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ABSTRACT. It is well known that an invertible matrix admits a factorization
as a product of a lower triangular matrix L and an upper triangular matrix
U if and only if all the principal minors of the matrix are non-zero. The cor-
responding problem for singular matrices is much more subtle. We study this
problem in the general setting of a reductive monoid and obtain a solution in
terms of the Bruhat-Chevalley order. In the process we obtain a decomposi-
tion of the big cell B~ B of a reductive monoid, where B and B~ are opposite
Borel subgroups of the unit group.

1. PRELIMINARIES

Let k be an algebraically closed field. By a reductive monoid M we will mean
an irreducible linear algebraic monoid M defined over k such that the unit group
G is reductive; cf. [4], [9]. The multiplicative monoid M, (k) of all n x n matrices
over k is an example. More generally the Zariski closure in M, (k), of a reductive
group in GL,(k), is a reductive monoid. Let T be a maximal torus contained in
opposite Borel subgroups B, B~ of G. Let W = Ng(T')/T denote the Weyl group
of G and let S denote the generating set of simple reflections of W. By the Bruhat
decomposition,

(1) G= || BuB.
weWw

The Bruhat-Chevalley order on W is defined as:

(2) x <y if BeB C ByB.

As is well known, this is equivalent to = being a subword of a reduced expression
Y=81"""Sm, S1,.-.,8m € S. The length £(y) is defined to be m. It is well known
that for z,y € W,

(3) r<yszBy 'NB B#0<yB 2 'NB B #.
By @), @),
(4) B~ C | ) B 2'B.

z/<x
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Also by induction on £(y),
(5) xBy C U B~ xy'B.

y'<y
By @), @)
(6) xB"ByC | ) B 2'y'B.
' <z
y'<y
For wy,...,w, € W, let
wy - wy il wy e wy) = wr) -+ L(wn),
Wy ke kW, = .
undefined, otherwise.
Then for x,y,z € W,
(7) z2<zy=2z=21"*y for some 2’ <z, v <y.
It is also easily seen that
(8) rxz<yxz=x<y.
For I C S, let W denote the parabolic subgroup of W generated by I and let

(9) Dy ={x € W|zw =z xw for all w € Wr}.
If wog, vg are respectively the longest elements of W and Wy, then
(10) wODI'UO = D[.

P = BW;B and P~ = B~ W;B~ are opposite parabolic subgroups of G with
common Levi subgroup L = PN P~. B = BN L and B, = B~ N L are opposite
Borel subgroups of L. If x € W, then by [II Chapter 2],

(11) x6D1¢>xBLx*1§B¢>xBZx*1§B*.
Now for monoids. The idempotent set E(T) of T is a finite lattice isomorphic to

the face lattice of a rational polytope. The cross-section lattice A of M is defined
as:

A={ec€ E(T) | Be=eBe}={ec E(T) | eB™ =eB e}.
By [3], A is a cross-section of the G x G-orbits of M such that for all e, f € A,
e<feGeGCGfGEee MfM.
Here as usual, e < f means ef = e = fe. For e € A,
P={z€G|xe=exe}, P~ ={z € G|ex=exe}
are opposite parabolic subgroups. If L = PNP~, B, = BNL, B, = B~ NL, then

(12) Be = Bre = eBy, eB™ =eB; =Bje.
By [6] the Bruhat decomposition (Il extends to M as:
(13) M = |_| BoB,
ocER

where R = Ng(T')/T is the Renner monoid. W is the unit group of R and
R=| | Wew.

ecA
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Let e € A. Then
(14) Wi(e) ={w e W | we = ew}, We={weW]|we=e=ew}
are parabolic subgroups of W. Let W(e) = Wi, W, = Wk, I, K C S. Then

——

(15) Wi(e) = We x W(e),

where I/I//\(g) = Wnk. Let

(16) D(e) = D], .De = DK.

Then

(17) DenW(e)=W(e), D.=D()W(e).

So if 0 € R, then

—

(18) o = zwey for unique e € A, x € D(e), w € W(e), y € D(e)™".

We call this the standard form of o. The order @) on W extends naturally to R if
we define:

(19) o <o if BB C Bo'B.

If 0 = zwey, o’ = z'w'e’y’ are in standard form, then by [2],

(20) oc<d se<d, rw < 2wy, vty <y for some u € W(e)W,.

If 0 = zwey, ¢’ = z’w'ey’ in standard form, then (20) simplifies to:

(21) o <o & aw< 2wy, uly <y for some u € Wie).

For the combinatorial properties of this order on WeW, see [5]. By [7], [§], the
length ¢(0) is defined as

(22) (o) = L(zw) — £(voywo),

where 0 = zwey in standard form and vy, wg are as in ([I0). This agrees with the
length function given by the order of WeW.

2. TRIANGULAR MONOIDS AND LU DECOMPOSITION

In this section we study the triangular monoids B and B~. As noted in [6], the
decomposition (I3) leads to the decomposition:

(23) B= || BoB
oc€ERt

for a suitable submonoid Rt of R. Similarly,
(24) B = || B oB"

for a suitable submonoid R~ of R.

Example 2.1. For M3(k), the poset (RT, <) is given in Figure[l It corrects an
error in [6 Figure 3].

Theorem 2.2. Let 0 = zwey € RY be in standard form. Then
(i) o € RT if and only if zw <y~ 1.
(ii) o € R~ if and only if wy < x~ 1.
(iii) o € R™R™ if and only if w = wywe with w; < x~! and we <y~ 1.
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FIGURE 1.

Proof. (i) This follows from (B0) since o € R* if and only if ¢ < 1.
(ii) Clearly R~ = wo Rt wy. Now by (),
WooWy = WeTVg * VoW * € + VoYW, woxvy € D(e), voywo € D(e)*l.

By (i), 0 € R~ if and only if

WoTWV) = WoXVg - VoWV S U)()yilvo.

This is equivalent to 3!

x since y vy =y~
(iii) Suppose first that w = wywy with w1, we € W(e), wy <z~ ! and wy <y~ L.
Then by (i), (ii), zwie € R™, waey € RT. So 0 = (zwye)(wzey) € R™RT. Assume

vp < wwvg. This is in turn equivalent by (I0) to y w1 <
xw ™ xwyy and Twyy = T * WYg.
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conversely that 0 € R™R'. Then 0 = 0~ 0" for some 0~ € R~ and o € R™.

Since zex~lo = 0 = oy ey,

o= (vex to7) (o Ty tey).

Hence we can assume without loss of generality that o™, 0= € WeW. Let 0~ =
riwieyr, o7 = xowseys in standard form. Since oot = o0 € WeW, eyxze €
1

WeW. So u = yr29 € W(e). Hence x9 = y; 'u. Since xg,yfl € D(e), x2 = y;
Hence 0 = 0~ 0" = zywiwseys. So Tz = x1, w = wiws,y = yo. Since 0~ € R™,
w; < wyyr < a7t Since ot € RY, wy < zows <y~ L. O

Next we obtain a decomposition of B~ B, the monoid analogue of Chevalley’s
big cell B~ B of G. We note that for M, (k), this consists of (possibly singular)
matrices admitting a factorization into a product of a lower triangular matrix and
an upper triangular matrix.

Theorem 2.3. BB =|],.p-p+ B 0B.

Proof. Now BT R~ C B~ and RtB C B. Hence B-R RtB C B B. Let 0 =
rwey € R be in standard form such that ¢ € B~ B. Now wex !, yey~! € T and

o= (zex Vo(y tey) € (wex ' B7)(By 'ey).
By [23), [24), there exists 01 € R~ N WeW and o2 € RT N WeW such that
(25) 0 € B 01B™ Bo,B.

Let 01 = zywiey; and o9 = xoweeys in standard form. By Theorem 221 wiy; <
xl_l and zows < y2_1. By (@),

(26) w1y1 B~ Braws C U B~ z129B.

z1Swiy1
z2<T2W2

By 24)), @8]), there exists z1 < wiy1, 22 < xaws such that
(27) o € B x1eB™ 2129Beys B.

By (@), Be = eBy, and eB~ = Bje. Since x1,y; " € D(e) we see by (1)) that
xlBgml_l C B~ and y2_1BLy2 C B. Thus by (1),

0 € B x1ez120ey2B.

By (]El), o = w1ez1z2eys. Hence © = x1, y = ya, 2122 € W(e) and we = z120e. By
@), w = uyus with

1 1

ur <z <wiyr < T, ug < zg S wowz <Y
By Theorem[Z2, 0 € R~ R'. This completes the proof. O

The Bruhat decomposition (Il) and the Bruhat-Renner decomposition (I3) lead
respectively to the closure orders ([2)) and (I9) on W and R. In the same way the
decomposition in Theorem [2.3] of the monoid big cell B~ B leads to the order < on
R~ RT given by

oc=¢ if B ¢BC B ¢B.
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Example 2.4. For M3(k), the order < on the rank 2 elements R™R™ is given in
Figure

| —
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FIGURE 2.
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