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PRODUCTS OF UNIFORMLY NONCREASY SPACES

ANDRZEJ WIŚNICKI

(Communicated by Jonathan M. Borwein)

Abstract. We show that finite products of uniformly noncreasy spaces with a
strictly monotone norm have the fixed point property for nonexpansive map-
pings. It gives new and natural examples of superreflexive Banach spaces
without normal structure but with the fixed point property.

1. Introduction

Let X be a Banach space and C be a nonempty, bounded, closed and convex
subset of X . We say that X has the fixed point property (FPP for short) if every
nonexpansive mapping T : C → C (i.e., ‖Tx − Ty‖ ≤ ‖x − y‖, x, y ∈ C) has a
fixed point. We say that E has the weak fixed point property (wc-FPP for short)
if we additionally assume that C is weakly compact. The celebrated fixed point
theorem of W. A. Kirk [9] asserts that every Banach space with the so-called normal
structure has wc-FPP. For a detailed exposition of metric fixed point theory we refer
the reader to [1], [2] and [7].

The notion of uniformly noncreasy spaces was introduced by S. Prus in [15] to
describe a large class of superreflexive Banach spaces with the fixed point property.
Let us recall that a real Banach space X is uniformly noncreasy (UNC for short)
if for every ε > 0 there is δ > 0 such that if f, g ∈ SX∗ and ‖f − g‖ ≥ ε, then
diamS(f, g, δ) ≤ ε, where

S(f, g, δ) = {x ∈ BX : f(x) ≥ 1− δ ∧ g(x) ≥ 1− δ} .
A Banach space X is noncreasy if diamS(f, g, 0) = 0 whenever f, g ∈ SX∗ , f 6= g.
To be precise, we put diam ∅ = −∞. Obviously, if X is uniformly noncreasy,
then it is noncreasy. It was proved in [15] that all uniformly noncreasy spaces are
superreflexive and have FPP. The Bynum space l2,∞ (which is l2 space endowed
with the norm ‖x‖2,∞ = max {‖x+‖2, ‖x−‖2}; see [4]) and the space X√2 (which
is l2 space endowed with the norm ‖x‖√2 = max

{
‖x‖2,

√
2‖x‖∞

}
; see [3]) are

examples of uniformly noncreasy spaces without normal structure.
One of the important problems in metric fixed point theory are the perma-

nence properties of normal structure and other conditions which guarantee the
fixed point property under the direct product operation (see [17] and the references
given there).
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Let Z be a finite dimensional normed space (Rk, ‖‖Z) which has a strictly mono-
tone norm. That is,

‖(x (1) , ..., x (k))‖Z < ‖(y (1) , ..., y (k))‖Z
if 0 ≤ x (i) ≤ y (i) for i = 1, ..., k and 0 ≤ x (i0) < y (i0) for some i0. We shall
write (X1 ⊕ ... ⊕Xk)Z for the Z direct product of Banach spaces X1, ..., Xk with
the norm

‖(x (1) , ..., x (k))‖ =
∥∥(‖x (1)‖X1

, ..., ‖x (k)‖Xk
)∥∥
Z

,

where (x (1) , ..., x (k)) ∈ X1 × ...×Xk.
We prove that Z direct products of uniformly noncreasy spaces with a strictly

monotone norm have the fixed point property for nonexpansive mappings. A certain
extension of this theorem for spaces with the so-called property (P ) (see [18, 19])
is also shown. We note that our results go beyond the conditions which guarantee
normal structure and give new examples of Banach spaces without (weak) normal
structure but with the (weak) fixed point property.

2. Results

Let us recall [14] that a set A of a Banach space X is said to be metrically
convex if for every x, y ∈ A with x 6= y there exists z ∈ A, x 6= z 6= y such that
‖x − z‖ + ‖y − z‖ = ‖x− y‖. It is not difficult to see that if A is closed, this
condition is equivalent to the following one: for every x, y ∈ A there exists z ∈ A
such that ‖x− z‖ = ‖y − z‖ = 1

2‖x− y‖.
We shall always assume that (X1⊕ ...⊕Xk)Z is a Z direct product of X1, ..., Xk

with a strictly monotone norm. Denote by Pi, i = 1, ..., k, the coordinate projections
of (X1 ⊕ ...⊕Xk)Z onto Xi.

Lemma 2.1. Let X1, ..., Xk be Banach spaces and let A be a closed, metrically
convex subset of (X1⊕...⊕Xk)Z . Then Pi(A), i = 1, ..., k, are metrically convex, too.
Moreover, for a fixed j ∈ {1, ..., k} and x = (x (1) , ..., x (k)), y = (y (1) , ..., y (k)) ∈
A there exists z = (z (1) , ..., z (k)) ∈ A such that

‖x (j)− z (j)‖ = ‖z (j)− y (j)‖ =
1
2
‖x (j)− y (j)‖

and

‖x (i)− y (i)‖ = ‖x (i)− z (i)‖+ ‖z (i)− y (i)‖
for each i = 1, ..., k.

Proof. Fix j ∈ {1, ..., k} and x = (x (1) , ..., x (k)), y = (y (1) , ..., y (k)) ∈ A. We
may assume that ‖x− y‖ = 1. Since A is closed and metrically convex, then by
Menger’s theorem [14] (see also [7]) there exists an isometry ϕ : [0, 1] → A such
that ϕ(0) = x and ϕ(1) = y. Let g(t) = ‖x (j)− (Pjϕ) (t)‖ , t ∈ [0, 1]. Clearly g
is a continuous function, g(0) = 0 and g(1) = ‖x (j)− y (j)‖. By the Darboux
theorem, there exists s ∈ [0, 1] such that g(s) = 1

2 ‖x (j)− y (j)‖. Put z = ϕ(s) and
observe that ‖x (i)− y (i)‖ = ‖x (i)− z (i)‖+ ‖z (i)− y (i)‖ for i = 1, ..., k. Indeed,
if ‖x (i0)− y (i0)‖ < ‖x (i0)− z (i0)‖+ ‖z (i0)− y (i0)‖ for some i0, then

‖x− y‖ = ‖(‖x (1)− y (1)‖ , ..., ‖x (k)− y (k)‖)‖Z
< ‖(‖x (1)− z (1)‖+ ‖z (1)− y (1)‖ , ..., ‖x (k)− z (k)‖+ ‖z (k)− y (k)‖)‖Z

≤ ‖x− z‖+ ‖z − y‖
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which is a contradiction with the fact that ϕ is an isometry. Moreover ‖x (j)− z (j)‖
= g(s) = 1

2 ‖x (j)− y (j)‖ = ‖z (j)− y (j)‖ and the proof is complete.

We will say that w lies between x and y if ‖x− y‖ = ‖x− w‖ + ‖w − y‖.

Lemma 2.2. Let X be a noncreasy Banach space, x, y ∈ SX , ‖x− y‖ = 1 and
assume that there exist f, g ∈ SX∗ such that f(x) = 1, f(y) = 0, g(x) = 0, g(y) = 1.
If w lies between x and y, then ‖w‖ ≤ 1.

Proof. We may assume that x 6= w 6= y. Let ‖x− w‖ = α, ‖w − y‖ = β, α, β >
0, α+β = 1. Then |f(x)− f(w)| ≤ α and therefore f(w) = β. Similarly, g(w) = α.
Hence

f

(
1
α

(x− w)
)

=
1
α

(1 − β) = 1, f
(

1
β

(w − y)
)

= 1

and the same holds for −g. This means that 1
α (x− w) , 1

β (w − y) ∈ S(f,−g, 0).
Moreover ‖f + g‖ ≥ (f + g) (x) = 1. But X is noncreasy so 1

α (x− w) = 1
β (w − y)

(note that a similar argument is used in [15, Theorem 9]). Thus w = βx + αy and
consequently ‖w‖ ≤ 1.

We can now prove our main result. We recall that the ultrapower X̃ (or (X)U )
of a Banach space X is the quotient space of

l∞(X) =
{

(xn) : xn ∈ X for all n ∈ N and ‖ (xn) ‖= sup
n
‖ xn ‖<∞

}
by ker N =

{
(xn) ∈ l∞(X) : lim

U
‖ xn ‖= 0

}
. Here lim

U
denotes the ultralimit over

a free ultrafilter U ⊂ 2N (see [1, 7, 16] for more details).

Theorem 2.3. Let X1, ..., Xk be uniformly noncreasy Banach spaces. Then X =
(X1 ⊕ ...⊕Xk)Z has the fixed point property.

Proof. We join together the arguments from [15, Theorem 9] and [5, Theorem 1].
The new ingredients are Lemmas 2.1 and 2.2.

It is not difficult to see that X is superreflexive. Let us assume that X does
not have FPP. Then we can find a nonexpansive mapping T and a minimal invari-
ant set K ⊂ X for T . We may assume that 0 ∈ K and diam K = 1. Let 〈xn〉
be an approximate fixed point sequence in K which converges weakly to 0. Then
xn(i) also converges weakly to 0, where xn = (xn(1), ..., xn(k)). It follows from the
Goebel-Karlovitz lemma that we can assume that limn,m,n6=m ‖xn − xm‖ = 1. Just
as in [5] (see also [17, Proposition 4.1]) we can also assume that limn ‖xn(i)‖ = a(i)
and limn,m,n6=m ‖xn(i)− xm(i)‖ = l(i) for i = 1, ..., k. Since ‖(a(1), ..., a (k))‖Z =
limn ‖xn‖ = 1 and ‖(l(1), ..., l (k))‖Z = limn,m,n6=m ‖xn − xm‖ = 1, it is not
very difficult to see that a(i) = l(i) for each i. Indeed, a(i) ≤ l(i) for each
i = 1, ..., k because xn(i) converges weakly to 0. If a(i0) < l(i0) for some i0,
then ‖(a(1), ..., a (k))‖Z < ‖(l(1), ..., l (k))‖Z and we would have a contradiction.

Let fn(i) ∈ SX∗i be functionals such that (fn(i)) (xn(i)) = ‖xn(i)‖. Applying k -
times the procedure from [15] we can find a subsequence 〈xnl〉 with (fnl(i)) (xnm(i))
≤ min{ 1

l ,
1
m} whenever l 6= m and i = 1, ..., k. Passing to the ultrapower X̃ =

(X̃1 ⊕ ...⊕ X̃k)Z , there exist x = (x (1) , ..., x (k)), y = (y (1) , ..., y (k)) ∈ Fix T̃ and
f(i), g(i) ∈ S

X̃∗i
such that (f(i)) (x(i)) = a(i), (f(i)) (y(i)) = 0, (g(i)) (x(i)) = 0,

(g(i)) (y(i)) = a(i) for i = 1, ..., k. Moreover ‖x(i)‖ = ‖y(i)‖ = ‖x(i)− y(i)‖ = a(i)
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for each i. Choose j such that a(j) 6= 0. Since Fix T̃ is closed and metrically
convex, by Lemma 2.1, Pj(Fix T̃ ) is metrically convex, too. Thus, there exists
z = (z (1) , ..., z (k)) ∈ Fix T̃ such that

‖x (j)− z (j)‖ = ‖z (j)− y (j)‖ =
1
2
‖x (j)− y (j)‖ =

1
2
a(j).

Moreover

‖x (i)− y (i)‖ = ‖x (i)− z (i)‖+ ‖z (i)− y (i)‖
for each i = 1, ..., k. Hence we can use Lemma 2.2 to conclude that ‖z(i)‖ ≤
a(i), i = 1, ..., k (we use the fact that the ultrapowers X̃i are uniformly noncreasy
[15]). But ‖z‖ = 1 = ‖(‖z(1)‖ , ..., ‖z(k)‖)‖Z = ‖(a(1), ..., a (k))‖Z and conse-
quently ‖z(i)‖ = a(i), i = 1, ..., k, since the Z norm is strictly monotone. In
particular ‖z(j)‖ = a(j) and we can now follow the arguments from [15, Theorem
9] to obtain a contradiction.

Let us notice that we have actually proved a more general statement. Recall
[18] (see also [19]) that a Banach space X has property (P ) if lim inf ‖xn − x‖ <
diam (xn) whenever xn ⇀ x and 〈xn〉 is nonconstant. It is not difficult to see that
this condition is weaker than Bynum’s condition WCS (X) > 1.

Theorem 2.4. Let X1, ..., Xk be uniformly noncreasy or have property (P). Then
X = (X1 ⊕ ...⊕Xk)Z has the weak fixed point property.

We leave the proof to the reader.

Example 2.5. Let lkp denote a Z space Rk with the norm ‖(x (1) , ..., x (k))‖p =

(|x (1)|p + ...+ |x (k)|p)
1
p , p ≥ 1. Obviously, this is a strictly increasing norm and

our results are valid. In particular, the space
(
l2,1 ⊕ l2,∞

)
2

has the fixed point
property, which was first proved in [8] by completely different methods.

Example 2.6. More generally, let M be a strictly increasing Orlicz function on
[0,∞) (i.e., a continuous convex function satisfying M (0) = 0). Then the Z-Orlicz
space (Rk, ‖‖M ), where

‖(x (1) , ..., x (k))‖M = inf

{
u > 0 :

k∑
i=1

M

(
|x (i)|
u

)
≤ 1

}
,

has a strictly monotone norm.

In view of Theorem 2.3 it is very natural to ask whether the fixed point property
is preserved under other products of uniformly noncreasy spaces.
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[3] L. P. Belluce, W. A. Kirk and E. F. Steiner, Normal structure in Banach spaces, Pacific J.
Math. 26 (1968), 433–440. MR 38:1501

[4] W. L. Bynum, A class of spaces lacking normal structure, Compositio Math. 25 (1972),
233–236. MR 47:7386

[5] T. Domı́nguez Benavides, Weak uniform normal structure in direct sum spaces, Studia Math.
103 (1992), 283–290. MR 94c:46024

http://www.ams.org/mathscinet-getitem?mr=91i:47073
http://www.ams.org/mathscinet-getitem?mr=99e:47070
http://www.ams.org/mathscinet-getitem?mr=38:1501
http://www.ams.org/mathscinet-getitem?mr=47:7386
http://www.ams.org/mathscinet-getitem?mr=94c:46024


PRODUCTS OF UNIFORMLY NONCREASY SPACES 3299
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