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ABSTRACT. We modify the abc-conjecture for number fields K in order to make
the support (like the height) well-behaved under field extensions. We show
further that the exponent p > 1 of the absolute value Dy of the discriminant
cannot be replaced by p = 1, and even that an arbitrarily large power of
log D must be present.

1. INTRODUCTION

The abc-conjecture states that for each A > 1 there is a constant C'(\) such that
if a, b, c are any non-zero rational integers, coprime with zero sum, then

(1.1) H < C(\)S”.
Here
(1.2) H = H(a,b, c) = max{]al, [b], |c[}

is the “height” and
(1.3) S =S8(a,b,c) = Hp

plabe

is the “support” or “squarefree kernel” or “radical”, in which p denotes a positive
rational prime.

It is well known that this conjecture becomes false for A = 1, and in 1986 Stewart
and Tijdeman [ST] proved that it fails quite badly (see also von Frankenhuysen [Fral
for a numerical improvement of their result).

There have been several proposals for generalizing () to algebraic number
fields K. The term H is then classically defined, and even in a projective sense (see
below). In 1987 Vojta [V], after some considerations in a much broader setting,
suggested a definition of the term S and conjectured (p. 84) a version of (LIJ.
See also [L2] (pp. 63-67). In 1991 Elkies [E] adjusted the definition to make it
projective (p. 99) and conjectured ([[LI]) with C()) replaced by a constant Ck ()
depending also on K. This too becomes false with A\ = 1, whatever the number
field K.

In fact the falsity holds for relatively trivial reasons, because the support as
defined by Vojta and Elkies does not have good behaviour under field extensions.
In this note we show how to modify the definition to obtain good behaviour. The
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new “ramified support” can be strictly larger than the old support; nevertheless
the corresponding modification of (I remains false for A = 1.

Another interesting approach for number fields K was proposed in 1993 by
Smirnov [Sm]. However, it turns out that his Conjecture A (p. 363) requires minor
modifications, even when K is the rational field Q. We discuss this briefly in an
Appendix.

But the main purpose of this note is to examine more closely the dependence of
Ck (A) on the number field K. In Vojta’s work (see also Frey [Ere], p. 529) this is
conjectured to have the form

(1.4) Cr(N) < C(u, A) D,

where Dy is the absolute value of the discriminant of K. Here C(u,A) should
depend, at least when the degree n of K is fixed, on p and A. In general possibly C
(and even p) should depend on this degree. However, by analogy with the function
field case one might expect any p > 1 to be admissible (see also Granville and Stark
[GS], p. 510).

We will prove that for each fixed n > 2 the abc-conjecture resulting from (1))
and ([L4)) is false with u = 1, whatever the value of \, even with the possibly larger
ramified support. Now this ramified support, by virtue of its good behaviour under
field extensions, extends to a support S over the algebraic closure Q of Q, just as
the height H extends to a height H over Q. It follows from our main result that
there can be no “absolute abc-conjecture” of the shape

(1.5) H < CW)S”

for non-zero a, b, ¢ in Q with zero sum, whatever the value of w. This last conclusion
also follows (on a suitable Riemann Hypothesis) from the constructions in [GS] (see
p. 511) with modular functions.

We show further that the conjecture with p = 1 fails quite badly as in the work
of Stewart and Tijdeman. We do this by going through the proof in [ST| and
persuading their support S over Q to play the part of our discriminant Dy over
K.

We now state our result in precise terms. For a number field K we construct
valuations v in the usual way such that the “finite” valuations correspond to prime
ideals P of the ring of integers Ok and the “infinite” valuations correspond to the
embeddings o of K into the field C of complex numbers. We normalize the finite
valuations by

€lo = (NP)~°

where NP = [Ok : P] and e = ordp ¢ is the exact exponent of P dividing the ideal
£Ok. We normalize the infinite valuations so that the product formula

(1.6) [Tl =1

v

holds for every non-zero ¢ in K.
Now let a, b, ¢ be non-zero elements in K. We define the height in the standard
way by

(7 Hic(a,b,¢) = [ max{lal,. bl el }.

By (6]) this makes sense on projective space Py (K).
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If a, b, c happen to be in Q, then it is well-known that
(18) HK(a,bv C) = HQ(a,bv C)n
for n = [K : Q]J; this is the “good behaviour” referred to above. And if further
a, b, c are coprime in the ring Z of rational integers, then

(1.9) Hq(a,b,c) = H(a,b,c)
as in (L2).

Return now to a,b,c in K. The support as defined by Elkies is
(1.10) (a,b,c) HNP

where the product is over all finite v such that |aly, |b|v, |c|, are not all equal. If
there are no such v we take Sy = 1. Again this makes sense projectively.

But now the analogue of (I_8]) is not always true. For example, let p be a positive
rational prime and let K = Q(y/p). Then S (1,1,p) = p because the only prime
P in question is that with P? = pOg, and NP = p. But also Sq(1,1,p) = p, so
that the exponent n = 2 is missing.

To correct this situation we define the ramified support by the modified product

(1.11) Sk(a,b,c) = [J(NP)“P),

v

over the same v as before, but with the ramification index e(P) = ordpp for
pZ = P NZ. Again the empty product is interpreted as 1. In the example above

SK(17 1ap) = p2'
The two definitions are closely related; thus one has

The left-hand inequality is obvious. To prove the right-hand inequality we note
that the order d(P) = ordp Dk of the different Dk at any prime P satisfies d(P) >
e(P) — 1 (see for example [Sel], Proposition 1, p. 326). Thus

Dk = NDg > [[(NP)* P~ > Sk /S

But now there is the required good behaviour under field extensions; thus if
a, b, c are in Q we have

(1.13) Sk (a,b,c) = Sql(a,b,c)".

For when P|p then a,b, ¢ have the same orders at P if and only if they have the
same orders at p. So the left-hand side of is

[T =TT

P Plp

because NP = p/(P) with n = > pp ¢(P)F(P).
Further, Sq(a,b,c) = Sq(a,b,c), and if a,b, c are coprime in Z, then

(1.14) Sq(a,b,c) = S(a,b,c)

as in ).
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These equations already show that A = 1 is impossible in the analogue of (LII);
more precisely for any C' and any number field K there are non-zero a,b,c in K,
with zero sum, such that

(1.15) Hy > CSk.

For example, [ST] delivers a, b, ¢ in Z, coprime with zero sum, such that H > C1/"S.

Now (I13) follows from this using (LR), (L), (TI3) and (I4).

The right-hand inequality in (II2]) suggests the possibility that the conjecture
Hg < C(u, \) D% (Sk)* arising from (CI) and (T4) might be strengthened to an
“absolute version”

(1.16) Hg < C(w)Sk

in which the discriminant does not appear. Our main result implies that (I8 is
false, and even that the discriminant must occur with exponent at least 1. The full
result uses the functions

v (x) = exp{(log )" /loglog x}
already occurring in [ST] with » = 1/2. When v > 0 these grow faster than any
power of log x.

Theorem. For any integer n > 2, any real A\ > 1, any real v < 1/(An+ 1), and
any real C' there is a number field K of degree n containing non-zero a,b,c with
zero sum such that

Hy > CDgp,(D)Sy
where
Hyg = Hg/(a,b,c), Sk = Sk(a,b,c).
Thus for example the conjecture
Hy < 10" D (log Dk )5 3"
fails for some cubic field K. But the conjecture
(1.17) Hg < C(w)(Dk Sk )*
is not yet disproved for any fixed w > 1.
Finally suppose a, b, c are in any subfield L of a number field K. It is well known
that
Hg(a,b,¢) = Hp(a,b, )KL
generalizing (CH); and it is just as easy to prove
Sk(a,b,c) = Sr(a,b, c)[K:L]
generalizing ([LT3). These make it possible to define
H(a,b,c¢) = H(a,b,c)'/™, S(a,b,c) = Sk (a,b,c)/"

for any a,b, ¢ in Q simply by choosing a field K of degree n containing them. The
Theorem above implies that there can be no “absolute abc-conjecture” of the form
(CH), even for number fields of fixed degree n > 2.

The remaining sections are devoted to a proof of the Theorem. In section
we record some preliminaries about irreducibility, and it is a pleasure to thank
Andrzej Schinzel and Umberto Zannier for valuable information and references



ON abc AND DISCRIMINANTS 3145

about this topic. Then in section Bl we construct the number fields K using es-
sentially the arguments of Stewart and Tijdeman together with some observations
about discriminants.

Note. After this paper was submitted, we came across Browkin’s survey article [B],
in which a similar but different support (let us call it S}.) was proposed (p. 89)
with the same good behaviour under field extensions. In fact S% > Sk and so
our Theorem implies no analogous result involving S%. Thus it fails to disprove
Browkin’s own absolute abc-conjecture (p. 90).

We are also grateful to him for remarking that our (LH) can be disproved in a
very simple way. For example it suffices to take a large rational integer d and a
root of a(a — 1)(a —d) = 1 and check H > d'/3 S=1forb=1—a and ¢ = —1.

2. IRREDUCIBILITY

To establish the existence of certain number fields of given degree we need to
prove that certain polynomials are irreducible. There are several ways of proceed-
ing, but the laziest is through Hilbert’s Theorem, or rather a quantitative version
that controls the “exceptional set” of rational values of the parameter. In general
the sharpest conclusion to be expected is that the number of exceptional values of
height at most B is of order at most B (as opposed to the trivial upper bound of
order B?). See for example [Se2] (pp. 132, 133). But because the values t = u/1
that turn up in our proof are already much sparser, we need a correspondingly
sharper conclusion. This we can secure with a hypothesis that is slightly stronger
than usual.

Proposition. Suppose P(X,T) in Q[X,T| is such that P(X,T¢) is irreducible
over C(T) for all positive integers e. Then there is a positive integer f such that
P(X,tf) is irreducible over Q for all but finitely many t in Q.

Proof. We modify Siegel’s proof as given for example in [I.I] (pp. 226-229), using a
special case of Néron’s trick to make the genus g at least 2 instead of 1; then we can
appeal to Faltings’s Theorem (Mordell’s Conjecture) instead of Siegel’s Theorem.

Let n be the degree of P(X,S) with respect to X. We can assume without loss
of generality that the coefficient of X™ is 1. For each integer m with 0 < m < n
consider a formal factorization

(2.1)
P(X,8) = (X" 4+U X" 4 b Up) (XX e V),

Comparing coefficients gives equations that define a certain curve Cp,, depending
on P and m. This curve might not be irreducible; let C be any absolutely irreducible
component. So C is defined over some number field. It is not difficult to see that if
f is a sufficiently large prime, the additional equation S = T/ defines an absolutely
irreducible covering C/) of C of degree f, defined over the same number field. We
claim that the genus satisfies

(2.2) g(e) > 2

for all sufficiently large f. This suffices to prove the Proposition, because a non-
trivial factorization of P(X, ) over Q gives a point defined over Q (with coordinate
T =1t) on some C/).
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To check ([Z2)) we use of course the Hurwitz Formula. We get
(2.3) 29(CY) —2= (29— 2)f + ) (e(m) — 1)

with ¢ = g(C), where the sum is taken over all points m of C/) and e(r) denotes
the ramification.

The easiest case is when g > 2; then the right-hand side of ([Z3)) tends to infinity
with f.

In case g = 1 it suffices to note that there is ramification with e(n) = f above
each zero or pole of S on C, at least if f is a sufficiently large prime. So the
right-hand side still tends to infinity.

Finally if ¢ = 0 this remains true unless S has zero or poles at only one or two
points of C. But the latter possibility cannot happen. For write the function field
of C over C as C(w) and express S as a rational function of w. Then it must have
the form S(w) = ((aw+ B)/(yw+9)) for i, 3,7, in C and a positive integer e. It
follows from that P(X, S(w)) becomes reducible over C(w). Thus P(X,T°)
is reducible over C(T"), contradicting the hypothesis. This completes the proof of
the Proposition.

The example P(X,T) = X? — T shows that the hypothesis cannot be weakened
to just e = 1, and the example P(X,T) = X2 — X — T shows that the conclusion
cannot be strengthened to just f = 1.

Because we use Faltings’s Theorem, the exceptional set of ¢ in the Proposition is
not effectively computable. But the exponent f is easily computable for any given
polynomial. In section Bl we will use the example

(2.4) P(X,T) = X" —nX + (n—1)T".

It is not hard to see that P(X,T¢) is always irreducible over C(T'). Namely, Gauss’s
Lemma enables us to work over C[T], and now comparing coefficients of X! and
X0 in a factorization (2.I) with S = T forces either Uy, or V;,_p, to be ¢T™¢ (0 # ¢
in C). In both cases looking at degrees with respect to T' shows that one factor
must be independent of 7', an obvious impossibility.

For this example Zannier has verified that Cp,, is absolutely irreducible with
genus

(25) g=1+ /2 (")l — m) - 23

We do not exhibit the calculations here—they can be carried out following Schinzel
[Sc2], especially pp. 14-20.

If n > 4, then (ZH) is at least 3, and so we can take f = 1.

And if n = 3 we can take f = 2 to give genus 4. The choice f =1 gives genus 1,
but the finiteness fails because the elliptic curve X3 — 3X 4 273 = 0 has positive
rank over Q.

Finally if n = 2 we should take f = 3 to give genus 2, but we can also take f = 2
because the elliptic curve X2 — 2X + T% = 0 has zero rank. Again f = 1 is not
possible.

Given a finite set of rational numbers not 0 or 1, there exists a positive integer h
such that none of them is a perfect hth power in Q. Increasing the exponent f to
hf in the Proposition, we see that the exceptional set of ¢ can be reduced to {0, 1}
at most. But the new exponent is probably no longer effective.
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The Proposition can be strengthened in another way by assuming only that each
P(X,T°) is irreducible over Q(T'), not C(T"). We do not supply the details of the
proof, which is more or less standard following for example Schinzel [Scl] (sections
16 and 22).

3. PROOF OF THE THEOREM

We shall need one technical estimate. For real y > 0 write as usual 6(y) =
Zp<y log p, and for real z > 0 and a positive integer ¢ write 1,4 (z, y) for the number
of positive integers not exceeding x composed only of primes p with ¢ < p < y.

Lemma. Suppose q,n,( are fized with 0 < ¢ <n < 1/2. Then with A =1/n—1
and y = (logx)" the quotient

(3.1) exp{—A0(y) }voq(, y)/pc(x)
tends to infinity with x.

Proof. If ¥(z,y) = ¥1(x,y) denotes the more standard counting function, then we
have the estimates

(3.2) P(x,y) = exp{m(y)loglogz — y + O(y/L?)}
with L =log(y + 2) and

m(y) =y/L+y/L*+O0(y/L?),  6(y) =y+O0(y/L?);

see for example [N], p. 25; or alternatively the elementary method explained in
[ST] gives directly a lower bound which suffices for our purposes. Now the result
for BI) with ¢ = 1 follows after a short calculation.

To generalize to arbitrary ¢, note that every integer counted by ¢ (x,y) has the
form rs with r composed only of primes p < ¢ and s composed only of primes p
with ¢ < p <y. Since r < z and s < z, it follows that ¥(z,y) < ¥(x,q)Yq(x,y).
Finally (B:2) implies that v¢(z,q) is bounded by a fixed power of logz, and the
Lemma follows in general.

We can now prove our Theorem. Given n > 2 define P(X,T) as in (2:4). We
already checked the irreducibility hypothesis of the Proposition. So there is a
positive integer f and a finite set 7 in Q such that P(X,¢/) is irreducible over Q
for all rational ¢ not in 7.

Let ¢ > n be an upper bound for all primes appearing in the numerator and
denominator of all elements of 7. Choose A = nX and n =1/(A+1) < 1/2. For
large  and y = (log )" there are then 14(x,y) > 2 positive integers not exceeding
x composed only of primes p with ¢ < p < y. Defining the positive integer d by

(3.4) 29 < g (m,y) <20
we find from the Box Principle two such integers u, & with
(3.5) O<u<a<u, u=a (modulo 2%).

Dividing by common factors (which by ¢ > 2 are necessarily odd) we can assume
that u and @ are coprime.
Consider now any solution & of the equation

(3.6) " —na "V e 4 (n— 1) = 0.
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This is P(¢/af,t7) = 0 for t = u/u. By choice of ¢, this ¢ cannot lie in the
exceptional set 7. This means that P(X,tf) is irreducible over Q, and therefore
K = Q(¢) is a number field of degree exactly n.

We define

a=¢", b=-na" Ve c=(n-1)u"

which by (8:6) have zero sum; and we proceed to estimate Hg, Sk and Dp.

To begin with, £ is an algebraic integer, and the algebraic integers b/¢ and
c/¢& = =" 1 + na(»= D have no common prime ideal factor, otherwise this would
divide b/¢ = —na("~ Y and ¢; whereas these are coprime by construction and
because ¢ > n. It follows that Hi (a/£,b/€, c/€) is

[[max{lo(a/)l.o(b/€)] lo(c/E)1} = [T lo(b/€)

over just the infinite valuations. By projectivity this gives
(3.7) Hg > ntgn(m=D7,

Next, if v corresponds to a prime P dividing p > y, then |c|, = 1 so ||, = 1 so
laly = |bly = |c|o = 1. Tt follows that

(3.8) Sk < [[TIVP)® =[] p" = explné(v)}.
p<yPlp p<y

Finally Dy divides the discriminant of the polynomial in (3.8) defining £. Now
the discriminant of X™ + UX — U is up to sign (n — )" U™ + n"U""! (see
for example [GKZ|, p. 406, or [M]). It follows that Dg divides D = hE with
h=(n—1)""!n" and

E = an(n—l)f _ un(n—l)f.

But in fact Dx must be a lot smaller than D. This is because the exponent e of
2 dividing Dy is bounded solely in terms of n, thanks to a result of Hensel; see for
example [Sell|, Corollaire p. 328, which gives the explicit bound

e <n—1+n(logn)/(log2).

By (33) E is divisible by 2%, and it follows that
(3.9) Dy < 2¢74D < 267 dpgnin=11,

Now using 4), B0, BR) and BH) we get
(310)  Hic/(DiSy) = 26 exp{—A0(y)} > (1/2)5 exp{—A0(y) sy, y)
with
§=2"%n—1)"""D >9l=n/p,

If v < n is as in the Theorem, there is ¢ between v and 1 and we can apply the
Lemma to the right-hand side of (BI0). Finally putting & < z in (B3) shows
that ¢¢(z)/¢v (D) tends to infinity with x, and this completes the proof of the
Theorem.

In fact it can be shown that Dy itself tends to infinity with z; thus we get
infinitely many different fields K with this construction. For the quotient D/Dg
is +22 for z in Z, and so we obtain an equation ha("~Df — hy"("=Df = £ Dy 22,
By Theorem 2 (p. 515) of Darmon and Granville [DGI, this equation has for each
Dy only finitely many solutions in rational integers u, 4, z with v and 4 coprime,
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provided n(n — 1)f > 5. On the other hand we know that @ — u is divisible by 2¢
which tends to infinity with x.

APPENDIX

To see that some modification of Smirnov’s Conjecture A is required, apply it
to f = m/n in the notation of section 3.6 (p. 363) of [Sm]. Throwing away the
quantity d2 > 0 we find after a short calculation that

(A.1) log(m —n) <logS+ 1+ Ri(m/n)

for any coprime rational integers m,n with m > n > 0, where S = S(a, b, ¢) is the
support in (I3) above for a = n,b =m — n,c = —m.

The function R;(z) is not precisely specified in [Sm], except that it must be
continuous on the set R* of non-zero real numbers, satisfy Ri(x) = Ri(—z) =
R1(1/z) and not grow too fast as x goes to infinity. Anyway, if we restrict x > 1 to
a compact set X in R*, then R;(z) is bounded above. Also since for our z = m/n
we have m—n = m(1—1/z) and m = H = H(a,b, ¢), the equation (A1) now reads

(A.2) H<CS

for some constant C' depending only on X.

Of course (A2) fails in general—see just after (I.IH) above—but we need a
counterexample a + b+ ¢ = 0 with ¢ > 0,0 > 0 and = = |c|/a restricted to the set
X. In fact it is not difficult to produce a class of counterexamples with x dense in
the interval [1,00); perhaps the simplest method is the following.

Fix a positive integer d with

(A.3) 24 > 30C,
and then fix positive integers k, £ such that
3% =5 =1 (mod 2%).

For any positive integers r, s with 3% > 5% the numbers ¢ = —3"* and a = 5%
satisfy a + ¢ = 0 (mod 2%), and therefore b = —a — ¢ > 0 has the form 29V’ with ¥’
in Z. Clearly a, b, ¢ are coprime with

S < 300" = 30b/2% < 30H/2°,

so using (A3) we see that (A2) is indeed contradicted. Further our z = |c|/a
satisfies log x = (ry — s) log(5°) with v = log(3*)/log(5%), and now the irrationality
of v allows us to conclude that the ry — s are dense in [0, 00). Therefore x is dense
in [1, 00) as required.
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