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ABSTRACT. Let ¢ > 3 be an integer and let ¢(t) = [[72; cos(¢~™t). In this
note we prove that lims— oo ¢(t) = —¢(7) for all ¢; lim ¢t—co9(t) = ¢(n) if q is
odd and lim ¢ 0¢(t) < ¢(m) if q is even. This improves a classical result of
Wiener and Wintner. We also give a necessary and sufficient condition for the
product [, ¢(a;t) to approach zero at infinity.

1. INTRODUCTION

In the celebrated paper [WW] Wiener and Wintner proved that if
() = [ ] cosla™"1),
n=1

where ¢ > 3 is an integer, then lim; ...4(t) > 0. Moreover, the average
o f_TT |p()[2dt = O(T%), as T — oo. Note that ¢ is the characteristic func-
tion of the random variable X = "> | p"e,, where {£,}52, is a sequence of i.i.d.
Bernoulli random variables, and the corresponding distribution is a Cantor type
measure. This measure is the most basic model in fractal theory; it is generated
by the contractions S1z = pz,Sox = pxr + 1,0 < p < 1/2. The above result of
Wiener and Wintner has been extended by Strichartz [Strl} 2] and Lau and Wang
ILW]| to more general self-similar measures generated by similitudes {S;}7*, that
satisfy the open set condition. Fan and Lau [FL] replaced the cosine function in the
infinite product by a periodic function and investigated its multifractal structure
at infinity. In another direction, Liu [Lj Theorem 2.1] has found that the exact
values of lim; .oo¢(t) and lim; . .opa(t) (to be defined in the sequel) are useful
to determine the solutions of the distributional equations arise from some random
multiplicative cascade. Motivated by this, we investigate the limit extrema of the
above expressions. We prove

Theorem 1.1. Let ¢ > 3 be an integer and let ¢(t) = [[ ., cos(q~"t). Then
lim,____4(t) = —(r) for all g, T ¢aud(t) = 3(x) if q is 0dd, and T, aed(t) <
o(m) if q is even.
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We do not know the exact value of lim; ...¢(t) when ¢ is even. In fact, at
the end of the note we display a graph of ¢(t) for ¢ = 4 which suggests that

im0 ¢(t) < ().

For {a1, -+ ,am} CRT, let
dal(t) = Hqﬁ(ait) = H H cos(q¢ "at).
i=1 i=1n=1

Note that ¢, is the Fourier transform of the measure p induced by X = 37" | a; X,
where {X;}7, are i.i.d. random variables, each induced by the %—Cantor measure.
We rewrite X as X =Y 0° ¢~ "Y,, where {¥,,}°2, are i.i.d. and Y,, ~ > 7" | ase;.
From this expression we see that p is the self-similar measure generated by S;z =
x/q+ bj, where b; = 3" a;e;, €; = 0 or 1 and the weight associated with the

map is wj = 27" #{(e1, ,em) 1 Doy g =bj, ;=0 or 1}.

A set {1, -, of positive numbers is called commensurable if for all
1 <i4,75 <m, aiaj_l are rational numbers, and incommensurable otherwise. If
{a1, -+, } is commensurable, then it is easy to show that there is an a > 0 such
that
(1.1) a; =aN;, i=1,---,m,

where the N;’s are positive integers and have no common divisor. In the following
we need to use a special expression of IV; by writing

(1.2) N; = ¢%n;,

with d; € N. We also write

(1.3) ni = lig +ri,

where [;,r; € N, with 1 <r; <q—1.

Theorem 1.2. Let ¢ > 3 be an integer and let ¢, (t) be defined as above.

(i) If {a1, -+ ,am} is incommensurable, then lim ;¢4 (t) = 0.
(i) Suppose that {a1,- -+ ,qm} is commensurable. If q is even and if r; = q/2 for
some j, where r;j is as in (1.3), then th_m da(t) = 0. Otherwise,

i 6 (0] = sup{ T lotonm) = 5 =1,2...} >0

where the n;’s are as in (1.3).

2. THE PROOFS

It is easy to see that ¢(t) satisfies the equation

n—1

(2.1) #(q"t) = o(t) [ ] cos('t).
i=0

By replacing ¢ with ¢~ "¢, we have

(22) o(t) = olg~"t) [ [costa™*)
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By using (2.2) and ¢(0) = 1, it follows that
; 1
(2.3) p(t) =0 iff t=¢'(l+ 5)7r for some i >0, [ € Z.

In order to prove the two theorems in Section 1, we need a few lemmas for ¢, (t) =
I, é(ait). Let
Q= {k:qijﬂz qt k, k,j€ N}.
Lemma 2.1. Let ¢ > 3 and let a; = aq%in; be defined by (1.1)-(1.3).
(i) If there is a t > 0 such that at = kiq~9im € Q for alli =1,--- ,m, then there

s a positive integer s such that k; = sn; for alli=1,--- ,m. Furthermore,
(a) if ki #qk(l—f— %) forallk,leN,i=1,--- m, then

(Ba(" 01 = L 16tsniml > 0 for all > o (i)
(b) if there is a k; = " (l —+ %) for some k, 1 € N, then |¢,(¢"t)] =0 for all
n > j;. L
(i) If there aret >0 and i € N such that et ¢ Q, then lim,—.|¢a(¢"t)| = 0.
Proof. (i) Since a;t = k;q~ 7w and a; = aq¥n; for all 4, it follows that for 1 < 4,1 <
m7
Fi_ ke
n; o ny

qri, where k;; € Z.

It is easy to see that k;; = 0, since g { k; and ¢ { n; for all ¢ = 1,--- ,m. Hence
there are two co-prime integers n and s such that for 1 <i,1 < m,

Ifl_ﬁ S

ng m;oon
Therefore k; = sn;/n, and hence n|n; for all i = 1,--- ;m. This forces n to be 1,
so that k; = sn; for i =1, -+ ,m, as asserted.
To prove (a), we see that by (2.1), |¢(¢"kn)| = |¢p(km)| for k, n € N. So for
n > max{j; : 1<i<m}, we have

6a(qt)] = | [] o(q"cit)| = | [[ ¢(a" P kim)| = | [] ¢(kim)| = | [ ¢(smim)]-
=1 =1 =1 =1

By (2.3), the above product is positive if and only if k; # ¢* (l + %) for all k, I € N,
it =1,---,m. This proves (a), and also (b).

To show (ii), we first prove that if ¢ ¢ @, then lim,_,.|¢(¢g"t)| = 0. By (2.1) it
suffices to show that there exists 0 < 7 < 1 such that | cos(¢"t)| < n for infinitely
many n € N.

For z > 0, let ||z|| = min{|z — k7| : k € N}. Let n be such that cos (qT’Tl) <

n < 1. For t ¢ Q and for any n, if [|g"t|| = 7, then [cos(¢"t)| < cos (q%) <.
If |lg"t|| < A7, we write ¢"t = (k + ¢)m, where 0 < [e] < qul. There exists
j such that qul < ¢le| < - This implies that lg"T7t| > 7> and hence
| cos(q™tit)| < | cos (q%)‘ <.
If a;t ¢ Q for some 4, then
m
im |¢a(q"t)| = Tm | [] ¢(g"euit)| = 0. O
n—oo n—oo

i=1
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Lemma 2.2. lim, . o0|¢a(2)| = sup{lim, oo|pa(¢™t)] : t > 0}.

Proof. 1t suffices to show that the left hand side is less than or equal to the right
hand side. Let t,, — oo be such that lim, o |¢n(tn)] = A > 0. We will show that
there exists ¢ > 0 such that lim ,,_|¢a(g"t)| > A.

Let {k,}5°, be such that ¢~ *¢, € [%, 7|. Without loss of generality we assume

that lim, oo ¢~ *2t, = t.

We claim that lim ,, oo |da(¢"t)] =¥ > A. Otherwise v + & < A for some € > 0.
We can find N such that for all n > N, [¢a(¢"t)| < v+ 5. Note that ¢q(¢"Vt) is a
continuous function of ¢; hence, for large n,

‘d)a (qN_kntn) - ¢a(th)| < %

Since (2.2) implies that |¢q (t)] < |pa(g™"t)| for all n, for large n we get
_ €
‘¢a(tn)‘ < |¢oz(qN kntn)| < 3 + |¢oz(th)‘ <7+s,
so that lim,—co|da(tn)| < v+ e < A. The contradiction proves the lemma. O

Corollary 2.1. lim, .. |da(z)| = 0 if and only if lim,, |6 (q"t)] = 0 for every
t>0.

Corollary 2.2. Iflim, . |¢a(x)] = XA > 0, then {a1,- - ,am} is commensurable
and

A=sup{[[lo(snim)|: s =1,2,---},
i=1

where n; is related to oy through (1.1)—(1.3).

Proof. For any € > 0, by Lemma 2.2 there is ¢ > 0 such that lim, . |¢a(¢"?)] >
A —¢e > 0. Lemma 2.1 implies that a;t = k;¢g~7inm € Q with k; # ¢" (l + %)W for all
k,l €N, fori=1,---,m. Hence {a1, - ,ay,} is commensurable and there is a
positive integer s such that

lim [a(q"t)] = [T l(snim)].
i=1

Letting € — 0, we see that
m
A< sup{H |p(snim)| = s=1,2,---}.
i=1
On the other hand, by (1.1) a; = aN; for all ¢, and hence
(2.4) A 'Ny =0y !Ny =--- = ;' Nyy,.

Given any positive integer s, let ¢ = ozi_lsNﬂr for i = 1,--- ,m. Note that N; =
q%n; and |¢(¢"kn)| = |p(k7)| for all n, k > 1; hence for n € N we have

|ba(q"t)] = [ I6(¢"sNim)| = [ ] lé(smim)|.

i=1 i=1

Since s is arbitrary, this implies that

)\Zsup{H|¢(sni7r)| : S:1a27} O

i=1
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Proof of Theorem 1.1. We first show that lim;_..|¢(t)] = ¢(x) for all q. Since
|o(g" )| = ¢(7) > 0 for all n, using Corollary 2.2 with m =1 and a3 =nq =1, we
have lim ¢ oo |¢(t)| = sup{|¢(s7)| : s =1,2,---} > ¢(n). For the reverse inequality
it suffices to show that |¢p(kn)| < ¢(7) for any k > 1.

If k = g™ for some n, then |¢(kw)| = ¢(x). If k is not a power of ¢, then for
n=1,2,... we have k = k,, (mod ¢™), where 1 < k,, < ¢" — 1. Hence

0 km
cosq—n > | cos q—n|

It follows that ¢(m) > |¢(kn)|, so that im0 |d(t)| = ¢(7) for all ¢. From (2.1) it
is easy to see that if ¢ is even then ¢(¢"7) = —@(m) for all n, and if ¢ is odd then

d(¢"m) = ¢(m) if n is even, —¢@(m) if n is odd.

Hence Theorem 1.1 follows. O
Lemma 2.3. Let ¢ > 3 and o; = aq®in; be defined by (1.1)-(1.3). If there is an
integer s € N such that for alli=1,--- ,m,

(2.5) sri % q/2 (modq) and sr; Z 0 (modq),

then im ;o0 |pa (t)| > 0. Otherwise limy oo |pu (t)| = 0.
Proof. Suppose that (2.5) is true. We will show that for alli =1,--- ,m,
(2.6) sN; #¢’(1+1/2) forall j,1€N.
In fact, we have
sN; = ¢% (sql; + sri).

Since sr; £ 0 (mod q), so ¢t (sql; + sr;). If sN; = ¢7(I + 1/2) for some j,1 € N,
then by the uniqueness of the prime factorization we have sql; + sr; = gl + q/2.
This implies that sr; = ¢/2 (mod ¢), contradicting (2.5). Therefore (2.6) is true
foralli=1,--- ,m. By (2.4) we can let t = sai_lNﬂr, it =1,---,m; then, by (2.3)
and (2.6) for all n

[6a(a"t) = [] l6(a" sN;m)| = T [¢(s;m)| > 0.
j=1 j=1
Conversely, assume that for each integer s, there is an 7, 1 < ¢ < m, such that
(2.7) either sr; =¢/2 (modq) or sr; =0 (modq).

We will show that lim; .| (t)] = 0. Suppose otherwise, by Corollary 2.2, then
{a1, -, } is commensurable and

t@owa(tﬂ = SUP{H |p(snm)|: s=1,2,---} > 0.

i=1

Hence there exists an integer s such that
m
[T 1¢(snim)| > 0.
i=1

Since |¢(¢"km)| = |¢(km)|, we can therefore assume that ¢ { s. This implies that
sr; 2 0 (modgq). On the other hand, by (2.3), for ¢ = 1,---,m, we have sn; =
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sql; + sy # ¢ (1 4+ 1/2) for any j,I € N. It follows that sr; Z ¢/2 (mod q). This

contradicts (2.7). O
Proof of Theorem 1.2. (i) If lim ¢ 00| pa (t)| > 0, then {ay,--- , ay,} is commensu-
rable by Corollary 2.2.

(ii) Assume that {aq, -+, } is commensurable. If ¢ is odd, then (2.5) is

satisfied with s = 1. Suppose that ¢ is even. If r; # ¢/2 for all j, then (2.5) is
satisfied with s = 1. If r; = ¢/2 for some j, then sr; = sq/2 = 0 (mod ¢) if s is even
and sr; = ¢/2 (mod q) if s is odd. By Lemma 2.3, hence lim; o |¢o(¢)| =0. O

Corollary 2.3. If ¢ > 3 and ¢(t) =[], cos ((y/q)"t), then lim;_o¢(t) = 0.

The corollary follows directly from Theorem 1.2 by writing
(oo} (o]
o(t) = [] cos(q™t) - [ ] cos(va-q"t)
n=1 n=1

and taking {a1, as} = {1,,/q}. It is a special case of an elegant but more involved
result due to Erdds and Salem [S] that for ¢(t) = [[,2, cos(p™t), 0 < p < 1,
limy 00 ¢(t) = 0 if and only if p~! # 2 is not a P.V. number.

To illustrate Theorem 1.1, we display the graphs of ¢(t) for ¢ = 3 and 4. For
q = 3, we have

Tim 6(1) = [lim ()] = é(r) ~ 0.4663.

t—o00

For ¢ = 4 we have

lim ¢(t) = —¢(n) ~ 0.6926.

t—o0

However, we do not have an explicit expression for lim; ...¢(t). It appears that

lim o (t) < (7).

0.75
0.5
0.25

| f\ﬂMnﬂ ﬂvAmmgwA {\VAMMAﬁ A A n J\VA A o
VVW UV V200" VVUWW) i V PWJVV 1000

-0.25

-0.51
-0.75¢

FIGURE 1. The graph of ¢(t) for ¢ =3
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FIGURE 2. The graph of ¢(t) for ¢ =4
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