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ON THE CELLULAR DECOMPOSITION
OF THE EXCEPTIONAL LIE GROUP G,

MAMORU MIMURA AND TETSU NISHIMOTO

(Communicated by Paul Goerss)

ABSTRACT. The present note is to give a cellular decomposition of the compact
connected exceptional Lie group Ga.

1. INTRODUCTION

Let us denote by G2 the compact connected exceptional Lie group of rank 2. By
definition G5 is the automorphism group Aut(€), where € is the Cayley algebra. It
has been long known that G2 has the homotopy type of

S3uebueluetue’ uell uel.
The purpose of the present note is to give a cellular decomposition of G:
Go=83Ue’Uueluedueuel uel.
2. PRELIMINARY

Let us recall known results on GGo which will be needed later.

The Cayley algebra € is isomorphic to R® as an R-module and we denote its basis
by {eo, e1, ea, €3, eu, €5, g, €7}. Notice that the multiplication is not associative.
The element eq is the unit of the algebra which we denote by 1. The multiplication
of the remaining basis is given in the following diagram:

€1

€2 €7

€4

€3 €s €6
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Then the exceptional Lie group G is defined to be
G2 ={9€50(8) | g(x)g(y) = g(xy),z,y € €} = Aut(€).

Since g(1) = 1 for any g € G2, we may regard G2 as a subgroup of SO(7). So from
now on, we express an element of Gy as that of SO(7). The subgroup of elements
in G4 fixing e is known to be isomorphic to SU(3). The subgroup of elements in
G- fixing e; and ey is known to be isomorphic to SU(2). Thus we regard SU(3)
and SU(2) as subgroups of G5. Let S% be the unit sphere of R” whose basis is
{e;] 1 <i < 7} and S® be the unit sphere of R® whose basis is {e; | 2 < i < 7}.
Then there are two principal fibre bundles over them:

SU(3) — G 25 86,
SU(2) — SU(3) 22 55,

where p;(g) = g(e;) for i = 1,2. Let H be the subgroup of G5 defined by
H =GN (SO(3) @ SO(4)).

Lemma 2.1. hgh™! € SU(2) for any h € H and g € SU(2).

Proof. It is obvious, since SU(2) = G2 N ({1} & SO(4)), where {1} denotes the
subgroup of SO(3) consisting of the identity element. O

In the remainder of the section, we will construct cells of Go. Let D' (1 <i < 3)
be the i-dimensional discs defined respectively by

D* = {(z1,22,23) € R3 | xf +x§ +x§ <1},
D? = {(y1,y2) € R? |y} + 13 < 1},
D' ={z eR |22 <1}

We define V3, V® and V6 as follows:

V3=D% VS=D3xD? V%=D3xD?xD!

and put X,Y and Z as

X:\/l—x%—xg—xg, Y =1/1—9y?—y3 Z=\/1-2%
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We define three maps A, B, C respectively of D’ to Gy for 1 < i < 3 as follows:
1

A($1,$2,$3) = 1-— 2X2 —2:[,‘1X —2:[,‘2X —2:[,‘3X s
201X 1-2X7? 223X —2x5 X
20X 223X 1-2X2 211X
223X 20X 29X 1-2X?

yl —yg —Y O
Y2 Y1 0 -Y

B(y1,y2) = Y 0wy oy ;
0 Y -y wn

1
1
z1 0 —Z
0 1 0
Z 0 Z1
C(Zl): 1 s
Z1 0 -7
0 1 0
Z 0 Z1

where blanks consist of the zero element. After having prepared these definitions,
we will construct some cells of Go. Let ; be a map of V? to Gy for i = 3,5,6
defined respectively by

®3 (xla T2, £C3) = A(xlv T2, £C3),

©s5 (xla x2,T3,Y1, y2) = B(y17 yQ)A(xh T2, $3)B(y1, y2)_1a

06 (21, 2, 23, Y1, Y2, 21) = C(21) By, y2) A(z1, 22, 23) B(y1,y2) " C(21) 7"

We define eight cells e/ for j = 0,3,5,6,8,9,11, 14 as follows:

0_ 3 _ 5 _ 6 _
e ={1}, e’=Imeps, e =Imeps, €°=Im p;g,
8 _ 5,3 .9 _ 6.3 11 6,5 14 _ 6,5,3

e® =e’e’, e’ =¢e%>, et =e%°, e =c¢lee’.
We denote the boundary and the interior of a cell e’ simply by é* and by é’ respec-
tively.

3. A CELLULAR DECOMPOSITION OF SU(3)

Yokota [Y1], [Y3] constructed a cellular decomposition of SU(n). In this sec-
tion, we reconstruct a cellular decomposition of SU(3) for our purpose, which is
essentially the same as Yokota’s decomposition.

As is known, SU(2) is homeomorphic to 5%, and hence € U e? is a cellular
decomposition of SU(2).

Lemma 3.1. The composite map pas : (V°,0V°) — (8%, {ea}) is a relative home-
omorphism.
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Proof. We express the map (p2¢s)|vs\spvs as follows:

0 0
as 1-2X2Y?
as 2:[:1XY2
as | = paws(z1, 22,23, 1,92) = | 2Y (11 X? — m190X) |,
as =2Y (151 X + 2 X?)
(47 —2$2XY
ar —2x3XY
and hence
0 0
1-— a9 XY

as 1Y

a4 =2XY [ 11X — 1190

as —z1y1 — Y2 X

ag —x2

ar —I3

Since X > 0,Y > 0 and 1 —asy > 0, an easy calculation from the second component
in the above equation gives the following equation:

1—ao
(3.1) XY = T,
from which we easily obtain
—ag
2(1—az)’
—ay
V2(1 - az)
Further we obtain two more equalities from the above equation:
(1 —a2)* + a2 = 4X*YV* (2?3 + X?),
a2+ a2 = AX2Y2(y? + ) (a? + X?) = AX2V2(1 - Y2)(ad + X2).

(32) To =

(33) I3 =

Using these two equalities, we obtain
(1 —a2)? + a3
(1 —a2)?+ a3 +aj + a3’
It follows from (Bl) and (B4) that
1 —az)((1 — a2)® + a3 + af + a3)
2((1 — a2)? +a3)
It follows from (B:2), (3:3) and (B3:5)) that
a3((1 — a2)* + a3 + af + af)
2(1 = a2)((1 — a2)? + a3)

(3.4) Y? =

(3.5) X% = (

(3.6) x? =

Since Y > 0, (B4) implies that

(1—a2)?+ a%

(3.7 Y = .
) V(1 —a2)?+ a2 + a3 + a2
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Since X > 0, (33) implies that

V(@ —a2)((1 —a2)? + a3 + ai + a?)
(3.8) X = \/2((1 = a2)2 n ag) .

Since the signs of z; and a3 are the same, ([6) implies that

_a3y/(1—az)® + a3 +af+al
L V2w (- aP rd)
Now we determine ys; we have
asr1 +asX = —ZXY(J)% + X2)y2.
Substituting the equations (3:1), (3:8) and (329) in the above equation, we obtain

(3.9)

Yo — —azayg — (1 — ag2)as .
V(1 = a2)? +a3)((1 - a2)? + a3 + af + a3)
Finally we determine y;; we have
ay X —asr; = 2XY (22 + X?)y;.
Substituting the equations (31I), (B]) and [33) in the above equation, we obtain

(1 —ag)aq — agas

(3.10)

(3.11) Y1 = = > . > > —.

V(1 = a2)? + a3)((1 — a2)? + a3 + af + a)
Thus we have expressed x1, x2, 3, Y1, y2 in terms of as, - -+ , a7, that is, the inverse
map has been constructed, which completes the proof. O

Proposition 3.2. e Ue3 Ue®Ue® is a cellular decomposition of SU(3).

Proof. First we will show that é'Né/ = ) if i # j. We consider the following three
cases:

(1) For the case where i = 0 and j = 3, it is obvious that é° N é3 = () since e’ Ue3
is a cellular decomposition of SU(2).

(2) For the case where i € {0,3} and j € {5, 8}, we have ps(é") = ez and po(é7) =
S5\{e2}. Then we have é' N é&7 = ().

(3) For the case where i = 5 and j = 8, suppose that A € é°Né®. Since &8 = &°¢3,
we can put A = A; Ay where A; € é° and Ay € 3. We have A = A; since
pa(A) = pa(A1Az) = pa(A1) and paes is monic. Then we have Ay = 1 € €3,
which is a contradiction. Thus é° N é% = ().

8 5

Next, we will check that the boundaries of the cells are included in the lower
dimensional cells. It is obvious that the boundary ¢é3 is included in €. Observe

that the boundary é° is a union of the following two sets:
{BAB™'| A e A(D®),B € B(D*)},
{BAB™'| A e A(D?),B € B(D?*)}.

The first set contains only the identity element since A is the identity element.
Lemma [ZT] implies that the second set is contained in SU(2) since B is contained
in H. Thus we have ¢> C e3. Further we have ¢® = ¢°e3Ue’¢é? C e3e3Ue’e? = e3ue’.

Finally, we will show that the inclusion map e® Ue3 Ue® Ue® — SU(3) is epic.
Let g € SU(3). If p2(g) = e, then g is contained in SU(2) = e Ue?. Suppose that
p2(g) # ea. There is an element h € e® such that pa(h) = p2(g). Then we have
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h=lg € SU(2) = e’ U €3, since pa(h~1g) = e2. Therefore we have g € h(e® Ue3) C
dueduedUed. g

4. A CELLULAR DECOMPOSITION OF G'g

First we need to show

Lemma 4.1. The composite map prge : (VS,0VC) — (S, {e1}) is a relative home-
omorphism.

Proof. We express the map (p1¢g)|ve\sve as follows:

a 1-2X2%y2272
as 201 XY?Z
as 221 X2Y27
as | = proe(e1, 2,23, y1, Y2, 21) = —2XY Z(x1y1 + y2X) ;
as —ZXYZ(ylle — T1Y221 + J?QZ)
ag —2XY Zxs
ar —ZXYZ(leZ — J?lyQZ — .1?221)
and hence
1—a XYZ

a9 £E1Y

as XY

Q4 =2XY”Z —T1Y1 — yQX

as —y121X + x1Y221 — T2 Z

Qg —Xx3

ay —nXZ+ 11Yy2Z + 12021

We set for simplicity
o) = (1—a1)2+a§, = (1—a1)2+a§+a§, a3 = (1—a1)2+a§+a§+ai,
61 = azas + (1 — ay)ar, B2 = agas + azas + (1 —ay)ay.

Since 1 — a; > 0, we have o; > 0 for ¢ = 1,2,3. By an easy calculation one can
obtain the following three equations:

(4.1) P Vi
: ot
1-— a1 (6%]
4.2 X?%v? = =
(42) 272 2(1—ay)’
(4.3) zf:1—22:“—§.
aq

Since Z > 0 and 1 — a7 > 0, (@) implies that
1-— aq
4.4 = —.
(4.4) =
Since the signs of z; and ag are the same, (€3] implies that

as

T

(45) 21 =
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We easily have
—ag —ag
TXYZ T (-
Next we determine X and Y; we have
(i + (a521 + a7 2)*)Y? = AXPYIZ2(y] + y3) (2] + X7)
= 4X?Y1Z2(1 - Y?) (22 + X?),
a2(1 —Y?) =4X*Y*Z%(1 - Y?)z?.

(46) T3

It follows from these two equalities that
(a2 + (asz1 + a7 Z2)?)Y? —a3(1 = Y?) = 4XY*Z2(1 - Y?).
Substituting the equations (42)), (#4) and (@) in the above equation, we obtain

(a3a5 + (1 — al)a7)2
aq

aly? + Y2 +a3Y? —a3 =a1(1-Y?),

whence we have
2 _ [e5e%]
a1os + ﬁ%
Since Y > 0, we have
(4.7) y — vaa2 VO‘10‘22,
Vaias + (]
Since X > 0, (£2) and (7)) imply that
) 2
(4.8) x o Vowos+ 87
2(1 — al)ag
We easily have
(4.9) o as _ a2\/041043+ﬁf
. 2XY?2Z  \2(1 —a))onas
Now we determine y; and y»; we have
asx1 + as1 X +ar XZ = —2XYZ(£E% + X2)y1,
into which substituting (£4), (£H), (7)), (£8) and ([@I) we obtain
(4.10) gy = 2V _.
\/ 0&2(0&10&3 + 61)

Quite similarly the equation
asX —asT12] — arr1 2 = —2XYZ($% + X2)y2
gives rise to

a1 — azaq
Y2 = —-
\/ 0&2(0&10&3 + 61)

Finally we determine xs; we have

CL5Z — a7zl = —ZXYZJ,‘Q,

(4.11)
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which gives

asa7 — (1 — al)a5

(4.12 To =

) 2(1 — al)al
Thus we have expressed x1,x2,x3,¥1,Y2,21 in terms of ai,---,ar, that is, the
inverse map has been constructed and this completes the proof. O

The following is our main result.

Theorem 4.2. The cell complex ®Ue3Ue®UeSUeBUe®Uell Uel? thus constructed
gives a cellular decomposition of Gs.

Proof. First we show that é'Né/ = () if i # j. We consider the following three
cases:

(1) For the case where i,j € {0,3,5,8}, both cells e’ and e/ are in SU(3) and
ePUedUedUed is a cellular decomposition of SU(3). Then we have é!Né/ = ()
if i # j.

(2) For the case where i € {0,3,5,8} and j € {6,9, 11,14}, we have p;(é*) = {e1}
and p;(é7) = S®\{e1}. Then we have é' N é&’ = .

(3) For the case where i,5 € {6,9,11,14}, suppose that A € é* N é&J. Since é' =
€%¢176 and ¢/ = ¢%¢776 we can put A = A Ay = A} A} where Ay, A} € é5,
Ay € é76 and A, € ¢975. We have A; = A, since pi(A;1) = p1(A142) =
p1(A1AL) = p1(A4]) and p1|ge is monic. Then we have Ay = A} and the first
case shows that i — 6 = j — 6, that is, i = j. Thus &' Né&J = () if i # j.

Next, we will check that the boundaries of the cells are included in the lower

dimensional cells. In the proof of Proposition B.2] it is proved that the boundaries

¢3, ¢5 and é® are included in the lower dimensional cells. Observe that the boundary

¢% is a union of the following three sets:

{CBAB™'C™' | A€ A(D?),B € B(D?),C e C(D")},
{CBAB™'C~'| Ae A(D?),B € B(D?),C € C(D")},
{CBAB™'C~' | A€ A(D?),B € B(D?),C € C(D")}.

The first set contains only the identity element, since A is the identity element.
Lemma B.1] implies that the second set is contained in SU(2), since B and C' are
contained in the subgroup H. We consider the third set. If C' = C(1) = 1, it is
obvious that CBAB~!C~! = BAB~! € ¢5. Suppose that C = C(—1). It is easy
to check that

CB(y1,42)C~" = B(y1, —v2),
CA(x1,29,23)0 7" = A(—x1, 2, —23).
Thus the third set is contained in e®, since we have
CB(y1,y2) A(x1, 2, 23) By, y2) " C ™"
=(CB(y1,42)C ") (CA(z1,72,23)C~ 1) (CB(y1,y2)'C ™)
=B(y1, —y2) A(—x1, 2, —23) B(y1, —y2) .

We have ¢° = e%¢3 Uébe3 C e8ePUe’ed = 8 UeB. We also have ¢! = ¢85 Uebe® C
ePe®Uebed = e Ue?, and M = éede3 Uebeded Uebedé3 C ePeled Uebeded Uele® =
eBueduell.
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Finally, we will show that the inclusion map e®Ue?Ue’UebUeBUe’Uel Uel* — Gy
is epic. Let g € Go. If pi(g) = e1, then g is contained in SU(3) = e Ue? Ue® Ued.
Suppose that p1(g) # e1. There is an element h € €% such that p;(h) = p1(g). Thus
we have h=1g € SU(3) = e’ Ued Ue® Ued since p1(h~1g) = e1. Therefore we have
geh(Pueluetued)celuelue’ueluedueduettueld, O
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