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ABSTRACT. The maximum principle on a wide class of unbounded domains is
proved for solutions to the partial differential inequality Agu + cu > 0, where
¢ < 0 and Ag is a real sub-Laplacian. A potential theory approach is followed.

1. INTRODUCTION AND MAIN RESULTS

In recent years, much attention has been paid to the maximum principle on
unbounded domains for solutions to the PDE inequality

(1.1) Au+cu>0,

where A is the Laplace operator in RN, N > 3, and c is a real non-positive function.
As is well known, such a principle plays a crucial réle in looking for symmetry
properties of solutions to semilinear Poisson equations, by using moving planes
or sliding methods (see [BHM], [BN], [BCN]). In those settings, one of the most
commonly used maximum principles can be stated as follows.

(MP). Let Q C RN be an open set whose complement RY \ Q contains an infinite
open cone. Consider a bounded-above function u € C%(Q) satisfying inequality (L)
i Q, and the boundary condition

(1.2) limsupu(y) <0,  for every x € 0N).
Qoy—x

Then u(x) <0 for every x € .

This rather classical result can be proved by using suitable barrier functions in
cones, as in [BCN], Lemma 2.1.

Here we would like to show that it can be easily derived from a 1947 theorem
by J. Deny, related to the behaviour at infinity of the bounded-above subharmonic
functions in RY, N > 3. Indeed, if u is a bounded-above C2(Q)-function satisfying
conditions (LI)) and ([2), then v : RN — R, defined as

u(z) if x € Q and u(z) > 0,
0 otherwise,

v(z) =
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is a subharmonic function in RY. Then, since v is bounded above, there exists a
Radon measure g in RY such that

(1.3) o) =V - / T~ y)duly),

where V' = supgn~y v and I" denotes the fundamental solution of the Laplace operator
A in RY (see, e.g., [HK], Theorem 3.20). Then, by Deny’s theorem ([D], p. 142;
see also [HK], Theorem 3.21),

v(x) —V

as |z| — oo along almost all fixed rays through any given point. As a consequence,
since RM \ © contains an infinite open cone, v(z) goes to V as |z| — oo along at
least some rays contained in R \ Q. Since v = 0 in R \ Q, this implies V = 0, so
that v <0 in Q. Thus, (MP) is proved.

The extension of the previous arguments to the general setting of the real sub-
Laplacians in R is our aim in the present paper.

Our starting point will be a representation formula for subharmonic functions
related to a sub-Laplacian, generalizing (I3]). This result has been proved in [BL];
for the reader’s convenience, we recall it in Section [2, Theorem 2.2.

In order to show our results, we introduce some definitions and notation, referring
to the next section for further details. We will denote by Ag a real sub-Laplacian
in R, by G := (R¥,0) its related homogeneous group and by (§))xo the dilations
family of G. The homogeneous dimension of RY with respect to (Jx)a>o will be
denoted by . We assume ) > 3. The operator Ag has a fundamental solution
[(z,6) =T(£ ! ox), where

@ = )T

cq is a suitable positive constant and d € C> (RN \ {0})NC(RY) is a homogeneous
norm of degree 1 with respect to (dx)x>o0 (see [G]). The application (z,§) —
d(¢71 o z) is a pseudo-distance in RYY. We define the d-ball of center z € RY and
radius r > 0 as

D(z,r) = {y e RN | d(z"toy) <r}.

Since Ag is hypoelliptic, any C°°(Q)-function u such that Agu = 0 in Q can
be called a Ag-harmonic function in an open set @ C RY. A function u : Q —
[—00, co[ will be called Ag-subharmonic if u is upper semicontinuous, u € Li (Q),
and Agu > 0 in the weak sense of distributions.

We can now state our main result, which extends to sub-Laplacians Theorem 3.21
in [HK], a somewhat weaker form of Deny’s result.

Theorem 1.1. Letu : RY — [—o00, 00| be a bounded-above Ag-subharmonic func-
tion. Then, for every q > Q — 2, there exists a finite or countable family of closed
d-balls {D(a:j,rj)}jEJ such that
T q
M Y (5=) <o
jed d(z;) B

(i) setting D := U, c; Dy,

(1.4)

li = .
a0 ) = supu
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In particular,

limsup u(z) = limsup wu(x)
d(z)—o0, zERN d(z)—o0, zEF

for any C-set for Ag, F C RV,

We agree to define a C-set for Ag to be any subset of RY which cannot be
covered by a finite or countable family of closed d-balls D(x;,r;) satisfying (i) for
some q > Q — 2.

We will prove this theorem in Section Bl Here we would like to show how it can
be applied to obtain maximum principles on unbounded domains. First of all, in
light of the second part of Theorem [Tl we are led to recall a definition which has
been largely used in classical and abstract potential theory.

Definition 1.2. We say that F' C RY is not-thin at infinity for Ag if

(1.5) limsup u(x)= limsup wu(x)
d(z)—o0, z€RN d(z)—o0, TEF

for any bounded-above Ag-subharmonic function u in RY (see [B], [CC)).

With Definition in hand, the second part of Theorem [T.1] can be stated as
follows:
any C-set for Ag is not-thin at infinity for Ag.
Not-thin sets at infinity are deeply related to the maximum principle. When we

say that the maximum principle for Ag holds in 2, we mean:
If u: Q — [—00,00[ is a bounded-above Ag-subharmonic function such that

limsupu(y) <0, YV e 09,
Qoy—x
then u <0 in .
Then we have the following result.

Proposition 1.3. Let Q be an open subset of RN. Then, the mazimum principle
for Ag holds in Q if and only if RN \ Q is not-thin at infinity for Ag.

Proof. Since non-constant Ag-subharmonic functions in RY do not attain local
maxima, ([H) is equivalent to
(1.6) supu = sup u,
RN RN\Q

for all bounded-above Ag-subharmonic functions u in RY. Suppose the maximum
principle for Ag holds in 2. Let u be a bounded-above Ag-subharmonic function
in RN, Define C := supgy\ou and v := u — C. Then, v is a bounded-above
Ag-subharmonic function in Q and

limsupwv(y) <ov(z) <0 Ve .

Qd3y—z
Hence, by the maximum principle, v < 0 in Q and (6] follows. Vice versa, let u

be a bounded-above Ag-subharmonic function in €2 such that limsup,_,, u(y) <0
for every x € 0f2. Define

_Jmax{u,0} in Q,
o in RV \ Q.
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It is a standard matter to show that v is a bounded-above Ag-subharmonic function
in RY (see, e.g., [B], Satz 1.3.10). Hence, if (ICH) holds, we have

supv = sup v = 0.
RN RN\Q

This yields v < 0, i.e., u < 0 in €. O

From Theorem [CTland the previous proposition, we immediately get a geometric
criterion for the maximum principle.

Corollary 1.4. The mazimum principle for Ag holds in the open set Q if RN \ Q
is a C-set for Ag.

An easy consequence of this corollary is the following extension to real sub-
Laplacians of the maximum principle stated at the beginning of the Introduction.

Theorem 1.5. Let Q@ C RN be an open set whose complement RN \ Q is a C-set
for Ag. Let c: Q — R, ¢ <0, and u a bounded-above C*(Q)-function satisfying

{AGu—l—cuzO n Q,

1.7
(L.7) limsup, ., u(y) <0 for every x € 0N).

Then u < 0 in Q.

Proof. Define v := max{u,0}. Since ¢ < 0, if z € Q and u(z) > 0 we have
Agv > 0 in a suitable neighborhood of x. Then v is Ag-subharmonic in Q (see
[BL]). Moreover, from the boundary condition in (I7), we have lim sup, _,, v(y) < 0
for every x € 9Q. Since RY \ Q is a C-set for Ag and v is bounded above, by
Corollary L4, v < 0 in ©, and the same holds for u, because u < v. O

In order to give a criterion for a subset of RV to be a C-set for Ag, we fix the
notion of G-cone. A subset C of RY is called a G-cone with vertex at the origin if

M ec, VEeEC, VA >0.

If C is such a cone, we will call £, oC :={£, 0| £ € C} a G-cone with vertex at &,.
By Proposition [£1]in Section[d] any non-empty open G-cone is a C-set for Ag.

As a consequence, if F' C RY definitively contains a non-empty open G-cone,
then F is a C-set for Ag (we say that F' definitively contains C if ' O C \ D(0, R)
for a suitable R > 0). By using this criterion, it is easy to show that any half-space
of RY is a C-set for Ag (see Corollary A2).

Then, the maximum principle for Ag and in particular Theorem hold on
every half-space of RV,

In the special case Ag = Ay~ (the Kohn Laplacian), this last result has been
very recently proved by I. Birindelli and J. Prajapat in [BP|, with a completely
different technique. This latter is based on a very delicate construction of suitable
barrier functions in cones, whose extension to our general setting seems non-trivial[l

We would like to stress that maximum principles in half spaces are crucial tools
in looking for monotonicity and symmetry properties of solutions to the semilinear
equation

Agu+ f(u) =0 inRY

IWe would like to warmly thank I. Birindelli for making available to us her joint paper with
J. Prajapat [BP)].
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(see [BHM]| and [BP] for some recent noteworthy results in the cases A and Agw,
respectively).

In closing, we would like to note that Theorem [Tl can be used as a starting point
in studying the asymptotic behaviour of Ag-subharmonic functions not bounded
above in RY. Analogously to the classical Laplacian case, these behaviours seem
to have important links with eigenvalue problems for the operator Ag restricted to
the boundary of the ball D(0,1) (see [FH]).

2. NOTATION AND KNOWN FACTS

The second order differential operator Ag = i:l X ,f is a real sub-Laplacian

in RV if X} is a smooth-vector field, left-translation-invariant on a homogeneous
group G = (R, o) whose Lie algebra g is nilpotent, stratified and everywhere N-
dimensional. Furthermore, if @)_, gk is the stratification of g, then {X1,...,X,}
is a basis of g1 (see [F]).

Let us denote by (dx)x>o the dilations of G, defined by

(M, 2@ 2y sy (2) = AW N2 2@ a2 ™)

where () € RNi, and Nj are positive integers such that N1 = p and ZZ=1 Ni = N.
The natural number @ := >, _; k Ny, is called the homogeneous dimension of G.
There exists a homogeneous norm | - | on G such that T'(z,£) = cq |z 0 &2~ @ is
a fundamental solution for Ag (cq is a suitable positive constant, see [G]). Hence,
I'(x,&) is of class C™ for x # £, and Ag is hypoelliptic. We shall also write d(-)
instead of | - |. The Lebesgue measure on RY is invariant with respect to left
and right translations of G. If K := {(z,y) € RN x RV | d(z) + d(y) = 1} and
C := max(, ek d(x o y), the following pseudo-triangular inequality can be readily
proved:

(2.1) d(z oy) < c(d(z) +d(y)) .

Let u be a Radon measure in RY. We denote by I',, the I-potential of p:

L) = [ T on)dut), o eRY.

The following result, proved in [BL], extends a classical result of potential theory
to the general setting of real sub-Laplacians.

Theorem 2.1. Let u be a bounded-above Ag-subharmonic function in RN with
least upper bound U. Then there exists a Radon measure p on RN such that

(2.2) u(z) =U —T,(z), reRN,
Moreover, if n(t) := u(D(0,t)), we have

(2.3) /100 ") 4t < o0,

Q-1

3. PROOF OF THEOREM [ 1]

The proof is an adaptation of the arguments in [HK], pp. 131-134, to our setting.
We shall provide all details, for convenience. From now on, ¢ will denote the
constant appearing in the pseudo-triangular inequality (ZI)).
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Lemma 3.1. Let u be a Radon measure in RN such that p, = p(RY) < co. Let
q>Q—2. Then, if h >0, the set

{e € RV | D) 2 h}
can be covered by a finite or countable family of closed balls D(xy,ry,) such that

Z T < A(po/h) (@2

The constant A depends only on @, q and c.
Proof. We fix v € N and set
ry = (o /b)Y (@2 2~ 7w a3
Let
D, :={Dy, =Dk, /2) | k=1,... k, }
be a maximal family of disjoint closed balls such that

1(Dr) > ’2‘— Vk=1,... k.

Since p, < oo and the balls are disjoint, then k, < 2”. Define
D= U U D(2gu,c1y).
veN k<k,

D(z,7,/2) does not intersect any ball of the maximal family D,. Then, if = ¢ D,

(3.1) u(D(x,r,/2)) < ;‘— VveN.
In particular, we have
(32) p({z}) = lim p(D(z,7,/2)) = 0.
Hence, if = ¢ D, by ([B:2) we have
o) = [ T oy)duty)
RN \{z}

o0
= + / ) L(z" oy)du(y)
(/lxlomz"; ; L < |p—toy|< ¥

< e (r/2* o+ Y eq (roan/2)”° / dp(y)

v=1 <oyl <y

(by 31) < 2921, Y 2772 @ =¢29 h Y 2855 Y = Ay h,
v=1 v=1
where A; depends only on @ and ¢q. Then
{z eRY|Tyu(z) > An} € | | Dlarw,cm).
veN k<k,

Moreover, since k, < 27, we have

DD (en) < A (%)q/@—z)’

veN k<k,

where As depends only on ¢, @ and c. O
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Proof of Theorem [l Let v € N and define
C,:={x eRY| (2¢)” <|z| < (2¢)"}.
By Theorem [ZT] if p is the Ag-Riesz measure of uw and U := supp~ u, we have

U—u(z) =Tu(z) = hz) + L(z) + I(2),

where
L(z) = / cole oy~ duly).,
ly|<(2e)v—1
ILz) = / cole oy~ duly),
(2c)r~I<lyl<(2e)vt2
Lz) = / cqlrL oy duly)
ly|>(2c)v+2

From now on, we shall denote by C, C’, ... positive constants depending only
on ), c and ¢q. If z € C,, we have

L(z) < cq (2c)(””<“9>/<(2 ) du(y) < C - [2¢)"]* “n((2¢)")

= n(t)

IN

(because n(t) is increasing) C’

Analogously,

I3(z)

IN

2-Q o0
o [ (Y auwy <o [~ #2an
y|>(20)v+2 \2C (2c)

- o [2” +c”/(oo ) 4 < o /(Oo nl) g

t@-2 (2¢c)v 2¢)¥ Q-1 2¢) t@-1

The estimate of Is(x), € C,, is the crucial step of the proof. Let ¢ > Q — 2 be
fixed. Define

= p({y € RV | (2¢)" 7! < |yl < (2¢)"1?}),

M=y (2¢)2D¥ and ¢, := 7, ~(@Q=2)/4 Then,

(20)7** dn °° dn(t)
(3.3) Znych/ c’/1 =3 <00

(2¢c)v-1

This last inequality follows from (Z3]). On the other hand, by Lemma B, there

exists a countable family of closed balls {E(xk,l,, rk,l,)} el such that

{.2? S Cl/| 12(1‘) < 51/} 2 Cl/\ U 5(£k,u7rk,v)7

keJ,
and
q/(Q— 2)
(3.4) 3 (riw)? < A (5)
ke,
As a consequence,
q/(Q-2)
(rky)q<A<E ) =An, (2¢)?”
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so that
(3.5) o < (An,)Y9(2¢)".

We may also suppose E(xk,l,, Tky)NC, # O for every k € J,. This implies |z | >
(2¢)”~2. Indeed,

ool 2 (se0 @) ¢ (20)" ~ (A7) "/1(20)"
= (20)”(%—@177”)”(1),

and, since 7, — 0 as v — oo (see (B3)), the claim follows. As a consequence, from
B3), B.4), the choice of €, and the bound for |z .|, we get

(3.6) ZZ(T,W )q i 2cuq nl,—Can,<oo

v=1keJ, k’l" v=1

Collecting the estimates for I;, Is and I3, we finally obtain

> nl) 1-(Q-2)/
(3.7) U—-u(x)<C o dt+m, a.
(2¢) t

for every x € Cy \ Upey, D(2k,,7k,) and for every v € N. By (E3) and the
positivity of the exponent of 7,,, the right-hand side of (B7) goes to zero as v — 0.
Together with (3], this proves the first part of the theorem. Finally, let F' C RY
be a C-set for Ag. Then, with the previous notation, for a suitable ¢ > @Q — 2,
there exists a sequence {2, }nen in F such that d(z,) —, co and x,, ¢ D, for all
n. Consequently, we have

U > limsupu(x) > limsup u(z) > lim u(z,)="U,

T—00 F>r—o00 n— o0

which completes the proof. O

4. SOME EXAMPLES OF A C-SET FOR Ag

Corollary 4.1. Any non-empty open G-cone is a C-set for Ag.

Proof. Let C be a non-empty open G-cone with vertex at the origin (this is not
restrictive). We set h:= 2 (c* + 1) and define

Ap={¢ecC| nfF<de)<2n*}, keN.

We shall prove that & := |J, Ar is a C-set for Ag. Arguing by contradiction,
we assume the existence of a countable family {D; := 3(xj,rj)}j of closed balls
satisfying (i) of Theorem [T} with ¢ = @ and such that & C U; Dj. Given e > 0,
there exists j* = j*(¢) such that r; < e-d(x;), for all j > j*. We may choose ¢ so
small that Ji # Jj for every k # h. Here we have set Ji, := {j > j*| AxND,; #0}.
Finally, let k* = k(j*) be such that U5« Ax € U;s;« Dj. Then, since Ay =
dpk(Ap), denoting the Lebesgue measure by m, we have

REQ . m(Ag) = m(Ay) < Z m(D;)=C Z (r))?, Vk>k"

JEJk JEJk
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On the other hand, if D; N Ay # 0, then d(z;) < Ch* for a suitable C > 0
independent of 7 and k. It follows that

m(4o) <€ Y

JE€Jk

d())Q, V> k.

Since Ay is open and non-empty, m(Ag) > 0. Then

X)X 3 () -

k>k* jedy,
in contradiction with the assumption - ;(r; Jd(z))? < 0o O

Corollary 4.2. Any half-space © of RN is a C-set for Ag.

Proof. Tt suffices to prove that any half-space m of RY definitively contains an open
G-cone. Let

m={x e RY| f(z) Zai T > al,

where a = (a1,... ,an) € RV \ {0} and o € R. We consider the set
Q:={a+¢| —e<&<e, Vi=1,... ,N}.
The assertion follows if we prove the existence of € > 0 and M > 0 such that
onCem, V(e Qs, VYA>M.
With the notation of Section 2] for all ¢ € Q. we have

6A C Z Z a(i) /\'L (7') g('b) > Z )\1 Z ('L) Z )\1 Z |a(1)| §(1)|
i=1 j=1 i=1 j=1
We now set ¢ := min;_ ; {|a§-i)|/2 : agi) #0}. If |§j(z)| < ¢ for every i and j, we
have

v N; ]
F620) =Y NS [al 22,
i=1  j=1

Finally, if A > M := max{1,2a/ ), a?}, we have f(6,¢) > A\/2->,a? > «, and
the assertion is proved. O

ACKNOWLEDGEMENTS

We wish to thank the referee, whose remarks led us to improve the presentation
of the proof of Theorem [I.1].

REFERENCES

[B] H. Bauer, Harmonische Rdume und ihre Potentialtheorie, Lecture Notes in Mathematics
22, Springer, Berlin, (1966). MR 135:1801

[BCN] H. Berestycki, L. Caffarelli, L. Nirenberg, Monotonicity for elliptic equations in unbounded
Lipschitz domains, Comm. Pure Appl. Math. 50 (1997), 1089-1111. MR 98Kk:35064

[BL]  A. Bonfiglioli, E. Lanconelli, Potential Theory on Carnot-groups, preprint.

[BHM] H. Berestycki, F. Hamel, R. Monneau, One-dimensional symmetry of bounded entire
solutions of some elliptic equations, Duke Math. J. 103 No.3 (2000), 375-396. MR
2001;:35069

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=35:1801
http://www.ams.org/mathscinet-getitem?mr=98k:35064
http://www.ams.org/mathscinet-getitem?mr=2001j:35069

2304

[BN]

[BP]
[CC]

(D]
[F]

(FH]

[G]

[HK]

ANDREA BONFIGLIOLI AND ERMANNO LANCONELLI

H. Berestycki, L. Nirenberg, On the method of moving planes and the sliding method, Bol.
Soc. Braseleira Mat. 22 (1991), 1-37. MR [93a:35048

I. Birindelli, J. Prajapat, One dimensional symmetry in the Heisenberg group, preprint.
C. Constantinescu, A. Cornea, Potential theory on harmonic spaces, Springer-Verlag,
Berlin, (1972). MR [54:7817

J. Deny, Un théoréme sur les ensembles effilés, Annales Univ. Grenoble, Sect. sci. Math.
Phys. 23 (1948), 139-142. MR [9:509al

G.B. Folland, Subelliptic Estimates and Function Spaces on Nilpotent Groups, Arkiv for
Mat. 13 (1975), 161-207. MR [58:13215

S. Friedland, W. K. Hayman, Eigenvalue Inequalities for the Dirichlet Problem on Spheres
and the Growth of Subharmonic Functions, Comment. Math. Helvetici 51 (1976), 133—
161. MR [54:568

L. Gallardo, Capacités, Mouvement Brownien et Probléme de l’Epine de Lebesgue sur les
Groupes de Lie Nilpotents, Proc. VII Oberwolfach Conference on Probability measures on
groups, Lectures Notes in Math., 1981. MR 84a:60089

W. K. Hayman, P. B. Kennedy, Sub-Harmonic Functions, Volume I, Academic Press,
London (1976). MR 57:665

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI BOLOGNA, P1AzzA DI PORTA S.
DonaTo, 5 - 40126 BOLOGNA, ITALIA
E-mail address: bonfigli@dm.unibo.it

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI BOLOGNA, P1azzA DI PORTA S.
DonaATO, 5 - 40126 BoLOGNA, ITALIA
E-mail address: lanconel@dm.unibo.it

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use


http://www.ams.org/mathscinet-getitem?mr=93a:35048
http://www.ams.org/mathscinet-getitem?mr=54:7817
http://www.ams.org/mathscinet-getitem?mr=9:509a
http://www.ams.org/mathscinet-getitem?mr=58:13215
http://www.ams.org/mathscinet-getitem?mr=54:568
http://www.ams.org/mathscinet-getitem?mr=84a:60089
http://www.ams.org/mathscinet-getitem?mr=57:665

	1. Introduction and main results
	2. Notation and known facts
	3. Proof of Theorem ??
	4. Some examples of a C-set for G
	Acknowledgements
	References

