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ABSTRACT. This paper introduces the concept of ¢ Hille-Yosida operators and
studies several generation theorems. We show that if a once-integrated semi-
group {S(t)}:>0 satisfies ®(t) := limsupy,_, o+ %HS(t +h) —S(t)|| < oo for all
t > 0 a.e., then ®(-) is locally bounded on (0, c0) and exponentially bounded.
In addition, some other interesting results are presented.

1. INTRODUCTION

It is well known that a linear operator A on a Banach space X is called a Hille-
Yosida operator of type (M, wo) (see [H]) if there exist M > 0 and wy € R such that
(wp, 0) C p(A) and

IIR(A, A)™]| < YA > wo, n € N.

M
()\ — wo)”
By the Hille-Yosida theorem, an operator A generates a Cy-semigroup if and only
if it is a densely defined Hille-Yosida operator. But recently there has been a great
deal of interest in operators that may not be densely defined. For example, in many
population models, the operators under consideration are not densely defined.

This paper will study once-integrated semigroups and semigroups generated by
¢ Hille-Yosida operators (Definition 2.10) that may not be densely defined.

We say that a Banach space-valued function f(-) defined on (0,00) (resp. on
[0,00)) is locally Lipschitz continuous on (0,00) (resp. on [0,00)) if for every
bounded interval [a,b] C (0,00) (resp. [a,b] C [0,00)), there exists Kqp > 0
such that

1
timsupy s (¢ + 1) = FONl < Kap ¥t [a,0]

We say that f(-) is exponentially bounded if there exists wy € R, the set of all real
numbers, such that

(1.1) If @) = O(e"),  ast — oo.

Throughout, X is a Banach space, and A is a closed linear operator (not nec-
essarily densely defined) on X. p(A), o(A) are, respectively, the resolvent set and
the spectrum of A.
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In Section 2 we will prove several Hille-Yosida theorems for once-integrated semi-
groups. It is surprising that if a once-integrated semigroup {S(t)}+>0 satisfies

1
O(t) = limsuthOEHS(t +h)=SH)|]| <o Vt>0a.e.,

then ®(-) will be locally bounded as well as exponentially bounded on (0, c0). This
and other related results seem to be significant improvements of some well known
ones (see Theorems 2.4, 2.11, 2.13 and Corollary 2.12 of this paper).

As a supplement of Section 2, in Section 3 we study the strong continuity of
a semigroup generated by a ¢ Hille-Yosida operator on an extended space that
contains X as a subset. As a special case, we examine the continuity of conjugate
semigroups in a certain sense, which is similar to a result in [3] Section 5].

To illustrate the theorems established in Sections 2 and 3, in Section 4 we offer
three examples.

As regards the theory of integrated semigroups, regularized semigroups and their
applications to partial differential equations, quite a few important achievements in
this area were summarized in the monograph [4] by R. deLaubenfels. The interested
reader will find the book of importance.

Definition 1.1 ([1[4,[5]). Suppose W is a Banach space and wy € R. We say that
g : (wo,00) — W is the once-integrated Laplace transform of G if G : [0,00) — W
is continuous, G(0) = 0, and

g(\) = /\/ e MGt)dt ¥ A > wp.
0

We recall that L}, (R ) is the space of all functions that are integrable on every

bounded interval [a,b] C Ry := [0, 00).
The following lemma is similar to but different than [5, Theorem 2.2], so we offer
a proof.

Lemma 1.2. Suppose ¢ € L, (Ry) is positive and satisfies (1.1), and g : (wg, o)

— C'. Then the following are equivalent:
(i) g is the once-integrated Laplace transform of a continuous function G :
[0,00) — C, G(0) =0 and there exists a constant K1 > 0 so that

t+h
(1.2) G(t+h) — G(t)] < Kl/ o(s)ds Vt>0, h>0.
t
(ii) There exists a constant Ko > 0 such that g is infinitely differentiable and
(o)
™ ()] < Ko / e Mty dt VA > wo, ne N U{0}.
0

Ky and Ko may be chosen so that Ko < K1 < 2K5.
Proof. (i) — (ii). From

g(/\)z)\/ e MA(t) dt:/ e MdG(t),
0 0
we have

g = | / 0]
0

< Kl/ e_’\tt”go(t) dt ¥ A>wp, n € NU{0}.
0
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(ii) — (i). We first assume that g is real-valued. (ii) implies that

he) =Kz [ e () de £ g0
0
is completely monotonic ([14, p. 154]), that is,

oo
(—1)"R () = K, / e~ Mgnp(t) dt + (—1)"g ™ (A) > 0.
0
By Bernstein’s theorem ([I4] p. 156]), there exist nondecreasing functions a1 such
that

he(X) = /OOO e Mdag (t) = A/OOO e May(t)dt.

Therefore

g(A) =\ /000 e Moy (t) — Kg/o o(s)ds]dt
_ o) v t .
—) /O MK, /0 o(s) ds — a_(1)] dt.

By the uniqueness of the Laplace transform, we have

art) = Ko [ ols)ds = s [l ds — )

Denote them by G(t). Then g is the once-integrated Laplace transform of G and
t+h
Gt +h) — Gb)] < KQ/ o(s)ds Vi3> 0.
t

(1.2) follows with Ky = K.

If g is complex-valued, write g(\) = g1(\) 4 ig2(N\), where g1, g2 are real-valued.
From the foregoing, g1, g2 are, respectively, the once-integrated Laplace transforms
of G1, G satisfying (1.2). Define G := G; + iG2. Then g is the once-integrated
Laplace transform of G satisfying (1.2) with K = 2K>. O

The following lemma is a vector-valued version of Lemma 1.2 and its proof is
similar to [5, Theorem 2.3]; we omit the details.

Lemma 1.3. Suppose that ¢ satisfies the conditions in Lemma 1.2, W is a Banach
space and g : (wo,00) — W. Then the following are equivalent:

(i) g is the once-integrated Laplace transform of a continuous function G :
[0,00) — W and there is a constant K1 > 0 such that

t+h
G+ B) — G| < Kl/ o(s)ds V>0, h>0.
t
(ii) g is infinitely differentiable and there is a constant Ko > 0 such that
g™ N < KQ/ e MMp(t)dt ¥ A > wg, ne NU{0}.
0

K1 and Ko may be chosen so that Ko < K1 < 2K,.
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2. ONCE-INTEGRATED SEMIGROUPS GENERATED
BY ¢ HILLE-YOSIDA OPERATORS

Definition 2.1 ([I,[4]). A strongly continuous family {S(¢)}+>0 of bounded linear
operators on X is a once-integrated semigroup if the following are true:

(i) S(0) = 0.

(it) S()S(s)z = [/ - fOt]S(r)xdr forallt >0, s >0 and z € X.

S

{S(t)}+>0 is nondegenerate if S(¢)z = 0, for all £ > 0, implies = 0.

Throughout, all once-integrated semigroups we are dealing with are nondegen-
erate.

Let {S(t)}+>0 be a once-integrated semigroup and let z € X. If y € X is a
solution of the equation

(2.1) /Ot S(s)yds =S(t)x —tx Vt >0,

then y is uniquely determined by x by the nondegeneration.

Definition 2.2 ([10}[11,[12]). We define the generator A of {S(¢)}i>0 to be the
following operator:

D(A) :={z: 3 y satisfying (2.1)} and Az :=y.
The proof of the following lemma can be found in [T}, [T}, [12].

Lemma 2.3. For a once-integrated semigroup {S(t)}+>0, the following statements
are true:

(1) If A is the generator of {S(t)}>0, then fot S(s)xds € D(A) forallz € X, t >
0 and

(2.2) A/t S(s)zds = S(t)z — ta.
(ii) If x € D(A), then S(t)a:oz's continuously differentiable and
AS(t)x = S(t)Ax = %S(t)x —x Yt>0.
(iii) If A is closed and satisfies (2.2), then A is the generator of {S(t)}>o0.

Theorem 2.4. Let {S(t)}+>0 be a once-integrated semigroup. For every t > 0,
denote

1
D(t) == limsuthmEHS(t +h) = S@)|l

If ®(t) < oo for t > 0 a.e., then ®(t) is bounded in every bounded interval
[a,b] C (0,00). Consequently, {S(t)}i>0 is locally Lipschitz continuous on (0,00),
and exponentially bounded, that is, there exists wg € R such that

1
limsuphﬂo+ﬁ||5(t +h) = S(t)|| = 0(e*°?), ast— oco.
To prove the theorem, we need the following lemmas.

Lemma 2.5. ®(-) is measurable on [0,00).

Proof. Since S(t + h) — S(t) is strongly continuous on [0,00) for given h > 0,
[|S(t + h) — S(t)]| is lower semi-continuous. Hence it is measurable, thus ®(t) =
limsupy_o++||S(t + k) — S(t)]] is also. O
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Lemma 2.6. ®(-) satisfies ®(t + s) < (t)D(s) fort,s >0 a.e.
Proof. From
[St+h)—S®)S(s+k)—S(s))z

_ [(/S::i];h+8+k B /0t+h) B (/St+h+8 B /0t+h)]5(r)x dr
-1f :S+k -7 [sewar

t+s+k+h t+s+h
- / - / 1S(r)e dr,
t t

+s+k +s
we have
t+s+k+h t+s+h
Il / - / 1S(r)e drl|
t+s+k t+s

SIS+ h) = SO S(s + k) = S(s)]] []]]-
This implies that
I[S(t+s+k)— S+ 9)]z||
1 thstkth t+s+h
— timollz [ [ ismaar
t+s+k t+s
1
< [15(s + k) = S(s)|| limsupn—o 1St + k) = S@)] [|z]-

Hence @(t + s) < ®(t) ®(s) for t,s > 0 a.e. O

Lemma 2.7. ®(-) is bounded on every bounded interval [a,b] C (0,00) and hence
exponentially bounded.

Proof. We use the method employed in [6, [8] to prove the first conclusion. Assume
®(-) is unbounded in an interval [a,b] C (0,00). Then there exist a ty € [a,b] and
a sequence {t,} C [a,b] satistying

t, — to and ®(t,) > n.

Since ®(-) is measurable by Lemma 2.5 and finite almost everywhere, there exist a
constant M > 0 and a measurable set Ey C (0, to] such that

t
m(Ep) > 50 and ®(t) <M Vt € E,.

Denote t,, — {Eo N (0,,]} by E,. Then m(E,) > to/2 for n sufficiently large. Let
t € E, and s, € Ey N (0,t,] be such that t = ¢, — s,,. From Lemma 2.6

n < B(t) < B(t)D(s,) < MB(t).

This is true for almost every ¢t € E,. Hence ®(t) > n/M ¥t € E, a.e. Denote
E = limsuppE,. Then m(E) > t9/2 and ®(t) = oo for almost every ¢ € E. This
contradicts the fact that ®(-) is finite a.e.

It remains to show that ®(-) is exponentially bounded. Denote K := sup{®(t) :
te[1,2]}. If ¢t > 2, write t =n + ¢ with n € N, 1 < ¢ < 2. Then the exponential
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boundedness follows from
D(t) < B(n)@(q) < K[®(1)]" = Kenlm(*M)]
— Ke—alin(@)] tlin(2(1)] _ O(e*oh),

where wp := In(®(1)). O
Theorem 2.4 is an immediate consequence of Lemma 2.7.

Remark 2.8. Theorem 2.4 dealt with locally Lipschitz continuous once-integrated
semigroups; from [4, Example 4.10] and [7} Example 1.2] there exist once-integrated
semigroups that are not locally Lipschitz continuous and hence ®(t) = oo for almost
all t € (0,00).

The following lemma is well known and its proof was given in [2, Theorem 6.8]
for increasing once-integrated semigroups. But the proof there is valid for our case.

Lemma 2.9. If {S(t)}+>0 satisfies the conditions in Theorem 2.4, then A is the
generator of {S(t)}+>o0 if and only if the following hold:

(1) There ezists wy € R such that (wg,00) C p(A).

(il) For A>wg and z € X,

o0
A=Atz = )\/ e MS(t)x dt.
0

Definition 2.10. Suppose ¢ € L, .(R;) is positive and exponentially bounded,
that is, there exists wy € R such that ¢ satisfies (1.1). A closed operator A (not
necessarily densely defined) is a ¢ Hille- Yosida operator if the following hold:

(i) (w0, 0) C plA).

(ii) A satisfies

1 (o]
IJ(A—A)""| < )!/O e M lp(t)dt Y A > wp, n € N.

(n—1
The following theorem offers a Hille-Yosida type theorem for once-integrated

semigroups that are automatically locally Lipschitz continuous and exponentially
bounded.

Theorem 2.11. Suppose A is closed. Then the following are equivalent:

(i) There exists ¢ satisfying the conditions in Definition 2.10 such that A is a ¢
Hille- Yosida operator.

(ii) A is the generator of a once-integrated semigroup {S(t)}i>0 and there exists
a constant K1 > 0 such that

1
limsuphﬂ(ﬁﬁ”S(t +h) = S@)|| < Ki9(t) Vt>0ae.

with ¢ given in (i).
(ili) A is the generator of a once-integrated semigroup {S(t)}i>0 satisfying

1
limsuphéo+ﬁ||5(t+h) —S@®)) <o ViE>0ae.

The left-hand side is integrable on the interval [0, 1].

(iv) A is the generator of a once-integrated semigroup that is locally Lipschitz
continuous on (0,00), and the left-hand side of the expression in (iii) is integrable
on [0,1].
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Proof. (i) — (ii) is an immediate consequence of Lemmas 1.3 and 2.9.
(ii) — (iii). Obvious.
(iii) — (iv) follows from Theorem 2.4.
(iv) — (i). Define

1
o(t) == ZimsuphﬁoEHS(t +h)—S@®)| Vt=>0.

From Theorem 2.4, o(-) € Li,.(R4) and there exists wy € R such that |o(t)]
O(e¥!), ast — 0o. {S(t)}+>0 is therefore exponentially bounded so that (wg, 00)
p(A), and A is thus a ¢ Hille-Yosida operator by Lemmas 1.3 and 2.9.

Oon |l

Example 4.1 in Section 4 shows that the integrable condition in (iii) and (iv) of
Theorem 2.11 cannot be removed.
The following corollary is an improvement of [7, Proposition 2.2].

Corollary 2.12. Suppose A is closed. Then the following are equivalent:

(i) A is a Hille-Yosida operator.

(ii) A generates a once-integrated semigroup that is locally Lipschitz continuous
on [0,00).

(ili) A generates a once-integrated semigroup {S(t)}i>0 satisfying

1
limsuphﬁmEHS(t +h)—=S@)|| <00, Vt>0 ae.
and the left-hand side is bounded in a neighborhood of t = 0.

Assume {S(¢)}+>0 is a once-integrated semigroup generated by A satisfying the
equivalent conditions in Theorem 2.11. Then {S(¢)}+>0 is locally Lipschitz contin-
uous on (0, 00) and

(2.3) limsuthOJr%HS(t +h)=SO)|| < Kip(t) VE>0ae.

where K is the constant in (ii) of Theorem 2.11. Let X, be the space of x such
that S(t)z is continuously differentiable on (0,00). Then D(A) C X, by (ii) of
Lemma 2.3. From (2.3) and an argument similar to [L1, p. 262], we can show that
Xy is closed in X. Define

(2.4) To(t)x := %S(t)x Vit>0, z e Xo.

From the proof of [7, Proposition 2.2] {Ty(t)}+>0 is a semigroup on Xy that is
strongly continuous and satisfies
To(t)|| < Kip(t) ViE>0ae.

Let Ap be the part of A in Xo. From (2.4) and Definition 2.2, x € D(Ay) if and
only if there exists y € X such that

t
/ To(s)yds =To(t)r —x Vt>0,
0

Apx = y.

We say that Ag is the generator of {Tp(t)}+>0. We do not know if Ag is densely
defined in Xy, yet (wp,00) C p(Ap) and (A — Ag) ™ = (A — A)"!|x,. From Lemma
2.9 we have

(A= A4g) tz = / e MTy(tzdt Yz € Xo, A > wo.
0
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This, combined with [6 relation (11.5.1) and Theorem 11.5.2], concludes that our
definition of generators here is consistent with the definition on [6] p. 302]. Thus
we have proved

Theorem 2.13. Suppose A is a ¢ Hille-Yosida operator. Then the following state-
ments are true:

(i) The part Ao of A in Xy generates a semigroup {To(t)}i>0 on Xo that is
strongly continuous and satisfies ||To(t)|| < K1p(t) fort >0 a.e.

(ii) If D(A) is dense in X, then {To(t)}+>0 is a semigroup on X generated by A
and satisfies the properties in (i).

(iii) If A is strongly Abel-ergodic, that is, for x € X,

(2.5) MA—A) e =z, as A — oo,
then {To(t) }e>0 is of class (1, A) (see [6]).

(i) and (ii) of Theorem 2.13 produce a new class of strongly continuous semi-
groups which are more general than the semigroups of class (1, A), since (2.5) may
not be true in general (see Example 4.2).

3. SEMIGROUPS ON EXTENDED SPACES

Let A be a closed linear operator on X with p(A) nonempty. Given p € p(A),
similar to [3| Section 5], [9) Section 3.1] and [10}, Section 5], we define the following
norm on X:

(3.1) llzlly = ll(u = A)~'al| VaeX,

and let X, be the completion of X under the norm || - ||,,.
The following lemma can be found in the above-listed references.

Lemma 3.1. Let A be a closed linear operator on X with p(A) nonempty. Then
the following are true:

(i) The norms || - ||, (u € p(A)) on X are mutually equivient and hence X,, are
mutually isomorphic.

(ii) D(A) is dense in X, under the norm || - ||,-

(ili) A is closable in X,. Let A, be the closure of A in X. Then A is the part
of A, in X and p(A) C p(A,).

From (i) of Lemma 3.1, we may regard X,, as the same space endowed with the
same topology defined in (3.1). Fix p € p(A) and denote X; := X, ||z||1 = ||z||,
for every x € X;. A;p is thus the closure of A in X;.

Let {S(t)}+>0 be the once-integrated semigroup satisfying the equivalent con-
ditions in Theorem 2.11. Since ||S(t)z||1 < |[S(®)]] ||z||x for all z € X, S(¢) is
bounded under the norm || - ||1. Let Si(¢) be the extension of S(t) on X;. Then
{51(t) }+>0 is a once-integrated semigroup on X; that is locally Lipschitz continuous

n (0,00). A is clearly a ¢ Hille-Yosida operator on Xj.

From Lemma 2.9 and (iii) of Lemma 3.1, one can show that

()\—Al)*lx:A/ e MG (xdt Y A>wy, € Xy.
0

{S1(t)}+>0 is thus nondegenerate and A; is the generator of {S1(¢)}>0. From (ii)
of Theorem 2.13 and (ii) of Lemma 3.1 A; generates a semigroup {71 (¢) }+>0 on X1
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that is strongly continuous and
[|T1(t)]]1 < K1p(t) ViE>0ae.

Clearly, Ti(t)z = (£);S1(t)z for all z € Xy, where (4); means the derivative
taken in the norm topology of X;. The following relations are clear:

d
dt
T (t)x = (%)15(75)3: = %S(t)x =To(t)x ¥z € D(A),

Ti(t)x = (=) St)r VzelX,

where Tp(+) is defined in Section 2. Moreover,
Tiit)r =\ —ATo(t) (A —A) 'z Vre X, X p(A).

In 3, @, M0}, {T1(t)}+>0 is called the intertwined semigroup generated by A.
The following proposition offers several equivalent conditions such that X is
invariant under T4 (t) for all ¢ > 0 (see also [3] @] [10]).

Proposition 3.2. The following assertions are equivalent:

(i) {T1(t)}+>0 can be restricted to a semigroup of bounded linear operators on X
that is strongly continuous.

(ii) D(A) is invariant under To(t) for all t € (0, 00).

(iii) (%)1S(t)x € X for every x € X.

(iv) S(t) maps X into D(A).

We now consider the conjugate semigroups.

Let Y be a Banach space and let X := Y™ be the conjugate of Y and let B be
a densely defined ¢ Hille-Yosida operator on Y. Then B generates a semigroup
{T(t)}t>0 on Y that enjoys the properties in (ii) of Theorem 2.13. The conjugate
A of B is also a ¢ Hille-Yosida operator. We show that for this A, the equivalent
conditions in Proposition 3.2 are satisfied. Let S(t)y = f(f T(s)yds(y € Y, t > 0)
and let S(t) := [S(t)]*. Then {S(t)};>0 is the once-integrated semigroup generated
by A.

Theorem 3.3. For all x € X we have S(t)z € D(A). Therefore {T*(t)}i0 is
strongly continuous in the topology induced by the norm || - ||1 on X.

Proof. Let y € D(B) and let € X. From

(By, S(t)z) = (By,[S(t)]"z) = (S(t) By, z)

=Ty —y,2) = (v, T* )z — x),

it follows that (By, S(t)x) is a bounded linear functional of y € D(B), therefore
S(t)x € D(A) and hence X is invariant under T}(t) for all ¢ > 0 by Proposition
3.2. Recall that ||z|[; := ||(u — A)"'z|| for all z € X. Let x,,x € X be such that
[|zn, — x||1 — 0. Then for y € D(B) and A € p(A),

iMoo (Y, Zn) = limp oo (X — B)y, (A — A)"'a,)
= (A= By, (A= A)~'z) = (y,2).
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This implies that the following calculation makes sense:
(v, Ta(t)e) = (. (o)S(0)a) = Sy, 5(1)a)
Y, L1 Jj_y7dtl x_dt:% x

- %(S(t)y, x) = (T(t)y,z)

= (y,T*(t)z) VyeDB), v X.

Hence T*(t) = T} (t). The theorem follows from Proposition 3.2. O

4. EXAMPLES

The following example shows that the integrable condition in (iii) and (iv) of
Theorem 2.11 may not be satisfied.

Example 4.1. Let X be the weighted Hilbert space of complex sequence pairs
{(&n, 1)}, endowed with the norm

oo

MG}l = D216+ ol 1/2 < .

n=1

Define T'(t) on X by the formula
T {(&nsmm)}) == {(& (1), m, (1)} V>0,

where
& (t) := exp[—(n + 1)t](&ncos nt — nysin nt),
m(t) := exp[—(n + 1)t](&,sin nt + nycos nt).

It is routine to show that

— 1
T < sup me~ "+ <

and hence {T'(t)}+>0 is a semigroup of bounded linear operators on X. Clearly,
{T'(t)}+>0 is strongly continuous. Let ¢ € (0,7/2] and let m € N be such that
t € [r/2mF /2], Choose X := {(&n,mn)} € X with all entries zero except for
&m = 1. Then

||T(t)Xm|| _ e_(2m+1)t(6082 2mt+ 22m8in2 2mt)1/2

is decreasing for t € [r/2™F! 7/2™] by the following calculation:

d "
ST ®xmll” = e 2@ DI _9(9™ 4 1)(cos? 2™t + 22 sin 2™t)
+ (23 — 2M)sin 2™ <0 YVt € (n/2™ T w/2™).

This implies that

T = 1T(E)xom | = 1T (G ) Xon

_ 2me_(27n+1)ﬂ,/2m+1 > T .
— 2eTt
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We now define
t
S(t)x = / T(s)xds
0

t
= {/ e*(n+1)s(£ncos ns — Npsin ns, £,stn ns + n,cos ns)ds}
0
Vx ={(nm)} € X, t €0,00).
Then
t
1O < supy n [ e as <1,
0

{S(t)}+>0 is thus a once-integrated semigroup and satisfies

T
2emt’

. 1
limsupp—o+ 3 [[S(t +h) = SO = IT@)]] =
which is not integrable on [0, 1].

The following example shows that there exists a ¢ Hille-Yosida operator A such
that ¢ is unbounded in any neightborhood of zero and the semigroup generated by
A is not of class (1, A).

Example 4.2 ([6, p. 371]). Let X be the weighted Hilbert space of complex se-
quence pairs {(&,, 1)}, endowed with the norm

o0

{(&nm) HIP =D [1€n]* + nnal?] < oo

n=1

Define T'(t) on X by the formula
T){(nnn)}) = {(&(0), M ()} V>0,

where

€1(t) 1= [eap(—t(n + 1))](éncos nit — musin nt),
n(t) == [exp(—t(n + 1))](&nsin nt + nucos nt).

It was shown in [6, p. 371] that {T'(¢)}+>0 is a semigroup strongly continuous for
t > 0. Its generator, denoted by A, is densely defined, and

IT(1)|] < (2et)"2e™ Vit >0,

1

(4.1) IR A) > —1  waso

100\ +1)2
We now show that the semigroup is unbounded in any neighborhood of zero. Let
Xm = {(&n,Mn)} be in X with all entries zero except for &,, = 1. An easy calculation
shows that
7r 7r ™ ml/?
— ) > ||T(=—)|| > [T (=—)xm|| = ——-
) 2 TG )| 2 TGl > T
If we define @(t) := ||T(¢)||, then A is a ¢ Hille-Yosida operator. But (4.1) shows
that {T(t)}+>0 is not a semigroup of class (1, A).

IIT(

The following example shows that there exist operators satisfying the equivalent
conditions of Proposition 3.2.



3366 SHENG WANG WANG

Example 4.3 ([I3]). Let 0 < a < 1 be fixed and let X be the space of complex-
valued Lipa continuous functions over [0, 1] vanishing at s = 1. X, endowed with
the norm

(s") = z(s")]

xr
follo = sup =S e o) 20,

is a nonseparable Banach space. Define A := dis on X with maximal domain. It

was proved in [13] that A is not densely defined. For t > 0, define

z(s+1t), V0<s<land0<s+t<1,
0, VO<s<landl<s+t.

[T(t)x)(s) := {

Then {T'(t)}+>0 is a semigroup on X not strongly continuous for ¢t > 0 (see [13]).
We will show that it is strongly continuous in the topology induced by the norm
l|lz]li = ||(p — A)~ ||, where u € p(A) (see the first paragraph of Section 3).
Define

¢ ¢
(4.2) [S(t)x](s) == / T(r)z(s)dr = / z(s+r)dr YzeX, t>0.
0 0
Then {S(t)}+>0 is a once-integrated semigroup. Since ||T(¢)|| < 1, we have
I[[S(t+h) = S@®)]z|la < hllz||le Vi, h>0.
Hence the generator A of {S(¢)}:>0 is a Hille-Yosida operator. Similar to Section

2, let Xy be the space of those x such that S(¢)z is continuously differentiable on
[0,00). From (4.2) we have

[To(t)z](s) := [ES(t)x](s) =z(s+1t) Ve Xo.

It is easily seen that D(A) is invariant under the translation z;(s) = z(s+1), hence
invariant under Ty(t). This implies that the following calculation makes sense:

[ATo(t)(1 — A)~1z](s) = A/OOO er[/orx(s +t+v)dv]dr

=A e "z(s+t+r)dr= i[65/ e "w(t +r)dr]

0 ds
=e° h x(t+r)dr—x(t+s)
To( A)7lal(s) = [T(t)a](s) Y aeX.

Hence (1 — A)Ty(t)(1 — A"t =T(¢).

From Proposition 3.2, {T'(t)}+>0 is strongly continuous in the topology induced
by the norm ||z|[; = ||(1 — A)~'z||, on X.
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