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ABSTRACT. We study the complexity of the problem to describe, up to unitary
equivalence, representations of x-algebras by unbounded operators on a Hilbert
space. A number of examples are developed in detail.

Representations of algebras and x-algebras by bounded and unbounded opera-
tors on a Hilbert space have many applications in various branches of analysis and
mathematical physics and is a powerful tool for the study of algebras itself. Often it
is important to estimate how complicated the problem of describing representations
(up to an equivalence) is. In the theory of representations of algebras the repre-
sentation problem is considered to be extremely difficult (wild) if it “contains” the
classical unsolved problem of describing up to a similarity a pair of matrices without
relations (see [DE]). For x-algebras the complexity of the structure of their repre-
sentations by bounded operators on a Hilbert space was studied in [KS| (see also
[0S [S]). The authors introduced a quasiorder > (majorization) of *-algebras with
respect to how difficult their representations are and proved that the enveloping
C*-algebra, C*(F3), of the free group with two generators, majorizes any finitely
generated x-algebra showing that the problem of describing *-representations (up
to unitary equivalence) of a x-algebra 2 such that 2 = C*(F3) is difficult (such an
algebra 2 is called *-wild). Note that for a unital C*-algebra A, A = C*(F2) is
equivalent to 2/J ~ M, (C) ® C*(Fz) where J is a C*-ideal of 2 and n € N ([OS]).
Boundedness of #-representations is essential for their consideration.

In the present paper we study the complexity of x-algebras representations by
unbounded operators on a Hilbert space. Unbounded representations occur, for
example, in the representation theory of non-compact Lie algebras, non-compact
quantum groups and quantum algebras, etc. (see [ISW], (OS], [Worll Wor2] and ref-
erences therein). For instance, the x-algebra with two selfadjoint generators p, ¢
and the canonical (Heisenberg) commutation relation pg — gp = 4 of the quan-
tum mechanics does not have any representations by bounded operators but it has
well known unbounded ones: p = id%, q = x on Ly(R,dz). That the structure
of unbounded representations can be very complicated for *x-algebras is already
evident from [S, Chapter 9.4] and [ST1]: the problem of describing unbounded
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w-representations for the x-algebra Clzy,x2] of all polynomials in commuting self-
adjoint elements x1, xo “contains” as a subproblem the problem of classification up
to unitary equivalence all representations of C*(F).

In Section 3, developing [KS|, [0S], we give a definition of complicated (*-wild)
classes of x-representations by unbounded operators. An invaluable tool for our
study is the notion of unbounded elements which generate a C*-algebra introduced
and studied by Woronowicz [Wor2]. We prove that the class of bounded represen-
tations of a unital x-algebra 2( is complicated (x-wild) iff the algebra 2 is x-wild
in the sense of [KS] (Theorem M]). Similar to [KS|, we show that the class of
representations which “arises from” representations of a C*-algebra 2l is compli-
cated iff A/J ~ CB(H) ® C*(F3), where CB(H) are now compact operators on a
Hilbert space H (Theorem [B]). From this we derive that integrable representations
of finite-dimensional Lie algebras, i.e. infinitesimal representations dU of unitary
representations U of the corresponding Lie group, are not x-wild (Corollary [I).

In Section 4, we study, from the point of view developed in Section 3, the
complexity of representations by unbounded operators of some x-algebras. The
first example is devoted to non-integrable representations of the polynomial -
algebra C[z1,z2]. The second example deals with the x-algebra A = C(z1,z2 |
[z1, [z1,22]] = 0,2F = z;,7 = 1,2). Note that operators satisfying the double com-
mutation relations were studied in [Dal] in the framework of abstract hyperbolic
equations. In the third example we discuss a class of unbounded representations
generated by idempotents with zero sum.

We attempt to give sufficient background references for all concepts involved.
For the basic definitions and notions of the theory of representations of *-algebras
and C*-algebras we refer the reader to [D [Ped| S]. Throughout the paper H is
a separable Hilbert space, CB(H) and B(H) denote the algebra of compact and
respectively bounded operators on H. For x-algebras A and B the algebraic tensor
product of A and B is denoted by A ® B. We write Rep(A) for the category
of x-representations of A, with bounded non-degenerate representations as objects
and intertwining operators as morphisms. Recall that a x-representation 7 of a
x-algebra A on a Hilbert space H is non-degenerate if m(A)H is dense in H.

1. *-WILD ALGEBRAS

We follow [KS] in introducing the notion of #-wild algebras (see also [OS]).
Within this section we assume that all x-algebras are unital and representations
of x-algebras are unital *-homomorphisms into B(H).

Let A be a x-algebra. If ¢ : A — M,(C) ® C*(F2), n € N, is a unital *-
homomorphism of the x-algebra 2 and the C*-algebra M, (C) ® C*(F2)
(= M,(C*(F2)), then there is a natural way to construct the functor F:
Rep(C*(F2)) — Rep(2):

o Fy(m) = (id®m) o, for any m € Rep(C*(F2)),
o Fy(a) =1 ® « for any operator « intertwining my, m € Rep(C*(F2)).

(I is the identity operator in B(C™).)
Definition 1. A x-algebra 2 is called *-wild if there exist n € N and a *-homomor-

phism ¢: 2 — M,,(C)® C*(F3) such that the functor Fyy: Rep(C*(F2)) — Rep(2A)
is full.
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In order to verify that the functor F is full one has to show that for representa-
tions 71, mo € Rep(C*(F2)) in Hy and Hs respectively, an operator A intertwines
the representations Fy(m1) and Fy(me) iff A = I ® «, where I is the identity op-
erator in B(C™) and « intertwines the representations 71, mo. It follows from the
definition that two representations my, mo of C*(F3) are unitarily equivalent iff
so are the representations Fy(m1), Fy(m2) of A, a representation 7 of C*(F») is
irreducible iff so is Fy (7). Thus the unitary classification problem of all represen-
tations of 2 contains, as a subproblem, the problem of unitary classification of all
representations of C*(Fz). As it was noticed in the introduction, C*(F3) majorizes
any finitely-generated *-algebra and the unitary classification of all representations
of C*(F2) contains, as a subproblem, the problem of unitary classification of any
affine #-algebra. An example of a x-wild algebra is 6o = C(a,b | a = a*,b = b*).
For C*-algebras we have the following;:

Theorem 1 ([OS]). A C*-algebra A is *-wild if and only if there exist a C*-ideal
J C A and n € N such that A/ J ~ M, (C) @ C*(Fz).

Remark 1. It follows from the above theorem that a unital C*-algebra 2l is *-wild
iff there exists a #-epimorphism ¢: 2 — M,,(C*(F2)) and if, in particular, 2 is gen-
erated by some elements T71,... ,T,, i.e. 2 is the closure of algebraic combinations
of 1, Th,... ., Ty, Ty, ..., T, then ¥(T1),...¢(T,) generate M, (C*(Fz)).

For other results and examples of *-wild algebras we refer the reader to [OS].

2. C*-ALGEBRAS GENERATED BY A FINITE NUMBER OF AFFILIATED ELEMENTS

In order to generalise the notion of x-wild algebra to include representations by
unbounded operators on a Hilbert space, we need unbounded elements which are
“related” to a C*-algebra. The notion of a C*-algebra generated by unbounded
affiliated elements was introduced and investigated by S. L. Woronowicz ([Wor2],
see also [Worl]). We recall here some definitions and facts from [Wor2] which will
be used in the sequence.

Let H be a Hilbert space, C*(H) the set of separable non-degenerate C*-
subalgebras of B(H), and A € C*(H). The set of all multipliers, M(A), of A
is defined by

M(A)={a € B(H) | ab,ba € A, for any b € A}.

Let T be a closed operator acting on a Hilbert space H. We say that T is
affiliated with A € C*(H) if the z-transform zr = T(I + T*T)~'/? of T belongs to
M(A), zhzp < I and (I — z}.2r)A is dense in A. We write TnA. The set of all
elements affiliated with A will be denoted by A”. T is a linear mapping acting on
A with the domain D(T) = (I — z427)/2A. D C D(T) is a core of T if T coincides
with the closure of T'|p. One should distinguish between D(T') and the domain of
T as an operator acting on a Hilbert space which will be denoted by D(T).

Let A be a C*-algebra, B € C*(H). The set of morphisms, Mor(A, B), consists
of all # € Rep(A, H) such that 7(A)B is dense in B, where Rep(A4, H) is the set
of all non-degenerate representations of A on H. In particular, Mor(4,CB(H)) =
Rep(A, H). If ¢ € Mor(A4, B), then ¢ can be uniquely extended to a mapping from
A" to B".

The notions of multiplier algebra, affiliated elements are independent of the
choice of embedding of C*-algebras into B(H) (see [Wor2]).
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Let A be a C*-algebra and T1,...,T, be elements affiliated with A. We say
that A is generated by T1,... T, if for any Hilbert space H, B € C*(H) and any
m € Rep(A4, H) the condition m(T3)nB, i = 1,... ,n, implies 7 € Mor(A, B). We
will use the following sufficient condition for a C*-algebra A to be generated by
elements affiliated with A.

Theorem 2. Let A be a C*-algebra and Ti,...,T, be elements affiliated with
A. The subset of M(A) composed of all elements of the form (I + T;T;)™' and
(I+T;T)~ Y i=1,...,n, will be denoted by T'. Assume that:

1. Ty,..., T, separate representations of A: if v1, o are different elements of
Rep(A, H), then ©1(T;) # w2(T;) for somei=1,... ,n.
2. There exist elements r1,... ,rx € I' such that the product ry ...r, € A.

Then A is generated by Ty, ... ,T,.

Remark 2. A C*-algebra A is generated by T1,...,T,nA with ||T;|| < co for all
i1=1,...,n,if and only if A is unital and A coincides with the norm closure of all
algebraic combinations of I, T1,... , Ty, Ty, ... , .

See [Wor2] for other discussions on C*-algebras generated by affiliated elements.

3. THE COMPLEXITY OF UNBOUNDED REPRESENTATIONS OF *-ALGEBRAS

In this section we shall extend the notion of a #-wild problem to unbounded
representations. We restrict our attention to finitely presented unital x-algebras,
i.e. x-algebras introduced in terms of a finite number of generators and relations
(algebraic equalities imposed on the generators).

Let 2 be a unital *-algebra generated by elements ¢i,...,t,, t7,...,t), and
relations
(1) w;(te, ... ,tn,t],...,t;) =0, 7=1...,m,
where w; are polynomials over C in the non-commuting variables t1,... ,tn, t],.. .,
ty and 1.

A family of closed operators T1,... ,T,, Ty, ..., T, on a Hilbert space H is called
a representation, w, of A if there exists a dense domain, D, such that D is invariant
with respect to all operators of the family, D is a core for T3, T;*, i =1,... ,n, and
the relations

wi(Ty,...,Tn, Iy, ..., T))p =0, ji=1,...,m,

hold for any ¢ € D (with the identity operator instead of 1). We write n(t;) =
T;. We denote by Rep,,,;(?) the category of unbounded representations of 2.
The objects of Rep,,,,;,(2) are representations defined above and the morphisms of
Rep,,,,;(2) are bounded operators C' € B(H, H) intertwining representations 7 and
7 which act on Hilbert spaces H and H respectively, i.e. CT; C T;C, CTy C T{‘C,
i=1,...,n (we write C € I(m,7)). We say that two representations, m; and 7o,
are unitarily equivalent if there exists a unitary operator of H (1) onto H (m2) such
that U € I(m,m2) and U~! € I(m2, 7). In this case we write m; ~ 7.

Proving that the problem of unitary classification of bounded representations of
a x-algebra A is x-wild we construct a unital *-homomorphism ¥: A — M, (C) ®
C*(F2), n € N, which generates a full functor Fy,: Rep(C*(F2)) — Rep(2). In
order to include unbounded representations we shall first replace the above *-
homomorphism by a “x-homomorphism” into the set of affiliated elements
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(CB(H) ® C*(F2))", where CB(H) is the C*-algebra of a compact operator on a
Hilbert space (not necessarily finite-dimensional) and CB(H) ® C*(F3) is the C*-
algebra obtained by the completion of the algebraic tensor product CB(H)®C*(F3)
in a C*-norm (it is known that it does not depend on norm).

Namely, let ¢ be a unital mapping from (1,¢1,...,t,) to (CB(H) ® C*(F2))"
such that there exists a dense linear subset D of CB(H) ® C*(F3) satisfying the
following conditions:

e DC D®(t:)), DC D((ti)*), ¥(t:)D <
o wi(Y(tr), ..., Y(tn), Y(t1)", ... (tn)"
e D is a core for ¥(t1),... ,¥(ty), ¥(t1)* wlb( n)

In the sequel, whenever we write a *-homomorphism ¢ from 2 to (CB(H) ®
C*(F3))", we mean a unital mapping v: (1,t1,...,t,) — (CB(H) ® C*(F2))"
satisfying the above conditions.

As before, the mapping 1 generates a functor Fy,: Rep(C*(F2)) — Rep,n, (A):

o Fy(m)(t;) = (id ® m)(¢(t;)) for any representation m € Rep(C*(Fz)), where
id ® 7 is the unique extension to the affiliated elements,
o Fy(a) =1® « for any « intertwining mq, m2 € Rep(C*(F2)).

If 7 is a representation of C*(F3) on a Hilbert space H(w), then Fy(m)(t;),
i=1,...,n, define a representation of A with D = {(id® 7)(D)y, ¢ € H® H(m)},
D=H® H(r).

Consider the following two properties of the mapping ¢ : 2 — (CB(H)QC*(F3))":
(P.1.) the corresponding functor Fy is full, and (P.2.) %(t1),... ,%(tn) generate
CB(H)® C*(F2) as affiliated elements. We will see below that in the case of unital
C*-algebra, A, the second condition (not the first one) implies *-wildness of .4 and
the result of Theorem [ partially explains this (see also Remark [[). Theorem
shows that (P.2) implies (P.1) but the inverse is false (see Remark [)).

D (tl)*D - D7
) =

Theorem 3. Let ¢p: A — (CB(H) ® C*(F2))" be a x-homomorphism in the sense
defined above. Assume that ¥(t1), ... ,¢¥(t,) generate CB(H) ® C*(F3). Then the
corresponding functor Fy: Rep(C*(F2)) — Repynp () is full.

Proof. To prove the statement it is enough to show that given an operator C' €
B(H), a representation m € Rep(C*(F2)) such that CFy(m)(t;) C Fy(m)(t:)C,
CFy(m)(t;)* C Fy(m)(t:)*C, we have C = I ® «, where o € I(m, 7).

We first show that C' commutes with (id ® 7)(a) for any a € CB(H) @ C*(F2).
Define the following set:

Clid ® )(a*) = (id ® 7)(a*)C.

Here B = CB(H) ® C*(F3). B¢ is a C*-subalgebra of M (). Let us now show
that B = M(B). We will use [Wor2] Proposition 2.2], an analogue of the Stone-
Weierstrass Theorem.

(1) B¢ is non-empty, since the z-transforms zy,), Z;Z(t,',)’ i =1,...,n, belong
to Be.

(2) B¢ separates representations of B. Indeed, let m, m2 be two different
representations of %B. Assuming that 71(q) = m2(q) for any ¢ € Be we get
T1(2y(t)) = T2(2y,)) Which implies 7y (1 (t;)) = m2(¢(t;)) for any i = 1,... ,n.
Since ¥(t1),... ,¥(t,) generate B, we get m = m2. A contradiction.

B — {a € M(%B): C(id ® 7)(a) = (id ® 7)(a)C, }
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(3) B¢ is strictly closed. In fact, let {zx} € B¢ strictly converge to z, i.e.
[la(zx —z)|| — 0 and ||(zx — x)a|| — 0 for any a € B. If 7 € Rep(B, H), we get
[|m(zra) — 7(za)|| — 0 and

(m(xy) — m(x))m(a)p — 0, a€B, pe H.

Since 7 is a non-degenerate representation of B, the set {m(a)p: a € B,p € H}
is dense in H and any strictly convergent sequence is bounded, we deduce that
(m(xy)—m(x))p — 0, p € H. Therefore, if Cn(zy) = n(zr)C we get Cn(z) = 7(z)C
and z € Be.

According to [Wor2, Proposition 2.2], (1), (2), (3) imply B¢ = M (9B) and hence
[C, (id ® m)(a)] = 0 for any a € CB(H) ® C*(F2). This gives C = I ® a, where
[a, m(a)] = 0 for any a € C*(F3), and hence the functor Fy is full. O

In the sequel we shall consider classes, R, of representations from Rep,,,,,(2)
which are closed with respect to the direct sum and taking subrepresentations, i.e.
R satisfies the following conditions: a) if 71 € R and 7 ~ 7g, then 7y € R; b) if
(7x)xen is a family of representations from R, where A is a countable set of indexes,
then @, mr € R; ¢) if 1 &2 € R, then m; € R, 1 =1,2.

Definition 2. Let 2 be a unital x-algebra generated by t¢1,... ,%,,t],... ,t; and
relations ({). We say that a class R C Rep,,,,() is *-wild if there exists a *-
homomorphism ¢: A — (CB(H) ® C*(F2))" such that (id ® m)(¢)) belongs to R
for any m € Rep(C*(F2)) and v¥(t1),... ,9¥(ty) generate the C*-algebra CB(H) ®
C*(F2).

Theorem 4. The class of bounded representations of A is x-wild if and only if A
is x-wild.

Proof. Assume that there exists a x-homomorphism ¢: A — (CB(H) @ C*(F3))"
such that the operators (id ® 7)(1(t;)) are bounded for any m € Rep(C*(Fz2)), and
U(t1), ... ,¥(tn) generate B = CB(H) @ C*(Fz). Clearly, ¢¥(t;), i =1,...,n, are
bounded. It follows from [Wor2, Example 1] that 9B is unital and coincides with the
norm closure of all algebraic combinations of I, 1(t1),... ,(tn), ¥(t1)*, ... ;¥ (tn)*.
This implies that H is finite-dimensional and v is a *-homomorphism from 2 to
CB(H) ® C*(F2). Moreover, by Theorem [ the functor generated by 1 is full
which means that the x-algebra 2 is x-wild.

Conversely, suppose that 2 is *-wild. Then there exists a *-homomorphism
P: A - CB(H) ® C*(Fz) with dim H < co. Let B be the norm closure of the
set of all algebraic combinations of I, ¥(t1),... ,9¥(tn), ¥(t1)*, ... ,¥(tn)*. Then
B is a C*-subalgebra of CB(H) ® C*(F,). Since 2 is *-wild, it is not difficult to
see that w(¥(A)) = 7(CB(H) ® C*(F3))’ for any representation m of CB(H) ®
C*(F3) (see, for example, the proof of [OS, Theorem 50]). This implies (B =
7(CB(H)® C*(F,))'. By [0S, Lemma 14], the inclusion i: B — CB(H) ® C*(F»)
is a surjection, and hence B = CB(H) ® C*(F3). Since the C*-algebra CB(H) ®
C*(F3) is unital, by Remark B, we see that ¢(t1),... ,9¥(t,) generate CB(H) ®
C*(F32) in the sense of affiliated elements. O

Let 2 be a x-algebra generated by ti,...,t,, t],...,t and relations (I). We
say that a class R C Rep,,,,;,(2) is manageable (see [Wor2]) if there exist a separable
C*-algebra 9B (unital or non-unital) and 771, ...,7T, n B such that 9B is generated
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by T1,...,T, and R is equal to the set
(2) {7 € Repy,p(A) : 7w(t;) = 7(T;) for some T € Rep(B)}.

Example 1 ([Wor2]). Let G be a connected, simply connected Lie group, ci,,
k,l=1,... ,n, be the structure constants of the Lie algebra A of G and the class
R consists of integrable representations of A, or equivalently families (T4,...,T),)
such that T1, ... ,T, are skew-adjoint operators acting on a Hilbert space H such
that on a dense invariant domain [Ty, T3] = Y1, ¢i,T; and Y., T? is essentially
self-adjoint on the same domain. Then the class R is manageable and B = C*(G).

Theorem 5. Let R be a manageable class of x-representations of 2. Let B be the
C*-algebra defined above. Then R is x-wild if and only if there exist a C*-ideal J
and a Hilbert space H such that

(3) B/J ~ CB(H)® C*(F).

Proof. Assume that R is %-wild. Then there exists ¢: A — (CB(H) @ C*(F3))"
such that ¥(t1),..., ¥(t,) generate CB(H) ® C*(F3) and (id ® 7)(¢p) € R for
any m € Rep(C*(Fz)). We can assume that C*(F3) is embedded into B(Hy). Let
7 € Rep(C*(B)) such that (t;) = 7(T;). Since Ti,...,T, generate B, we get
7 € Mor(8,CB(H) @ C*(F3)). Applying [Wor2l Proposition 3.2] we conclude that
7(B) = CB(H) @ C*(F2) and hence there exists an ideal J = ker 7 such that (3)
holds.

Assume now that (3]) holds with an isomofism ¢ : B/J — CB(H)® C*(F2). Let
7 denote the quotient map 7 : B — B/J. Since T1,...,T, generate B it follows
from the definition that (p o m)(T}),...,(p o m)(T},) generate CB(H) @ C*(Fz).
Setting 1 (t;) = (pom)(T;) we get a *-homomorphism from A to (CB(H)®@C*(F2))"
satisfying the conditions of Definition 21 Therefore the class R is x-wild. |

Corollary 1. Integrable representations of a finite-dimensional Lie algebra are not
x-wild.

Proof. Assuming the class of an integrable representation of a finite-dimensional Lie
algebra to be x-wild we get by Theorem[Gland Example[lthat the C* algebra C*(G)
of the corresponding connected, simply connected Lie group G contains a C*-ideal
J such that C*(G)/J ~ CB(H) ® C*(Fz2). However C*(G) is nuclear (see [Pat]),
and therefore has only hyperfinite factor representations while CB(H) ® C*(F3)
has non-hyperfinite representations. A contradiction. O

Remark 3. If we have a *-homomorphism ¢: 2 — (CB(H) ® C*(F2))" which gen-
erates a full functor Fy : Rep(C*(F2)) — R C Rep,,;,(2A), then the problem
of unitary classification of x-representations R of 2 is difficult and contains as a
subproblem the problem of unitary classification of all representations of C*(Fz).
Namely, the representation ((id @ m)(¢)(t1),...,(id @ 7)(¥)(tn)), ® € C*(Fz), is
irreducible iff so is 7, two such representations are unitarily equivalent iff so are the
corresponding representations of C*(Fa).

In Section 4 we will use the following proposition.

Proposition 1. Let B be a C*-algebra such that (3)) holds, and let : A —
(CB(Hp) ® B)" be a unital x-homomorphism such that ¥ (t1),... ,1(t,) generate
CB(Hy) ®B. Assume that the representation ((id @ 7)(¥(t1)), ..., ((d@m)(Y(tn))
belongs to a class R C Repy,,(A) for any m € Rep(B). Then R is x-wild.
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Proof. By assumption, there exists a *-homomorphism ¢: 8 — CB(H;) ® C*(F2)
such that

(4) ©(B) = CB(Hy) ® C*(F2).

If we prove that (idm, @ ¢)(¥(t;)), i =1,...,n, generate A = CB(Hy) @ CB(H;)®
C*(F32), the assertion follows. Here idg is the identity representation of CB(H).
Let H be a separable Hilbert space and m € Rep(.A, H). Then there exist a unitary
operator V € B(H) and a representation p € Rep(C*(Fz)) such that

T =V(idg, ®idg, @ p)V " .
Let C € C*(H) and 7((idu, ® ¢)(¥(t;)))n C. Then
(idn, @ idn, @ p)((idu, © @)(W(t:))) n V7'CV = C.

Since p := (idm, ® p)() is a representation of B, idy, ® p € Mor(CB(Hy) ® B, 0).
From this and @) we conclude that idy, ®idg, ® p € Mor(A,C) and 7 € Mor(A,C).
The proof is finished. O

Remark 4. Let R be a class of Rep,,,,;, (), and let H and Hy be separable Hilbert
spaces, dim H = oco. We denote by R(H) the set of all representations 7 € R
acting on H = H ® Hy. Assume that there exists a *-homomorphism ¢ : A —
(CB(H) ® C*(F2))". We shall write Ry, (H) for the subset of those representations
7w € R(H) which are generated by ¢, i.e., Ry(H) = {(m)(@(t1)), ..., (m)(¥(tn)),
m € Rep(CB(H) ® C*(F2))}. Then R(H) and Ry (H) are complete subsets of
(CN @ CB(H))". Denote by Co(Ry(H)) and Coo(R(H)) the C*-algebras of all
“vanishing at infinity” continuous operator functions defined on Ry (H) and R(H)
respectively (see [Wor2]). Then one can show that if R is #-wild, then CB(H) ®
C*(F2) ~ Cx(Ry(H)) and if R(H) is “locally compact”, then s-wildness of R is
equivalent to C (R(H))/J ~ CB(H)®C*(Fz), where J is a C*-ideal of Coo (R(H)).

4. EXAMPLES

4.1. Unbounded representations of Clzi,z2]. Let 2 = C[z1, 23] be a unital
x-algebra of all polynomials in two commuting hermitian generators x1, zo. It
is known that any irreducible integrable representation 7 of the algebra is one-
dimensional. Recall that for Clxy, z2] a representation 7 = (X; = X7, X = X3)
is integrable if the spectral projections of X; and X2 commute. It was shown by
Schmiidgen [S] that for any properly infinite von Neumann algebra A/ on a separable
Hilbert space there exists a non-integrable x-representation p = (X; = X}, X5 =
X3) of A such that the spectral projections of these operators generate the von
Neumann algebra A. The result which was given without proof in [ST1] is that
the classification of such representations “contains as a subproblem” the problem of
unitary classification of representations of the x-algebra &3 = C{a,b | a = a*,b =
b*). We repeat relevant material from [STT].

Let a, B,e1,e2 > 0. Consider the set R of all representations m of G5 such that
Im(a)|| < e, [|m(b)|| < Band 7(a) > e1, m(b) > e2. Denote by B! 7* the completion
of Go/{z : |||z]|| = 0} under [||z]|| = sup{||p(2)||;p € R}. Consider the following
construction, analogous to the one in [S]. Consider p,q € M3 (%2;2) given by

Aer pa 0 e; 0 O
p=| pa ey ub , g=1 0 0 0
0 ub ey 0O 0 O
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where A, u € R are such that 1/2 < p < 3/4, e, is the unit element in M, (B ;*).
Let wi, wy € Ma(M3(B,);*)) ~ Ms(B,) ;) be defined by

w, — [ iles—2q) 0 o — es—2p  —2(p-p)'?
' 0 es )7 7T\ —2(p—p?)? 2p—e3 '
Since 1/2 < p < 3/4, the element ws is well-defined.

Let H be an infinite-dimensional separable Hilbert space and let { fx, k € Z} be
an orthonormal basis in H. Let Py be the projection onto C(f;) and v be the shift
operator, i.e., vf = fr+1, k € Z. We now define vy, vg, v3 € B(H) ® MG(*B;’BEQ)
to be

v =v®es v2e=v(I—P)R®es+vP ®w,
v3=v(l — P — P3)®eg +vP; @wy +vPe @ ws.

Finally, we define operators U; and Us € B(H) ® B(H)® Mg(B,5*) C B(H) ®
875 H = @ H o by

—+oo
Ui=v®FE, U;= ZP Qv+ P ® vy + ZP ®’U3,
i=—00 =3

where F is the unity in B(H) ® Ms(B,';*).

Proposition 2. There exist self-adjoint elements X1, Xo n CB(H) ® ‘ij;? such
that Uy, Us are the Cayley transforms of X1 and Xo respectively.

Proof. We denote by A the C*-algebra C’B(’H)@‘BE1 =2 Uy, Uy are unitary elements
of M(CB(H)®B,3*). According to [WN] Proposmon 5.1, Theorem 5.2], it suffices
to show that (I — U})A is dense in A, ¢ = 1,2. Suppose for the moment that the
statement is false. Then (I — U;)A is a proper right ideal in A and there exists a
pure state on A such that f((I — U})a) = 0, for any a € A ([IJ, Theorem 2.9.5]).
Using the GNS procedure we can construct a representation m € Rep(A, H) and a
cyclic vector ¢ € H such that f(a) = (¢ | m(a)p) for all a € A. Thus

0=f(I-U)a) = (¢| (I -U)r(a)p) = (I —7(Ui))p | m(a)p).

Since ¢ is a cyclic vector, m(A)y is dense in H. This implies (I —7(U;))p = 0 and
hence ¢ € ker(I —7(U;)). Any non-degenerate representation w of CB(H) ® B, ;°
is of the form Vid® mV*, where 7 is a non-degenerate representation of ‘361’62 It
is easy to check that ker((id @ mo)(U;) — I) = {0}, for any my. A Contradlctlon By
[WN|, Proposition 5.1], Uy, Uy are the Cayley transforms of self-adjoint elements
XinA and XonA respectively. Moreover, D(X;) = (I — U;)(CB(H) @ B %),
i=1,2. O
Proposition 3. ¢: Clr1,22] 3 2;— X; € (CB(H)®B,;*)" is a *-homomorphism.
Proof. Let us consider the following set A; 1 = [Uy, Uz]A, where A = CB(H) ®
%2152 Using a simple computation one can show that

[Ul, UQ] =P Po® (66 — ’wg) + P ® Pou® (66 - wl)

and Q11 = P @ Py @ ((es —w2)/2) + 2O P2 ® ( e 0
of A onto A;,;. Now define
= (U = D(U; )T - Q11)A

) € A is the projection
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The proposition follows from the following lemma.

Lemma 1. D is dense in A, D is a core for X1, Xo and X1Xsa = X2X1a, for
any a € D.

Proof. The proof is similar to that of [S, Lemmas 9.3.2, 9.3.3, 9.3.4]. We begin by
showing that X; Xoa = X9Xa for any a € D. By definition of the projection @11,
we have (I — Q11)[U1,Uz2] = (I — Q1,1)[U1 — I,Uz — I] = 0 which implies

Uf —LU; —III—-Q11)=0and (Uy —1)(Us —Db=Us —I)(Uf —I)b
for any b € (I — Q1,1)A. Now let @ € D. Then
a= U —1)(U; —1)b=(U;s = I)(U; —I)b

with b € (I — Q1,1)A. Remembering that each element of D(X;) is of the form
(I-Uf)a,a€ A, i=1,2, we see that a € D(X1X2) N D(X2X;) and

b= ((X2 —1)/2) (X1 —1)/2i)a = (X1 —1)/2i)((X2 — i) /2i)a
which implies XoX7a = X1 X2a for any a € D.

To prove that D is a core for X7 and X, we have to show that D = (I—z zi)l/QDi,
where D; is a dense subset in A and z; is the z-transform of X;, i = 1,2. Let
U;—I = V;|U; —I| be the polar decomposition of U; — I (see [WN] Proposition 0.2]).
Then V; € M(A) and V; is unitary because (U; — I)A and (U} — I)A are dense
in A. One can check that (I — zz)Y/? = i|U; — I|/2 = i(Uy — I)V;/2. Since
D= (U; =D (U — DI — Q1.1)A = (Ui — I) (Ui — I)(I — Q1.1)A, it is sufficient
to now show that (U — I)({ — Q1,1)A is dense in A for ¢ = 1,2. This follows by
the same method as in the proof of Proposition 2l and completes the proof of the
lemma and the proposition. O

Theorem 6. The functor Fy is full.

Proof. Let H1, Ho be two separable Hilbert spaces and m; € Rep(Ba, 3, Hi), i =
1,2. Then 7; = idy @ m; is a representation of CB(H) ® B.'5%, i = 1,2. Let
C be a bounded operator intertwining representations (71(X1),71(X2)) and

(T2(X1), T2(X2)), 1.e.

(5) C71(X1) Ca(X1)C, C71(X2) C 72(X2)C

where 7;, i = 1,2, are the extensions to affiliated elements. (B now implies
Cm(U;) = 72(U;)C,  Cwy(Uy)* = m2(U;)"C, i =1,2.

We have to show that C = I ® A where A € I(m,m2). This follows by direct
calculation using simple arguments similar to that of [S, Theorem 9.4.1]. We leave
it to the reader. O

Corollary 2. There ezists a x-homomorphism ¢: Clzy, 2] — (CB(H)®C*(F3))"
such that the corresponding functor Fy is full.

€1,€2

Proof. One can easily show that the C*-algebra B ;* is +-wild and there exists a
+-homomorphism ¢: B'5* — M,,(C*(F2)), n > 0, which generates the full functor
F, from the category Rep(C*(F2)) into the category Rep(%agz ). Setting ¢ = @o1),
we obtain that ¢ is a *-homomorphism from C[z1, 23] to (CB(H) @ C*(F2))" and
the corresponding functor is full. O
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Remark 5. ¢: C*(F2) 2 w; — U; € M(CB(H) @ B! ;*) C (CB(H) ® B.'5°)",
i =1,2, is a *-homomorphism and the corresponding functor F is full. However,
Ui, Uz do not generate CB(H) ® B,';*, because CB(H) ® B! ;* is a non-unital
C*-algebra.

4.2. Representations of the double commutator relations. Consider the
s-algebra A = (r1,22 | [21, [z1,22]] = 0,2] = x;,¢ = 1,2). Clearly, any repre-
sentation of the commutative algebra C[z1, 23] is a representation of the x-algebra
2. It follows from the preceding example that non-integrable representations can
be complicated, i.e. the problem of unitary classification of such *-representations
contains as a subproblem the problem of unitary classification of representations of
C*(F3). In this example we show that the class of representations = defined on a
domain formed by analytic vectors for 7(z1) and 7(z2) is *-wild.

Let, as before, a, 3,e1,62 > 0 and let B';* be the C*-algebra which is defined
in the first example. On the Hilbert space H = Ly(R, dx) we consider the multi-
plication operator ¢ by x and the operator of differentiation p = i%. Let aq, as
denote the following elements in M3(B;*):

1161 0 0 0 a b
ayp = 0 1261 0 s a2 = a 0 O
0 0 lseq b 0 0

a,B
operator on H is affiliated with CB(H ), we have that q, p n C B(H) and there exist

uniquely defined self-adjoint elements X; = e3 ® ¢ and Xs = a1 ® p+ a2 ® Iy such

that X1, Xo n M3(%;;°) ® CB(H). Here Iy is the identity operator on H.

Proposition 4. ¢: A > z; — X; € (M3(B;'5*)®CB(H))" is a *-homomorphism.

where I; € R, with [; # 1;, i # j, e, is the unity of M, (%B:'5?). Since any closed
(

Proof. Let G be the Heisenberg group, i.e., the group of matrices of the form

1 ¢t r
g=gt,s,r)=| 0 1 s |, ts,reR.
0 0 1

Then u: G — B(H) defined by u(g(t,0,0)) = e, u(g(0,s,0)) = P, u(g(0,0,7))
= €' is a unitary representation of G in CB(H). By [WN], given a unitary rep-
resentation u of a real Lie group in a C*-algebra A, there always exists a dense in
A domain ® which is invariant with respect to operators of infinitesimal represen-
tation of the Lie algebra and is their essential domain. Let D = M3(B;';*) © @.
Clearly D satisfies all the required conditions: D is dense in M3(B;';*) ® CB(H),
D is a core for X7, X2 and [X1, [X1, X2]Ja =0 for any a € D. O

We now denote by R the set of all representations 7 of 2 on a Hilbert space H
defined on a dense invariant domain consisting of analytic vectors for m(x1), 7(x2).

Theorem 7. R is a x-wild class of representations.

Proof. Let id be the identity representation of M5(CB(H)) on H @ H @ H. Given
a representation m of B! 2, (1 ® id)(X1), (1 @ id)(X2)) defines a representation
which belongs to the class R. Here m ® id is the unique extension to affiliated
elements of B.'7* ® M3(CB(H)) = M3(®B,';*) ® CB(H). To prove that R is
+-wild it is sufficient to show that X1, X, generate M3(B.' ;) ® CB(H). By
Theorem [2, the statement will be proved once we prove that X;, Xo separate
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representations of M3(%B;';*)® CB(H) and that (I+X2)YI+XHY(I+X2) e
Mg(‘Bf;;z) ® CB(H).

We realize ‘BS”EQ as an algebra of operators in a Hilbert space H. Let F' be the
Fourier transform operator in H = Lo(R,dz). Then F = I}, ® F is a bounded
operator acting on the space (H @& H & H) @ H and such that FX; F ' = I, @ p,
FXiFl=a®q+a Iy (here 173{ is the identity operator on H & H @ H).
The operator (1 +¢?)~ (1 +p?)~1(1 + ¢?)~ ! is integral with the kernel K (x,y) =
%(1 +22)e”1#=¥l(149?)~! as it is easy to check. Moreover, this operator is positive
with finite trace which implies that it is compact. Therefore,

r=14 0 (g +¢) " (Iu +p°) (g +¢°) 7" € M3(B5?) ® CB(H).
Let
s=I+(@m®q+aa])’) ' (I+Io¢).

Clearly, s is bounded. Moreover, s is affiliated with M3(%B,,';;*) ® CB(H). This is
due to the following lemma.

Lemma 2. Let A be a C*-algebra, SnA, v € M(A). Assume that [v, zg] = [v, 2§] =
0. Then there exists TnA such that Ta = vSa, for any a € D(S5).

Proof. We shall use [Worll Theorem 2.3]. Let

a=(I—z2525)"2, b=wzg, c=vzg, d= (I — z525)"/>.

One can easily see that a, b, ¢, d € M(A), ab = cd, and the sets a*A = aA,
dA = d* A are dense in A.
d —c*
o= (5 ")

For
— 2%zs +v*vzgzg 0
I — 252§ + vv* 2525

we have
w1

Let m be an irreducible representation of A on a Hilbert space H, id the canon-
ical representation of M3(C) on C2. Since (I — zgzs)l/QA, (I - zszg)l/QA are
dense in A and v*vzizg, vv*zgzs > 0, one can easily deduce that the range of
(1d®@m)(Q*Q) is dense in H, which implies that (id ® 7)(Q) is dense in H,. Using
[Worll, Proposition 2.5] we see that Q(A @ A) is dense in A @® A. By [Worll The-
orem 2.3] there exists an element 7' 7 A such that dA = (I — z%z5)'/?A is a core
of T and T(I — z25)"/?x = vzgw for any x € A. Since (I — z5z5)'/?A = D(S),
Ta =vSa for any a € D(S5). O

It is known that multipliers are the only bounded elements affiliated with a C*-
algebra. Therefore s € M(M3(%B.';*) ® CB(H)) and srs € M3(%B,';*) ® CB(H).
On the other hand,

srs = F(I+ X3)7'(I+X7) "I+ X))~ F !

which yields (I+X3)"'(I+X7)" " (I+X3)~" € M3(B ;*)©CB(H). Since B_};”
is a x-wild C*-algebra, we conclude that R is a x-wild class of representations due
to Proposition[Il. The fact that X7, Xo separate representations follows from [N'T]

Theorem 3] and the fact that any representation of M3(B;!7*) ® CB(H) is of the
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form V(7 ®id)V, where V is a unitary operator, 7 is a representation of %2152
and id is the identity representation of M3(C'B(H)). The proof is finished. O

4.3. On unbounded idempotents. Let B be an algebra and let pi, ps, p3,
ps be idempotents in B such that p; + p2 + ps + p4 = 0. Idempotents with this
property were studied in [BES]. They arise, in particular, in the study of logarithmic
residues in Banach algebras. In [BES] it is shown that non-trivial zero sums of
four idempotents do not exist in Banach algebras, however, there are unbounded
idempotents in a Hilbert space having this property. Unbounded representations of
a x-algebra generated by idempotents p1, p2, p3, ps satisfying p; +p2 +p3+ps =0
were discussed in [ST2]. In this example we shall see that the class of representations
defined in [ST2] is *-wild. Let p = (p1 +p2)/2, ¢ = (p3 +pa)/2, r = (p1 — p2)/2,
s = (p3—pa)/2 (we have py = p+7,p2 =p—7, p3 = g+ 5, ps = q — s). Direct
computation shows that they satisfy the following relations:

(6) pr=r(l—p), ps=s(-1—p),r*=p(l—-p), s*=—pp+1).

We assume additionally that
(7) pr* =rp, ps* =sp, p=p",

and denote by 2 the x-algebra generated by p, ¢, r, s and relations ([@)—(7). We
define R C Rep,,,;, () as follows: a family of closed operators (P, @, R, S) on a
Hilbert space H belongs to R iff there exists a linear dense subset ® C H such
that ® C H,(P,Q,R*R,5*S), ® is a core for the operators R, R*, S and S*
and relations (@)—(7) hold on ®. Here H, (P, Q, R, S) denotes the set of analytical
vectors for P, @, R, S. It was proved in [STT| that a subclass R of R defined
by the condition ker P # {0} is manageable, i.e. there exists a C*-algebra A and
elements p, g, r, s 7 A generating A and such that R = {(n(p), 7(q), 7(r), n(s)) |
m € Rep(A)}. Moreover, all such representations were classified up to a unitary
equivalence.

Let a,8 > 0. Consider the set R of all representations m of &5 such that
[|m(a)|]] < «a, ||m(b)|]| < 6. Denote by A, g the completion of G3/{z : |||z||| = 0}
under |||z||| = sup{||p(2)||;p € R}. Let H be a separable infinite-dimensional
Hilbert space with an orthonormal basis {e } ez, and let P be the orthoprojection
onto C{ex), k € Z. We consider operators v, w defined by ver = eg41, vegt1 = eg
if kis even and wep, = exi1, wegr1 = e if k is odd. Clearly, (Pax + Pog+1)H
((Pogt1 + Pogy2)H) is invariant with respect to v (respectively w). Now let

=) (-D)"kP @ < 8 2 ) i=> (-1)rkP @ < 8 2 )

k#0 k#0

- 0 0 0
T = (Z(ij + 1)’[}ng - Zk'UPQk»J’_l) & ( 8 o ) +vFPy ® ( 8 % 0 ) s
k20

- 0
§=()_(2k + 1)wPai2 — (2k + 2)Popy1) ® ( 8 . )
k-0

—l—wPo®< e e a—l—zb).

0 e e
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Here e is the identity element in A, 3. We write H for the Hilbert space PoH @
PyH @ PhH @ (I — Py))H @ (I — Py)H). Direct verification shows that p, ¢, 7, §
are affiliated with CB(H) ® A, g and separate representations of CB(H) ® Aq g;
moreover, since

I+ =) (1+k)'h® ( g 2 ) (I +p*) "' € CB(H) ® Aap.
k#£0

Therefore, by Theorem B p, ¢, 7, § generate the C*-algebra CB(H) ® Aq 3.

Let D =1l.s. {a®b|a € F,b e Ay}, where F is the space of finite-dimensional
operators in H. Then D is dense in CB(H) ® Aq, 5 and invariant with respect to p,
g, 7, §, D is a core for the elements p, ¢, 7, § and p, ¢, 7, § satisfy relations (G)—([)
on D. Moreover, any representation (w(v)(p)), m(¢(q)), w(¢(r), 7(1»(s))) belongs
to R, where ¢(z) = &, 7 is a representation of CB(H) ® A, g. It implies that the
class R is x-wild.

The paper was finished during the author’s visit to Université Paris 6, Mathema-
tiques Pures et Appliquees, UFR 920. Their financial support is also acknowledged.
I am grateful to Professor N. Th. Varopoulos for his kind hospitality in creating
the perfect atmosphere for work during the visit. I wish to thank Professor Yu.
Samoilenko for many helpful suggestions and discussions during the preparation of
the paper.
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