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PERTURBATIONS OF SURJECTIVE
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(Communicated by N. Tomczak-Jaegermann)

ABSTRACT. Let pu1 and po be (ultra)distributions with compact support which
have disjoint singular supports. We assume that the convolution operator
f — pa1*f is surjective when it acts on a space of functions or (ultra)distribu-
tions, and we investigate whether the perturbed convolution operator f —
(p1 + p2) * f is surjective. In particular we solve in the negative a question
asked by Abramczuk in 1984.

1. INTRODUCTION

For an element u € £'(RY), L. Ehrenpreis [5] and L. Hérmander [7] showed that
the convolution operator f — px f, f € C°(RY) (resp. f € D'(RY)) is surjective if
and only if p is slowly decreasing, that is, if its Fourier-Laplace transform i satisfies
the following condition: There are constants A, B, m such that

sup | (&) |> B(1+ | & |)~™ for all & € RY

where the sup is taken over all £ € RY satisfying | £ — & |< Alog(2+ | & |). In [§]
Hormander developed interesting and powerful methods with the aim of proving
analogues of the theorem of supports of Titchmarch-Lions when the supports are
replaced by the singular supports. As a corollary [8 5.4] he proved that uy + ug is
slowly decreasing whenever i1, po € &' (RY) have disjoint singular supports and 1
is slowly decreasing. In terms of the associated convolution operators this can be
stated as follows: If u1, po € E'(RN) have disjoint singular supports and py defines
a surjective convolution operator on C=(RY) or on D'(RY), then the convolution
operator associated to py + po is also surjective. In 1984 by also looking at the
growth of the Fourier-Laplace transforms, Abramczuk [1] gave a direct proof of
Hormander’s result, and he asked whether it remains true for convolution operators
acting surjectively on the space of distributions of finite order D/, (RY).

In this paper we give a negative answer to the question posed by Abramczuk [1].
Using recent results of Bonet, Galbis and Meise [2] we investigate perturbations of
surjective convolution operators acting on spaces of ultradistributions of Beurling
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and of Roumieu type in the sense of Braun, Meise and Taylor [3]. In fact, we show
that the result of Hérmander extends completely to convolution operators acting on
Dzw)(RN ) or on Df{w}(RN ). We face the problem from a functional analytic point
of view, and thus the role played by the disjointness of the supports is clarified.
The behavior of the perturbed convolution operator on ultradifferentiable functions
of Beurling or of Roumieu type is different. Whereas in the Beurling case the
surjectivity is preserved, an example shows that this is not the case in the Roumieu
setting.

2. PRELIMINARIES

First we introduce the spaces of functions and ultradistributions and most of the
notation that will be used in the sequel.

Definition 2.1. Let w : [0, oo[— [0, oo[ be a continuous function which is increasing
and satisfies w(0) = 0 and w(1) > 0. w is called a weight function if it satisfies the
following conditions:

(o) w(2t) < K(1 4 w(t)) for some K > 1 and for all ¢ > 0.

(8) [ “hat < 0.

(7) log(t) = o(w(t)) as t tends to co.

(8) ¢ : t — w(e?) is convex.

Examples of weight functions can be found in [3].

For a weight function w we define & : CV — [0, 00 by &(2) = w(| 2 |) and again
call this function w, by abuse of notation. The Young conjugate of ¢ is defined by
¢"(x) = supysofzy — (y)}-

Definition 2.2. Let w be a weight function and let €2 be an open set in RY. We

define
Ew(Q) :={feC™(Q):| f|lxkr< oo for every K CC € and every A > 0}
and
Erwy () == {f € C(Q) : for every K CC (2 there exists A > 0
such that || f [[xk < o0},
where

w, | Q
[ llsexi= sup sup | f1(z) | exp(=Ap <|T|>>.
z€K aeNY

£(.)(Q) is endowed with its natural Fréchet topology, while £¢,1(f2) is a projec-
tive limit of (LB) spaces.

The elements of £ (2) (resp. £(,1(£2)) are called w-ultradifferentiable functions
of Beurling (resp. Roumieu) type. We write £,(€2), where * can be either (w) or
{w}. For a compact set K in 2 we let

Du(K) :=A{f € &(Q) :supp f C K7},

endowed with the induced topology. For f € D.(K) and A > 0 we will denote
” f ||)\:|| f HK,A and

D, (Q) := ind; D, (K;)

where (K) ey denotes a fundamental sequence of compact sets of €2.
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The elements of Dz @)
ing (resp. Roumieu) type.
Definition 2.3. Let u € E.(RY), p # 0, be given. We define (compare with
Braun, Meise and Taylor [3], Sect. 6)
S, : DL(RY) — DL(RY), S, (E):=pux*E,

where (u* E,0) = (E, i+ ) and jix o :x — p(p(r+-)), z € RY.

Then S, is a continuous linear operator.

We denote by T}, : E.(RY) — E,(RY) the restriction of S, to E(RY).

Definition 2.4. Let f € D.(R"Y) be given. We write sing.supp f for the comple-
ment of the largest open set € such that f € £,(Q).
We will refer to sing,supp f as the x-singular support of f.

(Q) (resp. D’{ o} (Q)) are called w-ultradistributions of Beurl-

The following definition is a reformulation of the classical Ehrenpreis condition.
We refer to 2 2.3, 3.1].
Definition 2.5. (1) An element p € EEW)(RN) is called slowly decreasing for (w) if
there exists C' > 0 such that for each € RY with | z | > C there is £ € CV with
|z — &< Cw(z) and | A(£) | = exp(=CIm¢] — Cw(£)).

(2) An ultradistribution p € Eiw}(RN) is said to be slowly decreasing for {w} if
for each m € N there exists R > 0 such that for each z € RY with | z |> R there
exists £ € CV satisfying | # — £ | < Lw(x) such that | 4(€) | > exp(—Zw(€)).

Remark 2.6. If p € E(RY), u is slowly decreasing for * if and only if the convolu-
tion operator S, is surjective [2, 2.9, 3.4].

3. RESuLTS

We begin with a negative answer to the question posed by Abramczuk [Il, remark
1].
Theorem 3.1. There exists a distribution with compact support u € E'(R) whose

support does not contain 0 and such that the convolution operator Ssy, : Dp(R) —
Di=(R) is not surjective.

Proof. Let v € &' (R) be given such that the convolution operator S, is surjective on
D’'(R) but does not admit a fundamental solution of finite order (see [6]). Let R > 0
be such that suppv C [—R, R]. We take ¢ € D(R) identically 1 on a neighborhood
of [-(R+1),R+1]. Let E € D'(R) be such that S,(E) = 4. We have

Su(pE) =6 = S,((1 - 9)E),

from where it follows that p := —S,((1 — ¢)E) has compact support. Moreover,
0 does not belong to the support of p. In fact, given ¥ € D(R), with support
contained in (—1,1), we have,

n(@) = (=Su((1 = @)E),¢) = (1 —p)E, v x 1) =0,
since the support of % 1) is contained in [—(R + 1), R+ 1] and 1 — ¢ is identically
0 on a neighborhood of this interval. Then

S5iu : Dip(R) — Djp(R)

cannot be surjective; indeed Ssi,(f) = Su((@E) = f) # ¢ for every f € Di(R),
since (pE)* f € Dp(R) and v does not admit a fundamental solution in Dj(R). O
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In order to obtain positive perturbation results we show that the analogue of [7]
3.3] holds when we work with ultradistributions.

Lemma 3.2. Let w be a weight function and let p € Szw)(RN) be given. Then the
following are equivalent:
(1) wis (w)-slowly decreasing.
(2) For each compact set K in RN there exist m € N and C > 0 such that
supepn | @(@) [S C || p* @ [|lm for all ¢ € D,y (K).
(3) There exists a compact set K in RN with non-empty interior, m € N and
C > 0 such that, for all ¢ € D(,)(K), sup,epn | ©(@) [ C || p* @ |lm-

Proof. The equivalence between (1) and (2) is proved in [2, 2.6]. Clearly (2) implies

(3).

To see that (3) implies (1), we first observe that without loss of generality we
may assume that K = B, for some r > 0, where B, stands for the open ball around
the origin of radius r. If u is not (w)-slowly decreasing, we may proceed as in the
proof of (2) = (3) in [2] 2.6] to find a sequence (v;) en such that (u * v;)jen is
bounded in E(’w)(RN), suppv; C B, for every j € N, while (v;) ey is unbounded in
Eéw)(RN). Therefore, we find ¢ € D(,,)(B, 2) such that (v;(¢));en is an unbounded
sequence in R. Consequently (sup,cp~y | ¥j * ¢(2) |)jen is not bounded, whereas
(1% vj * ) jen is bounded in &) (RY), which contradicts (3) since suppv; * ¢ is
contained in B,.. O

Theorem 3.3. Let w be a weight function. Let pi, ps € Eéw)(RN) be given, and
assume that S, is surjective and that singysupp p1 N sing)supp po = 0. Then
Spi+ps 18 surjective, too.

Proof. Tt is easy to deduce from the Paley-Wiener theorem [3] 3.4] that given n €
Ezw)(RN) and a test function y € Dy, (RY), the sum n+ x is (w)-slowly decreasing
if and only if 1 is (w)-slowly decreasing. So we may assume that the supports are
disjoint.

Let K;, i = 1,2, denote the support of y;,7 = 1,2. Since K; and K3 are disjoint
compact sets in RY we may take § > 0 such that (K + Bs) N (K24 Bs) = 0. Then,
for p = p1 + pe and ¢ € D(Bs),

| 1% (= max([| g1 @ [l || 12 % & [lm)
which proves the result by Lemma [3.2 [l
Remark 3.4. The classical case C*°(RY) is not a particular case of what we present
here since w(t) = log(1 + t?) does not satisfy condition (). However, the proof of

Theorem B3 with Lemma B2 and [2, 2.9] replaced by [7, 3.2, 3.10] also works in
this case.

As a corollary, we get the same result for ultradistributions of Roumieu type.

Corollary 3.5. Let w be a weight function and let py, o € Eiw}(RN) be given. If
Sy, is surjective and sing .y supp pu1 Nsinggysupp pz = 0, then Sy, 1., is surjective.
Proof. Again, it is enough to show that p1 + po is {w}-slowly decreasing (see [2|
3.4]). According to [2, 3.2] there exists a weight function o with ¢ = o(w) such that
M1, fa € 8(’0) (RN) and py is (0)-slowly decreasing. Observe that o = o(w) implies
E{w}(RN) C E(U)(RN) [3, 4.7], hence sing(,)supp u; C singgysupp pi, @ = 1,2.
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Theorem gives that pq + po is (0)-slowly decreasing, and therefore it is {w}-
slowly decreasing. [l

We investigate the surjectivity of the perturbed operator when it acts on func-
tions. For the Roumieu case we make use of the characterization of surjective
convolution operators on £g,3(R) due to Braun, Meise and Vogt [4].

Theorem 3.6. (1) Let py, p2 € EEW)(IRN) be given with disjoint (w)-singular sup-
ports. If Ty, is surjective on £, (RY), s0 it is Ty, 4u,-
(2) There exists p € Eiw}(R) such that 0 does not belong to supp v and Ts4, is
not surjective on Eg,3(R).

Proof. (1) is an immediate consequence of Theorem B3 and [2, 2.9].

(2) By [4, 3.11] there is v € &, (R) so that S, has an elementary solution E
but T, is not surjective. Then, choosing ¢ € Dy,}(R), ¢ = 1, in a neighborhood of
—supp v and putting = —S, ((1 — ¢)F) as in the proof of Theorem B.I] we obtain
Ts+,(f) = Tu((pE) * f). Hence Ts4,, is not surjective, while supp § N supp p =
0 O
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