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ABSTRACT. For a given positive integer n and a given prime number p, let
r = r(n, p) be the integer satisfying p"~1 < n < p”. We show that every locally
finite p-group, satisfying the n-Engel identity, is (nilpotent of n-bounded class)-
by-(finite exponent) where the best upper bound for the exponent is either p”
or p"~1 if p is odd. When p = 2 the best upper bound is p"~1,p” or p"*1. In
the second part of the paper we focus our attention on 4-Engel groups. With
the aid of the results of the first part we show that every 4-Engel 3-group is
soluble and the derived length is bounded by some constant.

1. INTRODUCTION

A group is said to be an n-Engel group if it satisfies the law [z,,y] = 1,
where [2,,, y] is defined inductively by [z,0y] = « and [z,mt1 Y] = [[Tmy],y] =
[@ym ¥y~ z,m y]ly. In the first part of this paper we investigate locally finite
p-groups that satisfy an n-Engel identity. Our results in this first part rely on the
following two deep theorems of E. Zel’'manov [26], [28], [29].

Theorem Z1. FEvery n-Engel Lie algebra over a field of characteristic zero is nilpo-
tent.

Theorem Z2. Every n-Engel Lie algebra is locally nilpotent.

In fact we will apply the following corollaries of Zel’'manov’s results. The first is
due to Zel’'manov [27] and the second to J. Wilson [25]. For a short proof of the
latter see [4].

Theorem Z3. Every torsion free locally nilpotent n-Engel group is nilpotent of
n-bounded class.

Theorem W. Every residually finite n-Engel group is locally nilpotent.

Let n be a given positive integer and p a given prime number. Let r = r(n, p) be
the integer satisfying p" = < n < p". If p is odd, we will show that all locally finite
n-Engel p-groups are (nilpotent of n-bounded class)-by-(finite exponent), where the
exponent divides p”. We will also show that either p” or p"~! is the best upper
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bound. For p = 2 we will show that (G2")? is nilpotent. So here again G is
(nilpotent of n-bounded class)-by-(finite exponent) but the best upper bound is
either 2"=1, 27 or 2"*1. We remark here that in [5], the authors already show that
locally finite n-Engel p-groups are nilpotent (by finite exponent) but the proof is
different and they do not obtain our sharp upper bound for the exponent.

Our proof also uses some theory of powerful p-groups. The reader can find most
of the material that we use in [6] or [17].

In the second part of the paper we will work on 4-Engel groups. Whereas 3-
Engel groups are now quite well understood (see for example [2], [10], [12], [13],
[15]), relatively little is known about the structure of 4-Engel groups. In particular
it is still unknown whether every 4-Engel p-group needs to be locally finite. In [22]
it was shown that this is true if p = 2 or p = 3 and for other primes p, the problem
was reduced to determining whether 4-Engel groups of exponent p are locally finite.
In [24] M. Vaughan-Lee proved that 4-Engel groups of exponent 5 are locally finite
but for primes greater than 5 the question remains open. However, if p > 7, then
every locally finite 4-Engel p-group is nilpotent of class at most 7 [22] (see also [A],
21)).

There are 4-Engel p-groups that are not nilpotent if p = 2,3 or 5. This is easily
seen for p = 2 or 3 by considering a standard wreath product of a cyclic group of
order p by an elementary abelian p-group of countable rank. Then in [2], Bachmuth
and Mochizuki constructed an example of a 3-Engel group of exponent 5 that is
not soluble. By looking at a power commutator presentation of the free 3-generator
group of exponent 4 [3], one sees that every group of exponent 4 is central by
4-Engel. As groups of exponent 4 need not be soluble [I8], the same is true for
4-Engel groups of exponent 4. We should add here that all 3-Engel 2-groups are on
the other hand soluble [10].

There remains the question of whether 4-Engel 3-groups are soluble. With the
aid of the results of the first part, we will show that 4-Engel 3-groups are soluble
and that the derived length is bounded by some constant. We will see that it follows
from this that any locally nilpotent 4-Engel group without elements of order 2 or 5
is soluble. This answers question 9.50.(a) in the Kourovka notebook [23] for locally
nilpotent groups. This was also conjectured by S. Bachmuth [IJ.

2. LOCALLY FINITE p-GROUPS

In this section, we let n be a fixed positive integer, p be a fixed prime number
and 7 = 7(n, p) be the integer satisfying p"~! < n < p". Our results will depend on
the following corollary of the theorems of Zel’'manov mentioned in the Introduction.
This proposition is ‘folklore’.

Proposition 2.1. There exist numbers | =1(n) and m = m(n) such that the law
[331,.132, e ,J,‘m_i_l]l =1
holds in all locally nilpotent n-Engel groups.

Proof. By Theorem Z3 mentioned in the Introduction, every torsion free locally
nilpotent n-Engel group is nilpotent of bounded class, say m = m(n). Let F be the
free n-Engel group on m + 1 generators, say z1,...,ZTmyy1. Let R = ﬂf; ~vi(F). It
is clear that F/R is residually nilpotent and as every finitely generated nilpotent
group is residually finite it follows that F'/ R is residually finite. By Wilson’s theorem
(Theorem W), F/R is then nilpotent. Let T'/R be the torsion group of F/R. Now



LOCALLY FINITE p-GROUPS SATISFYING AN ENGEL CONDITION 2829

F/T is a torsion free nilpotent n-Engel group and by the remark at the beginning
of the proof, F/T is thus nilpotent of class at most m. So [z1,...,Tm11]' € R for
some positive integer [ = I(n).

Now let G be any locally nilpotent n-Engel group and let gi,...,9m+1 € G.
There is a homomorphism

¢ F— G, (b(l‘i):gi, 1=1,2,...,m+1.

As (g1,...,9m+1) = ¢(F) is nilpotent, we have that R < Ker(¢). Hence 1 =
(i)([l’l,...,merl]l): [gl,...,gm+1]l. O

We will need some theory of powerful p-groups. We start by reminding the reader
of some definitions. Let G be a finite p-group. If p is odd, then G is said to be
powerful if [G,G] < GP and if p = 2, then G is powerful if [G,G] < G*. We also
need the notion of powerful embedding. Let H be a subgroup of G. If p is odd,
then H is said to be powerfully embedded in G if [H,G] < HP and if p = 2, then
we require instead that [H,G] < H*.

We now list some of the properties that we will be using. Let G be a powerful
p-group. If a subgroup H is powerfully embedded in G, then H? is also powerfully
embedded. We also have that (GP")P’ = ar't. Furthermore, if G is generated by
T1,...,%q, then GP is and generated by o¥, ... ,2%. It follows that if G is generated
by elements of order dividing p™, then G has exponent dividing p™. We also have
that the terms of the lower central series are powerfully embedded in G. We refer
to [6] or [1I7] for the details.

Proposition 2.2. There exists a positive integer s = s(n) such that any powerful
n-Engel p-group is nilpotent of class at most s.

Proof. By Proposition 2.1, [g1,...,gm+1]t = 1 for all g1,...,gm+1 € G, where
m and [ are the integers given in Proposition 2.1. Suppose that v = v(n) is
the largest exponent of the primes that appear in the decomposition of . Then
(91, gmi1]? = 1. S0 Ymy1(G) is generated by elements of order dividing p.
But vm+1(G) is powerfully embedded in G and therefore it follows that v,+1(G)
is powerful and has exponent dividing p".

On the other hand, since v,,+1(G) is powerfully embedded in G, we have
Ym+1(G), G] < Ym41(G)P if p is 0dd, and [n+1(G),G] < Y41 (G)* if p = 2.
Using some basic properties of powerful groups we see inductively that

[7m+1(G)7 vG] < ')’erl(G)pv =1.

Hence, G is nilpotent of class at most s(n) = m + v. O

Proposition 2.3. Let G be a finite n-Engel p-group.
(a) If p is odd, then Gp is powerful.
(b) Ifp =2, then (G*")? is powerful.

Proof. Suppose that K < H are two normal subgroups of G such that H/K is
elementary abelian, and x is an arbitrary element of G. Put t = K and V = H/K.
Since [V, t] = 1, we have that [V,,»t] =1 and 0 = (t — 1)?" = t*" — 1 in End (V).
Therefore GP centralises every elementary abelian normal section of G. By a
lemma of A. Shalev [20], this implies that G?" is powerful if p is odd and (G?")? is
powerful if p = 2. O



2830 ALIREZA ABDOLLAHI AND GUNNAR TRAUSTASON

Theorem 2.4. Let G be a locally finite n-Engel p-group.
(a) If p is odd, then GP" is nilpotent of n-bounded class.
(b) If p =2, then (G*")? is nilpotent of n-bounded class.

Proof. First suppose that p is odd. Let g1, ..., gsr1 € GP" where s = s(n) is as in
Proposition 2.2. Now g1,...,gs11 € HP for some finitely generated subgroup H
of G. As G is locally finite, H is finite. It follows by Proposition 2.3 that H?" is
powerful. By Proposition 2.2 we can deduce that H?" is nilpotent of class at most
s. Hence [g1,...,gs+1] = 1. This shows that GP" is nilpotent of class at most s.
The proof for p = 2 is similar. O

Remark. Suppose that n,p are such that r = r(n,p) > 2 and

G = ZpWI' é Zpr—l .

i=1

Then G is a metabelian n-Engel p-group of exponent p” such that GP"” is not
nilpotent. Therefore, if ¢ is the least non-negative integer such that GP is nilpotent,
for all locally finite n-Engel p-groups G, then we have ¢t € {r — 1,r} if p is odd and
te{r—1,r,r+1}ifp=2.

We end this section by an application which is of independent interest. A group
is said to be (d,m) nilpotent if every d-generator subgroup is nilpotent of class
at most m. In [7], G. Endimioni posed the question of whether every (d,3d — 3)
nilpotent 2-group G is soluble. He also proved that this is true when G is of finite
exponent. As a corollary to our work we show that this is true in general. Such
groups are locally finite [§], and by Proposition 2.4, G?" is nilpotent for some 7. So
the problem is reduced to the case when G is of finite exponent. Hence the result.

We remark that the free group B(co,4) of exponent 4 with countable rank is
(d, 3d — 2) nilpotent for d > 3 [I1], [18]. As the group B(o0,4) is non-solvable [I§],
it follows that 3d — 3 is the best upper bound in the result above provided that
d > 3. Endimioni [7] asked whether this is also the case when d = 2. As B(co,4)
is not (2,4) nilpotent this is not immediately clear. However, one can see from a
power commutator presentation of the free 3-generator group of exponent 4 that
B(00,4)/Z(B(00,4)) is (2,4) nilpotent [3]. So 3d — 3 is also the best upper bound
when d = 2.

3. 4-ENGEL 3-GROUPS

In this section we shall prove that every 4-Engel 3-group is soluble. The following
arguments will involve 2-Engel groups. We first introduce a class of groups Fo. We
will see later that Ey coincides with the class of 2-Engel groups.

Definition. A group G is said to be an Es-group if G is a product of a family of
normal abelian subgroups (H;);c; and

(1) a,b,c][a,c,b] =1
for all a,b,c € J;c; Hi-

Remark. Suppose that H; is generated by X;. Then it is easy to see that, in the
definition above, it is sufficient to assume that [a, b, c|[a,c,b] = 1 for all a,b,c €
Uier Xi- We will be using this later without mention.
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Lemma 3.1. If G is an Es-group, then G is nilpotent of class at most 3.

Proof. Let (H;)ier be as in the definition. Take a,b,c € |J
that [a,b, c] = [a, c,b] ™! = [c,a,b] and thus

(2) [a, b, c] = [c,a,b] = [b,c,al.

ier Hi- By (1) we have

Notice that |J;c; Hi is closed under taking commutators. Now let a,b,c,d €
Uier Hi- By using (1) and (2) we have

la,b],¢,d] = [c,d,]a,b]]
= [e.d,a,bllc,d,b,a] " = [c,d,a,b)?
and also
la,b,c.d] = [le,a,b],d] = [[c,al],b,d]
= e al,d, b = [c,a,d,b] " = [c,d, a,b].
Comparing these two calculations we have [c,d,a,b] = 1. As G is generated by
U,er Hi, it follows that G is nilpotent of class at most 3. O

Lemma 3.2. A group is an Es-group if and only if it is 2-Engel.

Proof. First suppose that G is 2-Engel. Let a, b, c € G. We know that G is nilpotent
of class at most 3 [I6]. Therefore 1 = [a, be, bc] = [a, b, c[a, ¢, b]. In every 2-Engel
group, the normal closure of an element is abelian. Thus every 2-Engel group is a
product of normal abelian subgroups. Hence G is an Fs-group.

Conversely, suppose that G is an E-group. Now let a = [[,; a; and b =[], bs
be elements of GG, where a;,b; € H; and for almost all i we have that a; = b; = 1.
Clearly any element in G has such a representation. By Lemma 3.1 we know that
G is nilpotent of class at most 3. Expanding [a, b, b] we see that it is a product of
elements of the form [a;, b, bi|[a;, by, b;] and thus trivial. O

We want to show that every 4-Engel 3-group is soluble of bounded derived length.
As 3 < 4 < 32, it follows from Theorem 2.4 that it suffices to consider groups of
exponent 9. We will see that these groups are built from 2-Engel groups.

From now on suppose that G is a 4-Engel group of exponent dividing 9 and let

X= LJG<a3>G.

By Lemma 10 of [22] we have that (a®)¢ is abelian of exponent dividing 3 for all a €
G. We will next perform some calculations that will eventually give us Proposition
3.6, and this proposition will enable us to derive solubility of 4-Engel 3-groups. The
following calculations are modelled on calculations done by P. J. Higgins on 4-Engel
Lie rings [14].

Lemma 3.3. Let 1, z2,x3,u,y € X and let x = x1xow3. Then

(3) [u,x,x,x,y][u,x,x,y,x][u,x,y,x,ﬂc][u,y,x,x,x] = 1,

(4) [u7x7x7x7y][u’x’x7y7x]71[u7y’x’x7x]71 ]‘7

(5) [Uaxayax,x][u,x,x,x,y]*l = 1.
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Proof. We remark first that the group generated by x1,xs, z3,u,y is nilpotent of
class at most 5, as the normal closure of each of these elements is abelian. We get
the first identity by expanding 1 = [u,4 xy]. We then have

1 Y,4 UL

y,u, T, x, x|y, x, u, x, ][y, z, z,u, [y, T, x, z, ul

wy, 3] u, [y, 2], 2,2 [y, 2, 2], 2] [y, @, w2
u,y,xr,r J)] 1[%33730’%95]_1[“;37,957%9]-

[y
[
[
=

This gives the second identity and the third follows by multiplying the first two

together. Note that here we have used the fact that (u)® is of exponent dividing

3. O

Lemma 3.4. Let 1,2, T3,24,u,y € X and let x = r1xox324. Then
[U7$7$7ya$7$] = [uaxa$7m7yax] = [uamaywxaxax] =1

Proof. Fori € {1,2,3,4},let Z(i) be the product of the elements x;, j € {1,2,3,4}\

{i}. The order of the product will not matter in the following calculations. Notice

also that the group generated by x1,xs, T3, T4, u,y is nilpotent of class at most 6.
By (5), we have

2(0),2(0),y] = [u, 2, 2(3),y, 2(2), 2(3)],
[uaj(i)vj(i)v‘i(i)ay7xi] = [u,i(i),y,i(i),i(i),mi].

Now summing over ¢ = 1,2, 3,4, gives

[U'a Ty, i‘(l)

(6) [U,x,x,x,m,y] = [U’axax7yaxa‘r]a
[U,(E,(E,(E,y,$] = [u,x,y,x,x,x].

As G is 4-Engel it follows from the former identity that [u,z,z,y,z,z] = 1. We
next perform a similar calculations using (3) and see that

]' = [u’ x’x7x7y7m][u7x7x7y7x7m:||:u’x’y7x7m7x][u7yﬂx7x?m7m]
(6
= [u’x’x7x?y7x]2

G

So [u,z,z,x,y,x] = [u,z,y, z,z,2] = 1, since (u)“ is of exponent 3. O

Lemma 3.5. Suppose x1,22,23,Y1,Y2,y3 € X, i € {1,2,3}, and let §(i) be the
product of {y;|j € {1,2,3}\ {i}}. Let x = z1x223. Then

= [u,, @, 2,9(0), §(0))[w, @, 2, §(0), §(0), w][u, 2, §(i), 2, 9(0), x][u, §(i), =, x, §(i), 2]
= [y, §(0), 2, §(0) [, 2,2, 10), §(0), ][, 2, §(0). §(0), v, ][, §1(3) . §0), v, ]
= [, 5), ., 50 [, §(0), 2, (0). [, v, §6). 56, ., al [, (0). §(0), ., ]
= [, 50,50 . 2, ][, 5. 2., 7, §(0)| [ 5(0), 2, 5(0) v, | §0) v, 2, 1),
= [u,a, 2, 2,5(0), §(0))[w, §(0), @, 2, 2, §(0)][w, @, 2, §(0), 2, g(@)][u, 2, §(i), x, 2, §(i)]
[u g(i), w,a,,5(0)] = [u, 9(i), ,§(i), , 2]
[u’ x’ x’ x7 y( )’y(z)] = [u7 x?ﬂ i)7x7 x?ﬂ(l ]'

Proof. Let j,k € {1,2,3}\{¢}. From the first identity of Lemma 3.4 we have
1 = [uawyjaxyjaykvxijxyj]
= [uaijxvykvxvx][uvxvijykvxvx][uvxvxvykvijx]

[u, z, 2, yr, ©, y;].
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Now interchange y; and yi. Adding the new identity to the above gives the
second identity of the Lemma. The first and third are proved similarly using the
other identities of Lemma 3.4. The fourth identity comes from (3). First replace
u by [u,y;] and y by yx. Then interchange j and k and add. The fifth identity
follows also from (3). First replace y by y; and take commutator with y; from the
right, then interchange j and k& and add as before. The last two identities follow
from (5) in the same way. O

For the final part of the calculations, we first need some notation. Let x1, 22, x3,
Y1,Y2,ys be in X. We let x = 122203 and y = y1y2y3. We give the commutators
of weight 7 names as follows:

= [u,y,2,9,y,, ],

)

h=lu,z,y,z,z,y,y],
k=luyzzy .y, k=[uzyyzy7],
l=[u,z,y,z,y,z,v], = [u,y,z,y,x,y,x].
Now take the equations of Lemma 3.5 and commute them on the right by y;. Adding
for i = 1,2, 3 gives the following 7 identities:

afkl=1, defg=1, bghl=1, bcek =1,

a= w2229y, a=[uwyyy,z 1],
b=[uy,y,z,2,2,y], b=[u,z,2,9,9y,1],
c=uy,r,z,2,yy], ¢=uzy,y Yy,
d=[u,z,2,y,2,9,y], d=[uy,y,2y 7],
e=[u,y,2,y,z,2,y), €=uzymyy,7,
f:[u’x’xﬂy7y’x7y]) f:[u7y)y7x7x7y7x:|7
g:[uvxvyayvxvx’y]v Q:[ua%%%yayvx],

h

k

]

acdh =1, c=e, a = h.
By symmetry, there are similar identities for a, ... ,l. Solving these linear equations
together gives
d=ac™!, e=c, f=abc, g=ablc!,
h = a, E=b"te, l=ac

Similarly for a,...,l. Next we take the equations in Lemma 3.5 and replace u by
[u,y;]. Adding for i = 1,2,3 gives

l=cglf =cc, 1=kghd=b""b"'cc, 1=abdf=0bb, 1=elha=ce,

1 = cbke, b= ac !

=ac -, c=e.

S

By symmetry we also have b = a¢~!.

It now follows that ¢ = ¢=!, b =b"! and @ = a~'. It is this last one that is going
to give us the solubility of 4-Engel 3-groups. Let us state this as a proposition.

Proposition 3.6. If x1,x2,23,Y1,Y2,y3,u € X, . = x12223 and y = y1Y2ys3, then
(w2, 2,2, 9,9, yl[w, ¥, y,y, 2, ,2] = 1.
We can now prove the main result of this section.

Theorem 3.7. Fvery 4-Engel 3-group is soluble and the derived length is bounded
by some constant.

Proof. First of all, we know that every 4-Engel 3-group is locally finite [22]. By
Theorem 2.4 we have that G is nilpotent for all 4-Engel 3-groups G and the
nilpotency class is bounded by some constant. It therefore suffices to consider
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a 4-Engel group G of exponent 9. We know that the normal closure of the third

power of any element is abelian of exponent 3. Let g, a1, as, as, b1, ba, bg be arbitrary

elements in G and let a = aa3a3j and b = b3b3b3. By Proposition 3.6 we have

1 = [¢%a,a,a,b,b,0b]g%b,b,b,a,a,d
For each a1, az, a3 € G we let H(a1,a2,a3) = ((aja3a3)?)¢ and then
H= H H(ay,as,a3).
(a1,a2,a3)EGXGXG

In other words H is the verbal subgroup generated by the word (z3z3z3)3. We
have just seen that Proposition 3.6 implies that H is an Es-group and thus 2-Engel.
Now consider G/H. For all g1, 92,93 € G we have

e e - o
(979393)> = (gig3)*(g3)\oroe) Hloroa)tt
95, 9395]
,931(93, 93, 93)-

= [g3,
3
3

= los
So G3/H satisfies the identity

This shows that G®/H is also 2-Engel. Finally G/G? is of exponent 3 and thus
2-Engel [16]. Thus G/G3, G®/H and H are 2-Engel and thus metabelian and it
follows that G is soluble of derived length at most 6. O

Remark. The referee has pointed out to us that in 4-Engel groups of exponent 9, a
stronger result holds than the one we obtained. One can show that G2 is 2-Engel
with a computer using the p-quotient algorithm. It follows that the derived length
of these groups is at most 4.

As a corollary of Theorem 3.7 we have

Theorem 3.8. Let G be a locally nilpotent 4- Engel group without elements of order
2 or 5. Then G is soluble and the derived length is bounded by some constant.

Proof. Let P be the set of all primes and let II = P\ {2,5}. We say that a finite
group H is a IlI-group if the order of any element in H has all its prime divisors
from II.

Let H be a finite 4-Engel p-group for some p € II. If p # 3, we know that H
is nilpotent of class at most 7 [22] and if p = 3, we have seen that H is soluble of
some derived length bounded by some constant. So in any case, we have that H is
soluble and the derived length is bounded by some constant m. By a theorem of
Zorn (see [19 12.3.4]), all finite 4-Engel groups are nilpotent and so it follows that
every finite 4-Engel Il-group is soluble of derived length at most m. We finish the
proof by showing that G is also soluble of derived length at most m.

Clearly we can assume that G is generated by 2™ elements and thus that G is a
finitely generated nilpotent group. Let 7(G) be the torsion subgroup of G. It now
suffices to show that G is residually a finite II-group.

Let 1 # 2 € G. We need to find a normal subgroup M such that G/M is a
finite II-group and « ¢ M. We consider two cases. First suppose that « has infinite
order. Then G/7(G) is a finitely generated torsion-free nilpotent group and thus
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residually a finite p-group for any prime p (see [19, 5.2.22]). In particular we can
choose p € II and a normal subgroup M of G with G/M a finite p-group and « ¢ M.

We are left with the case when z has finite order. As G is a finitely generated

nilpotent group, it is residually finite (see [19, 5.4.17]). Therefore there exists a
normal subgroup M of G and some prime p such that G/M is a finite p-group and

T

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.
23.

& M. As the order of zM in G/M divides the order of z we must havep € II. O
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