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FRAME WAVELETS IN SUBSPACES OF L2(Rd)

X. DAI, Y. DIAO, Q. GU, AND D. HAN

(Communicated by David R. Larson)

Abstract. Let A be a d × d real expansive matrix. We characterize the
reducing subspaces of L2(Rd) for A-dilation and the regular translation op-
erators acting on L2(Rd). We also characterize the Lebesgue measurable sub-

sets E of Rd such that the function defined by inverse Fourier transform of
[1/(2π)d/2]χE generates through the same A-dilation and the regular trans-
lation operators a normalized tight frame for a given reducing subspace. We
prove that in each reducing subspace, the set of all such functions is nonempty
and is also path connected in the regular L2(Rd)-norm.

1. Introduction

A sequence {xn} in a Hilbert space H is called a frame for H if there exist
constants C1, C2 > 0 such that

C1‖x‖2 ≤
∑
n∈N
|〈x, xn〉|2 ≤ C2‖x‖2, ∀x ∈ H.

If C1 = C2 = 1, it is called a normalized tight frame. It is known ([6]) that {xn}
is a normalized tight frame for H if and only if x =

∑
n∈N〈x, xn〉xn for all x ∈ H,

where the convergence is unconditional in norm.
In this article we will investigate a class of normalized tight frames for either

L2(Rd) or certain subspaces of L2(Rd) which are called reducing subspaces. The
normalized tight frames we will deal with are obtained by applying certain A-
dilation and regular translation operators to a single Lebesgue integrable function.
Let us first define the above mentioned operators.

Let A be a d× d real invertible matrix. It induces a unitary operator DA acting
on L2(Rd) defined by

(DAf)(t) = | detA| 12 f(At), ∀f ∈ L2(Rd), t ∈ Rd.(1)

The matrix A is called expansive if all its eigenvalues have modulus greater than
one. The operator DA corresponding to a real expansive matrix A is called an
A-dilation operator. In an analogous fashion, a vector s in Rd induces a unitary
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translation operator Ts defined by

(Tsf)(t) = f(t− s), ∀f ∈ L2(Rd), t ∈ Rd.

In this article we will only deal with expansive real matrices and translation oper-
ators T` with ` ∈ Zd.

Throughout this article, we will use F to denote the Fourier-Plancherel transform
on L2(Rd). This is a unitary operator. If f ∈ L2(Rd) ∩ L1(Rd), then

(Ff)(s) =
1

(2π)d/2

∫
Rd
e−i(s◦t)f(t)dm,(2)

where s ◦ t denotes the real inner product. We also write f̂ for Ff. For a subset
X of L2(Rd), X̂ is the set of the Fourier-Plancherel transforms of all elements in
X. For a bounded linear operator S on L2(Rd), we will denote FSF−1 by Ŝ. It is
left to the reader to verify that we have D̂A = D(A′)−1 = D−1

A′ = D∗A′ for any d× d
real invertible matrix A ( A′ is the transpose of A) and T̂λf = e−i(λ◦s) · f for any
λ ∈ Rd.

A function ψ is called an A-dilation orthonormal wavelet if the family of functions
{Dn

AT`ψ : n ∈ Z, ` ∈ Zd} forms an orthonormal basis for L2(Rd). When the above
family forms a normalized tight frame for L2(Rd), the function ψ ∈ L2(Rd) is
called an A-dilation normalized tight frame wavelet. The existence of A-dilation
orthonormal wavelets was proved in [3] for any expansive matrix A. In fact, it
was proved in [3] that there exist A-dilation orthonormal wavelets whose Fourier
transforms are of the form 1

(2π)d/2χE for some measurable subset E of Rd. Such
A-dilation orthonormal wavelets are called s-elementary wavelets [2]. A function
ψ defined by ψ̂ = 1

(2π)d/2χE for some measurable set E of Rd is called an s-frame
wavelet if {Dn

AT`ψ : n ∈ Z, ` ∈ Zd} forms a normalized tight frame for L2(Rd). The
set E in this case will be called an s-frame wavelet set for short. It is proved in
[7] that for any given real expansive matrix A, the set of all s-elementary wavelets
is path-connected in the L2-norm. In this paper, we are interested in the s-frame
wavelets defined on a reducing subspace X of L2(Rd) (X is a reducing subspace if
DAX = X and T`X = X for each ` ∈ Zd). We characterize the s-frame wavelet
sets and show that the set of all s-frame wavelets (on any given reducing subspace)
is also path-connected in the L2-norm.

2. Subspace s-frame wavelets

In this section, we will characterize all reducing subspaces and all s-frame wavelet
sets for a given reducing subspace. We will begin with the following definition.

Definition 1. A function ψ is an s-frame wavelet on X if ψ̂ = 1
(2π)d/2χE for some

measurable subset E of Rd, {Dn
AT`ψ : n ∈ Z, ` ∈ Zd} ⊂ X and

f =
∑

n∈Z,`∈Zd
〈f,Dn

AT`ψ〉Dn
AT`ψ, ∀f ∈ X.

We also need the following lemmas in the proof of our theorems.

Lemma 1. Let A be a d×d real expansive matrix. Then limk→+∞ ‖A−k‖ = 0 and
limk→+∞ ‖Akt‖ =∞ for every nonzero element t in Rd.
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Proof. Since A is an expansive matrix, it follows that A is invertible and for any
λ ∈ σ(A−1), |λ| < 1 and thus limk→+∞ λ−k = 0. This implies that ([5], p. 559,
Theorem 9) limk→+∞ ‖A−k‖ = 0. Now let t ∈ Rd with t 6= 0. The result then
follows from the fact that ‖A−k‖‖Akt‖ ≥ ‖t‖.

Lemma 2. Let {en : n ∈ N} be an orthonormal basis for a separable Hilbert space
H and let P be an orthogonal projection onto a subspace H0. Then {Pen} is a
normalized tight frame for H0.

Lemma 3. Let {Hn : n ∈ N} be a family of mutually orthogonal subspaces that
sum to H. Suppose that for each n ∈ N, {xnm : m ∈ N} is a normalized tight frame
for Hn. Then {xnm : n,m ∈ N} is a normalized tight frame for H.

The proofs of Lemmas 2 and 3 are left to the reader.

Lemma 4. Let A be a d× d real expansive matrix. Then {AnZd : n ∈ Z} is dense
in Rd.

Proof. Let ε > 0. By Lemma 1 we can choose k ∈ N such that ‖A−k‖ < ε
d .

Let {ej : 1 ≤ j ≤ d} be the standard orthonormal basis for Rd. Since A is
expansive hence invertible, the set {A−kej : 1 ≤ j ≤ d} is also a basis for Rd.
Let x ∈ Rd, then x =

∑d
j=1 x

(j)A−kej with some x(j) ∈ R for j ∈ {1, 2, · · · , d}.
Let ` =

∑d
j=1[x(j)]ej ∈ Zd, where [x(j)] denotes the largest integer among those

that are no greater than x(j), then ‖A−k` − x‖ = ‖
∑d
j=1

(
x(j) − [x(j)]

)
A−kej‖ ≤∑d

j=1 ‖A−k‖ · ‖ej‖ < ε.

We now characterize the reducing subspaces in the following theorem.

Theorem 1. Let A be a d×d real expansive matrix. A closed subspace X of L2(Rd)
is a reducing subspace if and only if X̂ = L2(Rd) ·χΩ for some Lebesgue measurable
subset Ω of Rd with the property that Ω = A′Ω.

Proof. Let X be a reducing subspace and P be the orthogonal projection from
L2(Rd) onto X . Then P commutes with both Dn

A and T` for all n ∈ Z and ` ∈ Zd.
Note that D−nA T`D

n
A = TAn`. It follows that P commutes with TAn` for all n ∈ Z

and ` ∈ Zd. By Lemma 4, the set {AnZd : n ∈ Z} is dense in Rd. So P commutes
with Tt for all t ∈ Rd. Hence P̂ commutes with T̂t for all t ∈ Rd. If we use Mf to
denote the multiplicative operator by f(s), then T̂t = Me−t◦s . {Me−t◦s : t ∈ Rd}
generates a maximal abelian von Neumann algebra A = {Mf : f ∈ L∞(Rd)}. Thus
P̂ must be in A and P̂ = Mf for some f ∈ L∞(Rd). The relation P 2 = P implies
that f2 = f. So f is χΩ for some measurable subset Ω of Rd. Thus X̂ = L2(Rd) ·χΩ.
Since PDA = DAP, we have P̂ D̂A = D̂AP̂ . Equivalently MχΩD

−1
A′ = D−1

A′MχΩ ,
hence MχΩDA′ = DA′MχΩ . Let f ∈ L2(Rd). Observe that

MχΩDA′f(t) = |A′| 12 f(A′t) · χΩ(t),

DA′MχΩf(t) = |A′| 12 f(A′t) · χΩ(A′t).

This implies that χΩ(A′t) = χΩ(t), therefore A′Ω = Ω. The proof of the other
direction is simple and is omitted.

Remark. The above proof shows that the commutant of {D̂n
A, T̂`, ` ∈ Zd} is {Mf :

f ∈ L∞(Rd), f(A′x) = f(x)}.
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Let E be a subset of Rd. Two points x, y ∈ E are said to be 2π-translation
equivalent if x − y = 2π` for some ` ∈ Zd. This is an equivalence relation on
E. The 2π-translation redundancy index of a point x in E is the cardinality of
its equivalence class. We use E(τ, k) to denote the set of all points in E with
2π-translation redundancy index k. For k 6= m, E(τ, k) ∩ E(τ,m) = ∅, so we
have E = E(τ,∞) ∪

(⋃
n∈NE(τ, n)

)
. Similarly, two nonzero points x, y ∈ E are

said to be A-dilation equivalent if y = Akx for some k ∈ Z. This is also an
equivalence relation on E. The A-dilation redundancy index of a point x in E is
the cardinality in its equivalence class. The set of all points in E with A-dilation
redundancy index k is denoted by E(δA, k). For k 6= m, E(δA, k)∩E(δA,m) = ∅. So
E = E(δA,∞)∪

(⋃
n∈NE(δA, n)

)
. For a Lebesgue measurable set E of Rd, E(τ, k)

and E(δA, k) are both measurable for any k ∈ N∪{∞}. The proof of case d = 1 can
be found in [1] and the general cases can be treated similarly. The details are left
to the reader. Furthermore, E(δA, k) can be decomposed as a union of k disjoint
measurable subsets E(j)(δA, k) (1 ≤ j ≤ k) such that each E(j)(δA, k) contains
only points of A-dilation redundancy index 1. A set E is said to be the A-dilation
generator of another set Ω if E = E(δA, 1) and

⋃
k∈ZA

kE = Ω. Two sets are said
to be A-dilation equivalent if they are both A-dilation generators of the same set.

Before we state and prove the next theorem, we need to point out that all the
statements in the theorems of this paper about a measurable set are to be modulus
a null set.

Theorem 2. Let A be a d×d real expansive matrix and X be a reducing subspace.
Then a measurable subset E ⊂ Rd is an s-frame wavelet set for X if and only if
E = E(τ, 1) = E(δA′ , 1) and

⋃
k∈Z(A′)kE = Ω satisfies the conditions in Theorem

1.

Proof. “⇐” Since E is 2π-translation equivalent to a subset F of [0, 2π)d, the set
G = E ∪ ([0, 2π)d\F ) is 2π-translation equivalent to [0, 2π)d and {T̂`ψ̂G : ` ∈ Zd} is
an orthogonal basis for L2(G). Let P be the orthogonal projection from L2(G) onto
L2(E). By Lemma 2, {P T̂`ψ̂G : ` ∈ Zd} = {T̂`ψ̂E : ` ∈ Zd} is a normalized tight
frame for L2(E). Therefore for each k ∈ Z, {D̂k

AT̂`ψ̂E : ` ∈ Zd} is a normalized
tight frame for L2((A′)kE). Since Ω is the disjoint union of {(A′)kE : k ∈ Z},
it follows that L2(Ω) = L2(Rd)χΩ is the (orthogonal) direct sum of L2((A′)kE).
Thus, by Lemma 3, {D̂k

AT̂`ψ̂E : ` ∈ Zd, k ∈ Z} is a normalized tight frame for
L2(Ω), i.e., E is an s-frame wavelet set for X .

“⇒” Assume that E is an s-frame wavelet set for X . By Theorem 1, X̂ =
L2(Rd) · χΩ for some measurable set Ω with Ω = A′Ω. Note that X̂ contains
functions D̂n

Aψ̂E , hence it contains χ(A′)nE for any n ∈ Z. This implies that Ω ⊃⋃
n∈Z(A′)nE. On the other hand, any function in X̂ is in the span of {D̂n

AT̂`ψ̂E :
n ∈ Z, ` ∈ Zd}, hence it is supported on

⋃
n∈Z(A′)nE. Therefore Ω ⊂

⋃
n∈Z(A′)nE.

In order to prove that E = E(δA′ , 1), we need to prove that (modulo null sets)
µ((A′)kE ∩ (A′)jE) = 0 for any distinct integers k, j, where µ is the Lebesgue
measure in Rd. If this is not true, then there exists an integer j0 > 0 such that
µ(E ∩ (A′)j0E) > 0. We can then find a subset F of E ∩ (A′)j0E with positive
measure such that elements in the set {(A′)kF : k ∈ Z} are mutually disjoint. We
can choose F in such a way that it is contained in the cube

∏d
j=1[2mjπ, 2(mj+1)π)

for some integers mj with j ∈ {1, 2, · · · , d}. Now define f by f̂ = χF . f ∈ X
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since F ⊂ E ⊂ Ω. By assumption, ψE is an s-frame wavelet for X. Thus f =∑
n∈Z,`∈Zd〈f,Dn

AT`ψE〉Dn
AT`ψE . It follows that

‖f‖2 =
∑

n∈Z,`∈Zd
|〈f,Dn

AT`ψE〉|2

≥
∑
`∈Zd
|〈χF , T̂`ψ̂E〉|2 + |〈χF , D̂j0

A ψ̂E〉|2

= ‖f‖2 +
| detA|2j0

(2π)d
‖f‖2 > ‖f‖2.

This is the contradiction we need.
To prove that E = E(τ, 1), it suffices to show that E ∩ (E + 2π`) is a null

set for any ` ∈ Zd\{O}. If there exists `0 6= ~O in Zd such that E ∩ (E + 2π`0)
has positive measure, we can choose a subset J of E ∩ (E + 2π`0) with positive
measure in

∏d
j=1[2πmj, 2(mj + 1)π) for some integers mj with j ∈ {1, · · · , d}.

Define g by ĝ = χJ − χJ−2π`0 . g ∈ X since the support of ĝ is contained in E.
We have 〈ĝ, D̂n

AT̂`ψ̂E〉 = 0 if n 6= 0 (since E = E(δA′ , 1)). Also, for any ` ∈ Zd,
〈ĝ, T̂`ψ̂E〉 = 〈χJ − χJ−2π`0 , T̂`ψ̂E〉 = 〈χJ , T̂`ψ̂E〉 − 〈χJ−2π`0 , T̂`ψ̂E〉 = 0, since T̂`ψ̂E
is a 2π-periodic function. So we have

ĝ =
∑

n∈Z,`∈Zd
〈ĝ, D̂n

AT̂`ψ̂E〉D̂n
AT̂`ψ̂E = 0.

This is again a contradiction.

3. Path connectivity

In this section we will prove that for a fixed d× d real expansive matrix A, in a
reducing subspace, the set of all s-frame wavelets is not empty and is path-connected
in the L2-norm.

Theorem 3. Let A be a d × d real expansive matrix A and let X be a reducing
subspace. Then for any given positive ε, there exists ε1, 0 < ε1 < ε, such that the
ring B(ε)\B(ε1) contains an s-frame wavelet set for X, where B(r) stands for the
ball centered at the original point with radius r.

Proof. Without loss of generality, we can assume ε < 1. Let C =
(
A′B(1)

)
\B(1).

Since A is expansive, A′ is also expansive. Thus for any x ∈ Rd\{O}, by Lemma
1, we have limk→+∞ ‖(A′)−kx‖ = 0 and limk→+∞ ‖(A′)kx‖ = ∞. So there is an
integer n such that (A′)nx /∈ B(1) and (A′)n−1x ∈ B(1). It follows that (A′)nx ∈ C,
hence x ∈ (A′)−nC. Therefore, we have

Rd\{O} =
⋃
n∈Z

(A′)nC.

Now for any ε with 0 < ε < 1, since C is a bounded set and limk→∞ ‖(A′)−k‖ = 0,
there is an integer k0 such that (A′)k0C ⊂ B(ε). Note that 0 is an exterior point of
C, hence it is also an exterior point of (A′)k0C. So there is an ε1 > 0 (ε1 < ε) such
that

E = (A′)k0C ⊂ B(ε)\B(ε1) ⊂ [−π, π)d.

It is clear that E = E(τ, 1). Now define F =
⋃
k≥1 E

(1)(δA′ , k). We see that F =
F (τ, 1), F = F (δA′ , 1) and Rd\{O} =

⋃
n∈Z(A′)nF.
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Since X is a reducing subspace, by Theorem 1, there is a measurable subset Ω
of Rd such that A′Ω = Ω, and X̂ = L2(Rd) ·χΩ. If we define W = F ∩Ω, then W is
an s-frame wavelet set for X. Indeed, it is clear that W = W (τ, 1) = W (δA′ , 1) and
that {(A′)nW : n ∈ Z} is a disjoint family of subsets in Ω. Also from the definition
of W and the facts that Rd\{O} =

⋃
n∈Z(A′)nF and that A′Ω = Ω, it follows that

Ω\{O} =
⋃
n∈Z(A′)nW.

Theorem 4. Let A be a d× d real expansive matrix and let X be a reducing sub-
space. Then the set of all s-frame wavelet sets for X is path-connected in the
L2-norm.

Proof. Since limk→∞ ‖(A′)−k‖ = 0 (Lemma 1), the sequence {‖(A′)−k‖}k≥0 is
bounded by some M > 0. Let η0 > 0 be a number less than 1

M . If we have
‖x‖ ≥ 1 and ‖(A′)kx‖ < η0, then we must have k < 0 since otherwise we would
have ‖(A′)kx‖ ≥ ‖x‖

‖(A′)−k‖ > η0. By Theorem 1, there exists a measurable subset Ω

of Rd such that X̂ = L2(Rd) · χΩ and Ω = A′Ω. By the same argument used in the
proof of Theorem 3, there exist a η1 such that 0 < η1 < η0 and an s-frame wavelet
set G for X such that G ⊂ B(η0)\B(η1). Let E be any s-frame wavelet set for X (so
that E = E(δA′ , 1), Ω =

⋃
k∈Z(A′)kE and E = E(τ, 1) by Theorem 2). It suffices to

show that χE is path-connected to χG in L2-norm. For simplicity, we will assume
that E and G are disjoint in the following proof. The general case can be obtained
by applying the following proof to E1 = E\(E ∩ G) and G1 = G\(E ∩ G) while
keeping E ∩G intact.

Let Fn = (A′)−n(G)∩E. Fn’s are mutually disjoint and
⋃
n∈Z Fn = E as one can

easily check. (A′)n(Fn) ⊂ G for each integer n, (A′)n(Fn)’s are also disjoint and⋃
n∈Z(A′)n(Fn) = G. For each integer n, Fn is bounded and the original point is

an exterior point of it. Hence there exist real numbers rn and qn with 0 < rn < qn,
such that Fn ⊂ B(qn)\B(rn).

Define

F sn = B(rn + (qn − rn)s) ∩ Fn,
Is0 =

⋃
n∈Z

F sn .

We have I0
0 = ∅ and I1

0 = E. For subsets S, P and Q of Rd, define

g(S) =
⋃
n∈Z

(A′)n
(
(A′)−n(G) ∩ S

)
= G ∩ (

⋃
n∈Z

(A′)nS),

τ(P ) =
⋃
`∈Zd

(P − 2π`),

h(P,Q) = τ(P ) ∩Q.

The following elementary properties of g, h are needed in the proof later. We will
prove (v) and (vi) and leave the rest to the reader.

(i) If S ⊂ E, then g(S) ⊂ G. Moreover, S and g(S) are A′-dilation equivalent.
(ii) If {Sn} is a family of disjoint subsets of E, then {g(Sn)} is a family of disjoint

subsets of G. Furthermore,
(⋃

g(Sn)
)
∪
(
E\
⋃
Sn
)

is an A′-dilation generator
for Ω.
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(iii) For subsets P ⊂ G and Q ⊂ E the set h(P,Q) is a subset of Q which does
not intersect B(1). Furthermore, µ

(
h(P,Q)

)
≤ µ(P ) and µ

(
g(h(P,Q))

)
≤

µ(h(P,Q))
| det(A)| ≤

µ(P )
| det(A)| .

(iv) If {Pn} is a family of disjoint subsets of G and Q is a subset of E, then
{h(Pn, Q)} is a family of disjoint subsets of E.

(v) The symmetric difference of two sets P and Q, denoted by P∆Q is (P\Q) ∪
(Q\P ). For any ε > 0, there exists δ > 0, such that for any subsets P , Q of
E, if µ(P∆Q) < δ, then µ

(
g(P )∆g(Q)

)
< ε.

(vi) For any ε > 0, there exists δ > 0, such that for any subsets C, D of
G, and any subsets P , Q of E, if µ

(
C∆D

)
< δ and µ

(
P∆Q

)
< δ, then

µ
(
h(C,P )∆h(D,Q)

)
< ε.

Proof of property (v). Since g(P ) and g(Q) are subsets of G and µ(G) < ∞,
there exists a natural number N so that

µ(
⋃
|n|≥N

(G ∩ (A′)nP )) < ε/4 and µ(
⋃
|n|≥N

(G ∩ (A′)nQ)) < ε/4.

On the other hand, for each n such that 1 ≤ n ≤ N , it is apparent that

µ
(
G ∩ ((A′)nP∆(A′)nQ)

)
<

ε

2N
if µ
(
(P∆Q)

)
is small enough, say less than δn > 0. Let δ = min{δ1, δ2, · · · , δN},

the result then follows by the definition of g and the triangle inequality.
Proof of property (vi). Using the fact that (A∩B)∆(A′∩B′) ⊂ (A∆A′)∪(B∆B′)

for any subsets A, B, A′ and B′ of Rd, we have

h(C,P )∆h(D,Q) =
(
(τ(C) ∩E) ∩ P

)
∆
(
(τ(D) ∩ E) ∩Q

)
⊂

(
(τ(C)∆τ(D)) ∩ E

)
∪ (P∆Q)

=
(
(
⋃
`∈Z

(C − 2π`)∆
⋃
`′∈Z

(D − 2π`′)) ∩ E
)
∪ (P∆Q)

⊂
( ⋃
`∈Z

(C∆D − 2π`) ∩ E
)
∪ (P∆Q)

=
( ⋃
`∈Z

E`
)
∪ (P∆Q),

where E` = (C∆D − 2π`) ∩ E. Since {E`} are disjoint subsets of E and µ(E`) <
µ(C∆D) for each `, it follows that µ

(
h(C,P )∆h(D,Q)

)
< ε if δ is small enough,

using an argument similar to the one used in the proof of (v) above.
Finally, we define

Js0 = g(Is0), Is1 = h(Js0 , E\Is0),
· · ·

Jsn = g(Isn), Isn+1 = h
(
Jsn, E\

n⋃
k=0

Isk
)
,

· · ·

Es =
( ∞⋃
k=0

Jsk
)
∪
(
E\

∞⋃
k=0

Isk
)
.

It is clear that E0 = E and E1 = G. {Isn} is a family of disjoint subsets of E by
the construction. It follows that Es is an A-dilation generator for Ω by property
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(ii) above. To see that Es = Es(τ, 1), assume the contrary. Since G = G(τ, 1)
and E = E(τ, 1), there must exist some k0 ≥ 0 so that Jsk0

contains a measurable
subset J ′ of positive measure with the property J ′ + 2π`0 ⊂ E\

⋃∞
k=0 I

s
k for some

`0 ∈ Zd. This leads to J ′ ⊂ Isk0+1 = h(Jsk0
, E\

⋃k0
k=0 I

s
k), which is a contradiction.

This proves that Es is an s-frame wavelet set for X for each s ∈ [0, 1].
Finally, we will show that χEs is continuous. Given ε > 0 and 0 ≤ s ≤ 1, we need

to find δ > 0, such that for each 0 ≤ t ≤ 1, if |t − s| ≤ δ, then ‖χEt − χEs‖2 < ε.
First, by property (iii) above, we have µ(Isk+1) ≤ µ(Jsk) ≤ µ(Isk)

| det(A)| for any s and

k ≥ 0. It follows that µ(Isk+1) ≤ µ(Jsk) ≤ µ(E)
| det(A)|k+1 . Since A is expansive, we have

| det(A)| > 1. So if k1 is large enough, we will have
∞∑

k=k1

(
‖χJtk − χJsk‖

2 + ‖χItk − χIsk‖
2
)
<
ε

2
.

On the other hand, it is clear that χIs0 is continuous. Property (v) then ensures
that χJs0 is continuous and property (vi) in turn guarantees the continuity of χIs1 .
It follows that each χJsk and χIsk are continuous by induction. Hence, there exists
δ > 0, such that

k1−1∑
k=0

(
‖χJtk − χJsk‖

2 + ‖χItk − χIsk‖
2
)
<
ε

2

if |s− t| < δ. We then have

‖χEt − χEs‖2 ≤ ‖χ⋃∞
k=0 J

t
k
− χ⋃∞

k=0 J
s
k
‖2 + ‖χE\⋃∞k=0 I

t
k
− χE\⋃∞k=0 I

s
k
‖2

≤
∞∑
k=0

‖χJtk − χJsk‖
2 +

∞∑
k=0

‖χItk − χIsk‖
2 < ε.

Remark. In any given reducing subspace X , an s-frame wavelet set E for X is
an s-elementary wavelet set if and only if E has measure (2π)d. Since we cannot
control the measures of the s-frame wavelet sets in our proof, we are not able to
recapture D. Speegle’s connectivity result in the case when X is L2(Rd) itself. On
the other hand, our approach does provide a more elementary way of proving the
path connectivity property for a larger class of basis functions.
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