PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 130, Number 10, Pages 2985-2994

S 0002-9939(02)06410-9

Article electronically published on March 14, 2002

CONTINUITY AND DIFFERENTIABILITY
FOR WEIGHTED SOBOLEV SPACES

YOSHIHIRO MIZUTA AND TETSU SHIMOMURA

(Communicated by Juha M. Heinonen)

ABSTRACT. Our aim in this paper is to discuss continuity and differentiabil-
ity of functions in weighted Sobolev spaces in the limiting case of Sobolev’s
imbedding theorem.

1. INTRODUCTION AND STATEMENT OF RESULTS

Let X be a metric space with a metric d. We denote by B(z,r) the open ball
centered at x € X with radius » > 0. For ¢ > 0, we write
oB(z,r) = B(z,or).

Let p be a Borel measure on X. Assume that there exist constants C' > 0 and
s 2 1 such that

/ AN
(1.1) mEB) 5 o <1>
uw(B) = \r
for all balls B = B(z,r) and B’ = B(a/,7') with 2/ € B and 0 < 7' < r. Note that
1 is a doubling measure on X, that is, there exists a constant C’ > 0 such that
(1.2) u(B(a,2r)) < C'u(B(a,7)

for all z € X and r» > 0.

We say that a pair (u, g) of functions in LY (X; u) satisfies a p-Poincaré inequal-

ity (on rings), 1 < p < oo, if for every ¢; and co with ¢2 > ¢; > 1 there are constants
M > 0 and o = 1 such that

1/p
(1.3) ][ [u(y) — wa(rm| du = Mr (][ lg]” du)
A(r,r’) cA(r,r’)

whenever ¢17’ < r < cor’, where A(r,r’") = B(z,r)—B(x,r'), 0 A(r,r") = B(z,or)—

B(x,071r") and
1
ug =+ ud z—/ud
¢ 7{; TG Jo

for Borel sets G C X. If ([I.3) holds for ' = 0, then the pair (u,g) is said to
satisfy the usual p-Poincaré inequality on balls. Under certain assumptions, the
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usual p-Poincaré inequality on balls implies our p-Poincaré inequality; see e.g. [2]
Theorem 9.7].

A positive measurable function w on R™ is called an A, weight (written as
w € (Ap)) if there exists a positive constant C) such that

][Bw(:v) dx (]{3 w(z)/1-P) dx)p_l <C (<o)

for all balls B, where 1 < p < oo and

]{Bw(m) dox = ﬁ/Bw(m) dx

with £ denoting the n-dimensional Lebesgue measure; we say that w is an A;
weight if there exists a positive constant Cy such that

][ w(x) dr < C ess infp w
B

for all balls B. Note that if w is an A, weight, then dp = wdx satisfies the decay
condition (L)) with s = np, due to [3} Section 15.5].

In view of [3 Section 15.26], we can prove that the p-Poincaré inequality is valid
for (u, |Vu|) and dy = wdz with u € WHP(R™; u) and w € (A,), where WHP(R™; p)
denotes the weighted Sobolev space, which is

WHP(R™; i) = {u € LP(R™; p) : [Vu| € LP(R™; p)};
for this fact, see Section 3 below.

Recently Bjorn ([I Theorem 1.5 and Theorem 3.1]) proved the following theo-
rem:

Theorem A. Let yi be a Borel measure on R™ satisfying (I1). Let u be a function
in the Sobolev space WP (R™; 1) such that (u,|Vul|) satisfies the usual p-Poincaré
inequality on balls. If p > s, then u can be modified on a set of u-measure zero so
that it is locally Holder continuous in R™ and totally differentiable p-a.e. in R™.

In case p is the Lebesgue measure in R"™, the proof of Theorem A is given in
Stein [9, Theorem 1, Chap. VIII]. Our aim in this paper is to discuss the Holder
continuity and differentiability of Sobolev functions in the limiting case p = s.
To do so, consider a positive function ®,(r) on Ry = [0,00) with the following
properties:

(pl) ®,(r) is of the form rP(r), where 1 < p < oo and ¢ is a positive nondecreas-
ing function on (0, c0). The value ®,(0) is defined to be zero.
(¢2) There exists ¢ > 1 such that

cLo(r) £ o(r?) < cp(r) whenever 7 > 0.
(p3) ¢*(1) < oo, where

r ) y ) 1/p 1 1
*(r) = P g ), S =1,
(1) (/ o) ) -

Typical examples of ¢ are
[log(1 + r)]‘s, [log(1 + r)]P~*[log(1 4 log(1 + 7“))]6,

for 6§ >p—1.
Our first aim is to prove the following result (cf. [I} Theorem 3.1], [2, Theorem
5.1]).
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Theorem 1. Let X be a connected metric space and let 1 be a Borel measure on
X satisfying the decay condition (1) with s =p, 1 < p < co. Assume that a pair
(u, g) satisfies the p-Poincaré inequality in X and

(1.4) /X B, (19(x)]) du(z) < oo.

Then u can be modified on a set of p-measure zero so that it is locally p*-Holder
continuous on X . Moreover, u satisfies

u(z) = u(y)] = Mro ¢*(r) (7[ ®,(|g)) du>1/p IRYIREE

G’Bo
for all x, y € B = B(xg,r) and By = B(xg,70) with 0 < r < ro, where ¢ = 2*+1 =
17,0 < e <1 and M 1is a positive constant depending on €.

Corollary 1. Let 1 < p < 0o and w € (Ap). Assume further that u satisfies (1)
with s = p, where du = wdz. Let u be a function in WYP(R™; 1) satisfying

(1.5) | 2(19u@)) duta) < .

Then u can be modified on a set of measure zero so that it becomes a locally ¢*-
Hoélder continuous function on R™ satisfying

fue) — uly)] < Mrg o (r) (][ &, (IVul) du) R

Bo
for all x, y € B = B(xg,r) and By = B(xg,70) with 0 < r < rg, where c =21 +1 =
17,0 < e <1 and M 1is a positive constant depending on €.
In view of 4] Theorem 1], we know that the Riesz potentials U, f are locally
*-Holder continuous on R™ when U,|f| # oo and / @,(|f(y)]) dy < oo with
R’H,

p=mn/a > 1. In particular, if u € WH"(R"™) satisfies (L) with = £™ and p = n,

then u can be modified on a set of measure zero so that it becomes locally ¢*-Hdélder

continuous on R™. By [7, Remark 3.3], we know that if ¢*(1) = oo, then we can

find an f satisfying U, |f| # oo and / @, (1f(y)]) dy < oo with p =n/a > 1 such
R”

that Uqy|f](0) = oo, so that U, f is not continuous at the origin in the usual sense.
We say that a function w on R is totally differentiable at xg if

1 Ju@) — u(we) —a- (z — o)
T—ITo |J) — J?0|

=0

for some a € R"™.

Theorem 2. Let 1 < p < oo and w € (Ap). Assume further that p satisfies
([I3) with s = p, where du = wdx. Let u be a function in WP (R™; u) satisfying
(A). Then u can be modified on a set of measure zero so that it becomes totally
differentiable a.e. on R™.

Theorem 2 was proved by the first author [6, Theorem 3.2] in the case p = L™
and p = n (see also [4, Theorem 2] and [7, Theorem 3.2]).
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2. LEMMAS

Throughout this paper, let M denote various positive constants independent of
the variables in question and M (g) denote a positive constant which depends on e.
Let u € Li, (X;u). We say that x € X is a Lebesgue point of u if

loc

lim lu(y) — u(=)| du(y) =0.
r=YJB(x,r)

Lemma 1. Let pu be a Borel measure on a connected metric space X with the
decay condition (L), and v € L}, (X;u). If x € X is a Lebesgue point of u and
0<c<1, then

lim 4 Ju(y) —u(z)] duly) = 0,

RS A
where A(r) = B(r) — B(er) with B(r) = B(z,r).
Proof. Since X is connected, we can find y such that d(z,y) = (r + ¢r)/2 =
(14 ¢)r/2. Let B’ = B(y, (1 — ¢)r/2). By the lower bound (LI)), we have

) 2 o (UmdBY — o - oy

p(B(r)) r
Since B’ C A(r) C B(r), we have
f lu(y) —u(@)| duly) = M u(y) — u(x)| du(y) — 0
A(r) B(r)

as r — 0, by the assumption that x is a Lebesgue point of u. Thus the present
lemma is obtained.

Lemma 2. Let p be a Borel measure on X. Let A and B be Borel sets such that
AC B and 0 < u(B) £ Mu(A). Then

lua —up| < M][ |lu —upg| du.
B
Proof. Since A C B and u(B) £ Mu(A), we have

|lua —up| <= ][|u—u3|d,u§M]/|u—uB|du,
A B

as required.

Corollary 2. Let y be a Borel measure on X. Let A, B and C be Borel sets such
that ACC, BCC,0< u(C) < Mu(A) and 0 < u(C) £ Mu(B). Then

|lua —up| < 2M][ |lu — uc| dp.
c
In fact, by Lemma 2, we see that
lua —upl = [ua—uc|+|up —uc
< 2M][ |lu — uc| du.
c
For every ball B = B(zg,r), * € B, and o = 1, put 4; = A;(z) = B(z,2%) —

B(x,21790), where jo is the integer such that 270+1 > 402 > 2J0. Let ig be the
integer such that g2+ > 2J0+2p > 5900,
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Lemma 3. Let p be a doubling measure on a connected metric space X. If a pair
(u, g) satisfies the p-Poincaré inequality in X, then

20 . 1/p
<My 2 (7{1 lgI? du)

i=—00

|u(x) —Us-14,,

holds for almost every x € B, where A; = A; U A;_y = B(z,2%) — B(z, 2" Jo~1).

Proof. Let x € B be a Lebesgue point of u. Note that u,-14, — u(x) as i — —o0
by Lemma 1. Using Lemma 2 and the doubling property of 1, we obtain

= Z |ua 1A, Ug—14,_ 1|<M Z ][ _uo'*lAi|dM'

i=—00 1=—00

u(@) = ug-1a,

By the p-Poincaré inequality, we obtain

M Z o 12 (][ lgI” du) :

i=—00

A

|U(l‘) - u(rflAiO

as required.

Lemma 4. Let u and (u,g) be as above. Then

‘ 1/p
iy = sl S 302 (ol dn)
oA

holds for almost every x € B and A = B(xo, cr) — B(zo,r) with ¢ = 2* + 1.

In fact, since 0~ 1A4;, C A, Lemma 4 follows readily from Lemma 2 and the
p-Poincaré inequality.

Lemma 5. Let g be a measurable function on X satisfying

/ B,(9(y)) dyu(y) < oo,
X
Then

lim ®,(lg(y) — g(@)]) du(y) =0
r=YJB(z,r)

for p-a.e. z € X.
To prove this, it suffices to note that
Pp(a) = Ppla+b) — p(b)
for all @ =2 0 and b = 0.

3. PROOFS OF THEOREMS 1 AND 2

First we collect properties which follow from conditions (¢1) and (¢2) (see [5
Section 2] and [8] Section 2]).

(¢4) The function ¢ satisfies the doubling condition, that is, there exists ¢ > 1
such that

clo(r) £ ¢2r) < cp(r) whenever r > 0.
(¢5) For any v > 0, there exists ¢ = ¢(y) = 1 such that
cro(r) S () < ep(r) whenever r > 0.
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(p6) If v > 0, then there exists ¢ = ¢(y) 2 1 such that
sTo(s™H) S etV p(th) whenever 0 < s < ¢.

Proof of Theorem 1. By Lemma 3, we have for every ball B with radiusr, 0 <& < 1
and § >0

/p
u(e) ~ugra,| S M z 2 ([ o antn)
1/p
= M Z 2 —1/p (/ ) lg(y)|P dM)
i=—00 {yeA;:|g(y)|>(52—%)=}
1/p
+ M Z 21 —1/p </ ) lg(y)[? d#)
i=—o00 {ycA;:|g(y)|S(62-1)=}
- M’U,1—|—Mu2.

By condition (5), we see that if |g(y)| > (627%)¢, then

e(lal) Z ¢((6277)7) = M(e)p(d27").
By the lower bound (1)) with s = p, we have

u(A) = Mu(B) (2—)

so that
o a3 2 e o (f oo an)
- :Z PE (2—) o0 ([ ) )
< M) S [t ) (/. o) du)l/p.

i=—00

On the other hand, we have

uy < M Z 20 (AP (6271 u(Ay) VP
0 )
- M Z (21)1—666
< MrlEs

Hence we establish

io 1/p
) ~ o, | S 2B S 10027 ([ @)

i=—00
+ J\47ﬁl—e(557

where M = M (e) is a positive constant independent of §, r and x.
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From Hoélder’s inequality, we obtain

|’U,($) - uo'*lAiO

io e, g 1/p
= MTM(B)_l/p < Z [30(52—1)]—1)’/;0) ( Z /A‘ @,(lg]) du) +Mri=ese,

i=—00 i=—00

where 1/p+ 1/p’ = 1. By condition (¢4), we see that

i0 1/p
( > [@(52_i)]_”//”> < Mg*(2%ord™") £ Mp*(ré ™).

i=—00

Since fli C coB for i £ ig and ¢ = 2* + 1, it follows that

1/p
) v, S M) o) ([ alah de) b
UA;
1/p
= MW(B)”%*(TW)U (lg1) dﬂ) + Mri=eg
coB
<

1/p
Mre*(ré1) (][ ®,(lg]) du) + Mrl=ese.
coB

Next we estimate |u[,_1Ai0 —ujz| by Lemma 4. Noting that by condition (¢4)

15—1r

571 , 1/p
¢ (0 tr) 2 (/ [t 1)]P /pt‘ldt> > Mlp(6r=1)] V7,

we have
) 1/p
|u0'_lAi0 - uA| é M2t (][A~ |g|p d:”‘)
1/p
< Mrlpor I (L alah du) i
coB
<

1/p
Mrg @70 (f aylah dn) o+ aarws
coB
By the lower bound (1)), we have
|7.L((E) - u(y)| § |u(x) - ua—lAiO(z)| + |ua—1Ai0(z) - UA|

+ |’LLA - ua_lAiO(y)| + |u0'_1Ai0(y) - u(y)|

1/p

< M@ (f agahan) s

coB

B) —1/p 1/p

S M * -1 M(L ][ [} lees
< mrg (o) (B2 [ an)

_ 1/p
< w0 (Z) (L wtlha) sarer

TO CUBO
<

1/p
(3.1) Mrop*(6~17) (]/ (g du> + Mrioese,
co b

The proof of Theorem 1 is completed by taking 6 = 1.
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To prove Corollary 1 in case n = 2, with the aid of [3] Section 15.26], we first
see that if u € WIP(R"; u) and B’ = B( "'y C A= B(xzo,r) — B(xo, '), then

ua) =t = g / ju(z) — uy)] dy

(3.2) M /A & -y Vu(y)| dy

A

for a.e. x € A, where b= (1/£”(B'))/ u(y) dy. If B = B(2/,r’) with 2’ € A =

’

B(zo,7) — B(z,v/2r"), then we can also show that

. 1
ua) =¥ £ grgr [ fu(w) = ulw)] dy

< M [ Jo—yl " Iulw)] dy
for a.e. x € B(a',7") — B(wo,V/5r'), where b’ = (1/£"(B'OA))/ u(y) dy.

B'NA
Hence it follows from [B2]) that

, 1
ue) =¥ S Frgr [ lu@) = u)] dy

< M /A & — 4| V()| dy

for a.e. © € A. Taking a finite covering of A by balls B(z/,r") with 2’ € A =
B(zo,7) — B(xo,v/2r"), we have

ua)—al = g [ o) = u(w)] dy

(3.3) M /A & — 4[| Vu(y)| dy

A

for a.e. x € A, where a = (1/£"(A))/ u(y) dy. In view of [3, Section 15.23], we
establish
flumusldn = 2o o) =l duta)
A

1/p
Mr <][ |Vu|P du) ,

which implies the p-Poincaré inequality in our sense. Thus the case n = 2 follows
from Theorem 1.
In the case n = 1, we apply the usual Poincaré inequality on intervals. We have

1/p
< M Z 21 —1/p ([ |Vul? du) ,
I;

1=—00

(3.4)

A

|u()

where I; denotes the interval (z + 2¢=1 2 +2%) or (z — 2%,z — 2°~1). In the same
way as in the proof of Theorem 1, we finally obtain

1/p
) u)| £ Mrog' 07 (f @ (Tu dn) e
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whenever 6 > 0 and x, y € I = (xg — r,xz0 + 1) C (xo — 10,20 + r0) = Bo, where
0 < e < 1and M is a positive constant (which may depend on ¢). Hence the case
n = 1 is proved similarly.

Proof of Theorem 2. Modify u as in Theorem 1 so that it is locally ¢*-Holder con-
tinuous on R™. Let xy be a point such that

(3.5) liH(l) @, (|Vu(zr) — Vu(zo)|) du(z) = 0.

"% J B(zo,r)
By Lemma 5, almost every € R™ has this property. Set v(x) = u(z) — u(zg) —
Vu(zo) - ( — z9). Then Vu(z) = Vu(z) — Vu(zg), and B3] yields

(3.6) lim @, (|Vu(z)|) du(z) = 0.
"0 B(o.r)
Applying 3I) in the proof of Theorem 1 with v, for z € B(zg,7), 0 < e < 1 and
6 > 0, we have
(@) _ Jo(x) = v(o)|

1/p
= < Me*(671r) (f @, (Vo) du) + Mr—e6°,
r r coB

where ¢ = 2* + 1 and M = M (e) does not depend on §, r and z. Here, taking
d~'r = N with a positive integer N, we obtain

N < prg vy <fB &,(|Vu) du) Y MN-s

Hence it follows from (3.6)) that

lim sup M <MN~E.
zozo [T — 2ol
Letting N — oo, we see that the left side is equal to zero, which implies that v is
totally differentiable at xg.

Remark. The proof of Theorem 1 implies that
1/p
lu(z) — u(zo)| = M|z —xo| |  sup ][ p(lgl) du | + Mz — ol
B(zo,r)

0<r<corg

for all x € B(xg,r0). This fact completes the proof of Theorem 2 with the aid of
Rademacher-Stepanov theorem (cf. [9 Theorem 3, Chap. VIII)).
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