / |z[? [V, |b dug, = O(1).

Qp

Now, for some R > Ry, we get by (2.18) that

/ |V, |ex'a! dve = O (/ |22 |V, d’Ug) +/ z'zldoe +o0(1).
Q Q,\B(0,R) dB(0,Ro)

P

1
P
/Q |m|pv£ dvgp>

ya
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Using equation (2.10) and relation (2.26), it is easy to check that

lim |22V p|e dve =0
p=LJa,\B(0,R)

so that

233l Riey (), [ [Vlens) dog = RS, ),

P

At last, since VV,,, V, as in (2.19), and = are pointwise colinear vector fields, we
have

Rmyg (yp) (Vp, 2,2, V) < Claf?|Viyle|V (3, — Vp) ¢
so that, by (2.10), (2.20) and (2.26),

p—1

(2.34) lim [ [V, Rmg (yp) (Vip, 2,2, Viy) dug, = 0.
QP

Coming back to (2.27) with (2.29)-(2.34), we obtain, after easy computations using
in particular (2.16),

n
(a— n+259(0)> 1z +o () <0.

This gives the desired contradiction by letting p go to 0. Remember here that
o — nLHSg(O) = g > 0. This ends the proof of the Proposition, hence the proof of
Theorem 1. |

3. THE COMPACT CASE - PROOF OF THEOREM 2

In order to prove Theorem 2, we let (M, g) be a compact Riemannian manifold
of dimension n > 2. We assume that S; < n(n—1)Ky. If we apply Theorem 1 with
some z in M and Ky, we get some 7, > 0 such that the isoperimetric comparison
(with the model space form of curvature K) holds for sets contained in the geodesic
ball of center x and radius r,. It is clear that r, is continuous with respect to x.
Thus, there exists d > 0 such that for any subset 2 of M of diameter less than or
equal to d,

(3.1) 1094 > |0Blg,
where B is a ball of volume ||, in the model space of constant curvature K.
For 0 <V < |M]|,, we let
h(V) =inf {|0Q|y, Q C M, |Q|,=V}.
There exists some 2y C M such that
|0Qv|g = (V).
The boundary 99y of Qy is a smooth hypersurface of constant mean curvature up

to a compact set of Hausdorff dimension at most n — 8 (see for instance [13]). Now,
as a consequence of the work of Johnson and Morgan [10], we know that

diam (Qy) — 0
as V. — 0. In fact, Johnson and Morgan proved that €y is asymptotically, as
V — 0, a ball. In particular, for some V| small enough, any Qy for V' < V4 has

a diameter less than or equal to d. We may then apply (3.1) to end the proof of
Theorem 2. O
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