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ESTIMATES FOR VISCOSITY SOLUTIONS OF PARABOLIC
EQUATIONS WITH DIRICHLET BOUNDARY CONDITIONS

G. GRIPENBERG

(Communicated by David S. Tartakoff)

Abstract. It is shown how one can get upper bounds for |u− v| when u and
v are the (viscosity) solutions of

ut − α(Dxu)∆xu = 0 and vt − β(Dxv)∆xv = 0,

respectively, in (0,∞) × Ω with Dirichlet boundary conditions. Similar re-
sults are obtained for some other parabolic equations as well, including certain
equations in divergence form.

1. Introduction

In this paper we study the problem of how to estimate the difference between
the (viscosity) solutions u and v of the parabolic equations

ut − α(Dxu)∆xu = 0 and vt − β(Dxv)∆xv = 0,(1)

respectively, in (0, T ) × Ω with Dirichlet boundary conditions when u(0, x) and
v(0, x) are given and Ω is an open and convex subset of Rd. Here both α and
β are nonnegative continuous functions and if for example u(0, x) = v(0, x) is
Hölder continuous with exponent θ, then we can conclude that |u(t, x)− v(t, x)| ≤
Ct

θ
2 supq∈Rd

∣∣√α(q)−
√
β(q)

∣∣θ for all t ≥ 0 and x ∈ Ω.
For a general introduction to, and definitions of, viscosity solutions, see for ex-

ample [2] or [3] and the references mentioned there.
Instead of equation (1) we can study equations of the form

ut − div(a(|Dxu|)Dxu) = 0 and vt − div(b(|Dxu|)Dxu) = 0.

These results can be combined to results for equations of the form

ut + f(u,Dxu,D
2
xu)− div(a(|Dxu|)Dxu)− α(Dxu)∆xu = 0, in (0,∞)× Ω,

u(t, x) = 0, t > 0, x ∈ ∂Ω,

u(0, x) = u0(x), x ∈ Ω,

(2)
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and

vt + g(v,Dxv,D
2
xv)− div(b(|Dxu|)Dxu)− β(Dxv)∆xv = 0, in (0,∞)× Ω,

v(t, x) = 0, t > 0, x ∈ ∂Ω,

v(0, x) = v0(x), x ∈ Ω.

(3)

HereDxu denotes the (spatial) gradient of u andD2
xu denotes the d×dmatrix of sec-

ond derivatives. The trace of this matrix is the Laplacian ∆xu. The reason for writ-
ing the equations in this special form is that one gets somewhat better estimates for
terms of the form −div(a(|Dxu|)Dxu) = −a(|Dxu|)∆xu− a′(|Dxu)|

|Dxu| 〈Dxu,D
2
xuDxu〉

and −α(Dxu)∆xu than for the more general case f(u,Dxu,D
2
xu). (Here 〈·, ·〉 de-

notes the standard inner product in Rd.) The fundamental monotonicity condition
is that f and g are nondecreasing in their first and nonincreasing in their third
variable, and similarly that a and b are nonincreasing and that a+α and b+ β are
nonnegative functions.

Observe that we assume that the domain Ω is convex, but we do not have to
assume that it is bounded. The boundary condition at points at infinity are here
taken to be that the solution is bounded, but it would be sufficient to have a
restriction on the growth rate at infinity.

In [1] the problem considered above was studied in the case of Neumann bound-
ary conditions (and with a = b = 0) and here we shall consider the case of Dirichlet
conditions imposed at the boundary points. It turns out that at least if one makes
the additional assumptions that f(0,q, 0) = 0 and that g(0,q, 0) = 0 for all q ∈ Rd,
then one can fairly easily obtain the same conclusion as in [1]. Another difference
compared to [1] is that here we state for completeness a result concerning existence
as well.

2. Statement of results

We let S(d) be the space of symmetric real d× d matrices with order defined by
A ≥ B if 〈p, Ap〉 ≥ 〈p, Bp〉 for every p ∈ Rd. Furthermore, C, C1, and BUC stand
for continuous, continuously differentiable, and bounded and uniformly continuous,
respectively.

Theorem 1. Assume that d ≥ 1, and that

(i) Ω ⊂ Rd is an open and convex set;
(ii) f ∈ C(R×Rd×S(d);R) and g ∈ C(R×Rd×S(d);R), and both functions are

nondecreasing in their first and nonincreasing in their third argument;
(iii) f(0,q, 0) = g(0,q, 0) = 0 for all q ∈ Rd;
(iv) α and β ∈ C(Rd;R), a and b ∈ C(R+;R) ∩ C1((0,∞);R) with limr↓0 ra

′(r) =
limr↓0 rb

′(r) = 0. Moreover, α(q) + a(|q|) ≥ 0, β(q) + b(|q|) ≥ 0, a′(r) ≥ 0
and b′(r) ≥ 0 for all q ∈ Rd and r > 0;

(v) u0 and v0 ∈ BUC(Ω;R) with u0(x) = v0(x) = 0 for x ∈ ∂Ω. Moreover,
ω : R+ → R+ is a concave, nondecreasing, and continuous function with
ω(0) = 0 such that

|u0(x)− u0(y)| ≤ ω(|x− y|),
|v0(x)− v0(y)| ≤ ω(|x− y|), x, y ∈ Ω.(4)
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Then there are unique bounded solutions u and v of equations (2) and (3), respec-
tively, and for each t ≥ 0, x ∈ Ω, and λ > 0, we have

(5)
∣∣u(t, x)− v(t, x)

∣∣ ≤ sup
y∈Ω

∣∣u0(y)− v0(y)
∣∣+ sup

r≥0

(
ω(r)− λ

2 r
2
)

+ t sup
(r,q,X)∈Dλ

(∣∣g(r,q, X)− f(r,q, X)
∣∣+ 3λ

(√
|q|a′(|q|)−

√
|q|b′(|q|)

)2

+ 3λd
(√

a(|q|) + α(q) −
√
b(|q|) + β(q)

)2
)
,

where

Dλ
def=
(
R(u0) ∪R(v0)

)
×
{

q ∈ Rd
∣∣∣ |q| ≤ √2λ

√
diam

(
R(u0) ∪R(v0)

)}
×
{
X ∈ S(d)

∣∣ ‖X‖ ≤ 3λ
}
.

Here R(u0) denotes the range { u0(x) | x ∈ Ω } of u0. Recall also that if
ω is Hölder continuous, that is, ω(r) ≤ Crθ for r ≥ 0, where θ ∈ (0, 1], then
supr≥0

(
ω(r) − λ

2 r
2
)
≤ 1

2C
2

2−θ λ−
θ

2−θ when λ > 0.
Theorem 1 states that the solution is unique among all bounded solutions. This

result can certainly be improved but some restrictions on the solutions are needed
because it is a well known fact that, e.g., the heat equation has null solutions when
Ω = R, i.e., solutions that are zero at t = 0 but nonzero for t > 0.

Clearly, one should in Theorem 1 choose λ so that the right hand side of (5) is
as small as possible. In general this is quite difficult, but we state a simple result
that one gets when f = g and a = b = 0.

Corollary 2. Let the assumptions of Theorem 1 hold with f = g, a = b = 0, and
ω(r) = Crθ, for some C ≥ 0 and θ ∈ (0, 1]. Then for each t ≥ 0 and x ∈ Ω we
have ∣∣u(t, x)− v(t, x)

∣∣ ≤ sup
y∈Ω

∣∣u0(y)− v0(y)
∣∣

+
√

6C(td)
θ
2 sup

q∈Rd

∣∣√α(q) −
√
β(q)

∣∣θ.(6)

In order to see how good this estimate really is, consider the case where d = 1,
Ω = R, f = g = α = 0, β(q) = c > 0, and where u(0, x) = v(0, x) = (1 − |x|θ)+ for
some θ ∈ (0, 1] where (a)+ = max{a, 0}. Then a calculation shows that

u(t, 0)− v(t, 0) ≥ (ct)
θ
2

21+θ

√
π

∫ 1
2
√
ct

0

sθe−s
2

ds, t ≥ 0,

whereas Corollary 2 says that

u(t, 0)− v(t, 0) ≤ (ct)
θ
2
√

6, t ≥ 0.

Next we state an application of Theorem 1 to the question of how the solution
of the equation ut − div(|Dxu|p−2Dxu) = 0 depends on the parameter p > 2.

Corollary 3. Let the assumptions of Theorem 1 hold with f = g, α = β = 0,
ω(r) = Crθ, for some C > 0 and θ ∈ (0, 1], and a(r) = rp−2 and b(r) = rq−2.
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Then for each ε > 0 there is a constant K depending on R(u0) ∪ R(v0), ε, and
on C such that for every t ≥ 0 and x ∈ Ω

|u(t, x)− v(t, x)| ≤ sup
x∈Ω

|u0(x) − v0(x)| +K
(√

pdt(p− q)
) 4θ

2θ+p(2−θ)+ε ,

provided p ≥ q ≥ 2 + ε and
√
pdt(p− q) ≤ 1.

3. Proof of Theorem 1

We use the notation F (r,q, X) = f(r,q, X)− a′(|q|)
|q| 〈q, Xq〉−(a(q)+α(q))tr(X)

andG(r,q, X) = g(r,q, X)− b′(|q|)
|q| 〈q, Xq〉−(b(q)+β(q))tr(X) where tr(X) denotes

the trace of X and where a′(|0|)
|0| 〈0, X0〉 = b′(|0|)

|0| 〈0, X0〉 = 0.
Assume that u is an upper semi-continuous function on R+ × Ω such that

supt∈[0,T ],x∈Ω u(t, x) < ∞ for all T ∈ (0,∞) and u is a subsolution of (2) (so
that u(t, x) ≤ 0 when t ≥ 0 and x ∈ ∂Ω and u(0, x) ≤ u0(x) when x ∈ Ω). Corre-
spondingly, we assume that v is a lower semi-continuous function on R+ × Ω such
that inft∈[0,T ],x∈Ω v(t, x) > −∞ for all T ∈ (0,∞) and v is a supersolution of (3).

We shall later need the fact that comparison holds for equation (2) (and then
also for (3)). This is the same as having u(t, x) ≤ v(t, x) for all t ≥ 0 and all x ∈ Ω
provided f = g, α = β, a = b, and u0 ≤ v0. This result is proven in [3, Thm 8.3]
in the case where Ω is bounded. It is not clear that this proof easily extends to
the case where Ω is unbounded but has a boundary, so we have first to establish a
result on the behaviour of solutions close to the boundary.

Let
_
u0 be the concave envelope of u0(x) (i.e., the infimum of all affine functions

that are greater than u0 on Ω). Since u0(x) = 0 when x ∈ ∂Ω we have
_
u0(x) ≥ 0

and it follows from (iii) that the function (t, x) 7→ _
u0(x) is a supersolution of (2).

If comparison holds for (2), then we would have

u(t, x) ≤ _
u0(x), t ≥ 0, x ∈ Ω.(7)

Next we give a direct proof of this fact, which is later used to prove that comparison
in fact holds. A similar argument shows that

v(t, x) ≥ ^
v0(x), t ≥ 0, x ∈ Ω,(8)

where
^
v0 is the convex envelope of v0.

Let µ be an arbitrary affine function such that

u0(x) ≤ µ(x), x ∈ Ω.(9)

Let ε > 0, T > 0, r ≥ 0, and let

Ur(t, x) = r + rt+ µ(x) + ε|x|2 +
ε

T − t , 0 ≤ t < T, x ∈ Ω.

Since u is upper semi-continuous and bounded from above there are by (9) positive
numbers r such that u(t, x) ≤ Ur(t, x) for all t ∈ [0, T ) and x ∈ Ω. Let r0 be the
infimum of these numbers. Thus we have

u(t, x) ≤ r0 + r0t+ µ(x) + ε|x|2 +
ε

T − t , 0 ≤ t < T, x ∈ Ω.(10)
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If r0 > 0, then there must be some point (t0, x0) where we have equality (other-
wise we could make r0 smaller), that is,

u(t0, x0) = Ur0(t0, x0).

(Note that r0, t0, and x0 depend on ε.) By the definition of Ur we know that
u(t0, x0) > 0 and therefore we must have t0 > 0 and x0 ∈ Ω. Since u is a subsolution
it follows that

r0 +
ε

(T − t0)2
+ F

(
u(t0, x0), Dxµ(x0) + 2εx0, D

2
xµ(x0) + 2εI

)
≤ 0.

Because µ is affine we have D2
xµ(x0) = 0 so that we see from assumption (ii) that

r0 + F
(
0, Dxµ(x0) + 2εx0, 2εI

)
≤ 0.

Now r0 and x0 depend on ε and since ε|x0|2 must be bounded by the supremum
of u(t, x) on [0, T ] × Ω, we conclude that limε↓0 ε|x0| = 0. Using assumption (iii)
and the fact that Dxµ is constant we conclude that lim supε↓0 r0 = 0. Since ε was
arbitrary, it follows from (10) that u(t, x) ≤ µ(x) when 0 ≤ t < T and x ∈ Ω. But
since T and µ were arbitrary, and since

_
u0 is the infimum of all affine functions

satisfying (9), we conclude that we actually have (7).
Next we shall prove that

_
u0(x) ≤ ω(|x− y|), x ∈ Ω, y ∈ ∂Ω.(11)

(We could easily prove that ω is a modulus of continuity for
_
u0 in Ω.) To prove

this inequality, suppose that x ∈ Ω and y ∈ ∂Ω and let ε > 0 be arbitrary. By
[5, Corollary 17.1.5, p. 157] there are points x0, x1, . . . , xd ∈ Ω and nonnegative
numbers λ0, λ1, . . . , λd such that

∑d
j=0 λj = 1,

∑d
j=0 λjxj = x and

_
u0(x) ≤

d∑
j=0

λju0(xj) + ε.(12)

Suppose there are numbers cj ≥ 0 such that xj + cj(y − x) ∈ Ω, j = 0, 1, . . . , d,

and such that β def=
∑d
j=0 λjcj > 1. Then

∑d
j=0 λj(xj+cj(y−x)) = x+β(y−x) ∈ Ω,

but this implies, since Ω is convex and open, x ∈ Ω, and β > 1 that y /∈ ∂Ω which
is a contradiction. Thus we can for all j = 0, 1, . . . , d find numbers cj ≥ 0 such
that xj + cj(y − x) ∈ ∂Ω if λj > 0, and such that β =

∑d
j=0 λjcj ≤ 1.

By (v) we conclude that if xj + cj(y − x) ∈ ∂Ω, then u0(xj) ≤ ω(cj |y− x|), and
therefore it follows from (12) and from the facts that β ≤ 1 and ω is nondecreasing
and concave that

_
u0(x) ≤

d∑
j=0

λju0(xj) + ε ≤
d∑
j=0

λjω(cj|y − x|) + ε

≤ ω

 d∑
j=0

λjcj |y − x|

+ ε = ω(β|x− y|) + ε ≤ ω(|x− y|) + ε.

Since ε > 0 was arbitrary, this gives the inequality in (11).
Combining (7) with (11) we conclude that

u(t, x) ≤ ω(|x− y|), x ∈ Ω, y ∈ ∂Ω.(13)
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Similarly we also get, using the convex envelope of v0 instead, that

v(t, x) ≥ −ω(|x− y|), x ∈ Ω, y ∈ ∂Ω.(14)

Now we proceed using the same techniques as in [1]. Define

E0
def= sup

x∈Ω

(
u0(x) − v0(x)

)+
and M0 = diam

(
R(u0) ∪R(v0)

)
.(15)

Let T > 0 and ε > 0 be arbitrary and let

σ
def= sup

t∈[0,T )
x∈Ω

(
u(t, x)− v(t, x) − ε

T − t −
ε
2 |x|

2
)
− E0.

If σ ≤ 0 for arbitrarily small ε we get directly the desired conclusion, so we shall
assume that σ > 0. Let δ ∈ (0, 1) and λ ≥ ε be arbitrary and define

(16) ψ(t, x, y) def= u(t, x)− v(t, y)− ε

T − t −
(1− δ)σ

T
t

− 1
2λ|x − y|

2 − 1
2ε|x|

2, t ∈ [0, T ), x, y ∈ Ω.

First we observe, by considering the possibility that x = y, that we must have

sup
t∈[0,T )
x,y∈Ω

ψ(t, x, y) ≥ σ + E0 − (1− δ)σ = δσ + E0.(17)

Next, note that because u is bounded from above and v is bounded from below
there cannot be a sequence (tn, xn, yn)∞n=1 in [0, T ) × Ω × Ω such that we would
have

lim
n→∞

ψ(tn, xn, yn) = sup
t∈[0,T ),x,y∈Ω

ψ(t, x, y)

and

sup
n≥1

(
|xn|+ |yn|+

1
T − tn

)
=∞.

It follows, because u is upper and v is lower semi-continuous, that there is a point
(t0, x0, y0) ∈ [0, T )× Ω× Ω such that

ψ(t0, x0, y0) ≥ ψ(t, x, y), (t, x, y) ∈ [0, T )× Ω× Ω.(18)

On the other hand, we have by (7), (8), (15), (17), and the assumption that
σ > 0 that

0 ≤ ψ(t0, x0, y0) ≤M0 − 1
2λ|x0 − y0|2 − 1

2ε|x0|2,
and it follows that

|x0 − y0| ≤
√

2M0

λ
, |x0| ≤

√
2M0

ε
.(19)

Suppose that t0 > 0 and that x0 and y0 ∈ Ω. Then we can apply [3, Thm. 8.3]
to conclude (cf. the proof of [3, Thm. 8.2]) that there are numbers a and b and
symmetric matrices X and Y such that(

a, λ(x0 − y0) + εx0, X
)
∈ P 2,+

Ω (u, t0, x0) and(
b, λ(x0 − y0), Y

)
∈ P 2,−

Ω (v, t0, y0),
(20)
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and such that

a− b =
(1− δ)σ

T
+

ε

(T − t0)2
(21)

and

(22) − (3λ+ ε)
(
I 0
0 I

)
≤
(
X 0
0 −Y

)
≤ (3λ+ ε)

(
I −I
−I I

)
+
(

( ε
2

λ + 2ε)I 0
0 −εI

)
.

We conclude by (20) and (21), after subtracting the two inequalities that one
gets from the definitions of subsolutions and supersolutions, that

(1− δ)σ
T

+
ε

(T − t0)2
+ F (u(t0, x0),p + εx0, X)−G(v(t0, y0),p, Y ) ≤ 0,(23)

where p def= λ(x0 − y0).
Let pF

def= p + εx0, α∗(q) = a(|q|) + α(q), and β∗(q) = b(|q|) + β(q). By (22)
we have for an arbitrary e ∈ Rd,

α∗(pF )〈e, Xe〉 − β∗(p)〈e, Y e〉 =
〈(√

α∗(pF )e√
β∗(p)e

)
,

(
X 0
0 −Y

)(√
α∗(pF )e√
β∗(p)e

)〉
≤ (3λ+ ε)

(√
α∗(pF )−

√
β∗(p)

)2

〈e, e〉+ 3εα∗(pF )〈e, e〉,

where we used λ ≥ ε. By choosing e to be the vectors in an orthonormal basis, and
then adding, one gets

(24) α∗(pF )tr(X)− β∗(p)tr(Y ) ≤ (3λ+ ε)d
(√

α∗(pF )−
√
β∗(p)

)2

+ 3dεα∗(pF ).

Similarly, we also get from (22) that

(25)
a′(|pF |)
|pF |

〈pF , XpF 〉 −
b′(|p|)
|p| 〈p, Y p〉

≤
〈√a′(|pF |)

|pF | pF√
b′(|p|)
|p| p

 ,

(
X 0
0 −Y

)√a′(|pF |)
|pF | pF√
b′(|p|)
|p| p

〉

≤ (3λ+ ε)

∣∣∣∣∣
√
a′(|pF |)
|pF |

pF −

√
b′(|p|)
|p| p

∣∣∣∣∣
2

+ 3εa′(|pF |)|pF |.

From (22) it also follows that

X ≤ Y + 2εI and ‖X‖ ≤ 3λ+ 4ε.(26)

When we use (19), (24), (25), and (26) together with the fact that u(t0, x0) ≥
v(t0, y0) because σ > 0, we get from (23) and from the monotonicity properties of
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f and g that

(27) σ ≤ T

1− δ sup
|qF |≤

√
2εM0

sup
(r,q,X)∈Dλ+2ε

(
g(r,q, X − 2εI)− f(r,q + qF , X)

+ (3λ+ ε)d
(√

a(|q + qF |) + α(q + qF )−
√
b(|q|) + β(q)

)2

+ (3λ+ ε)

∣∣∣∣∣
√
a′(|q + qF |)
|q + qF |

(q + qF )−
√
b′(|q|)
|q| q

∣∣∣∣∣
2

+ 3dε
(
a(q + qF ) + α(q + qF )

)
+ 3εa′(|q + qF |)|q + qF |

)+

.

Suppose next that t0 > 0 and y0 ∈ ∂Ω. Then it follows from (7) and (11) because
v(t0, y0) ≥ 0 that

u(t0, x0)− v(t0, y0) ≤ ω(|x0 − y0|).
It is clear that we get the same inequality if x0 ∈ ∂Ω. From (15), (16), (17), and
(18) we now conclude that

σ ≤ 1
δ

(
ω(|x0 − y0|)− λ

2 |x0 − y0|2
)
.(28)

Suppose finally that t0 = 0. By (17) and (18) we must have

δσ + E0 ≤ u(0, x0)− v(0, y0)− λ
2 |x0 − y0|2 ≤ u0(x0)− v0(y0)− λ

2 |x0 − y0|2

≤ |u0(x0)− u0(y0)|+ E0 − λ
2 |x0 − y0|2,

and by (4) we have (28).
Now we have two upper bounds for σ, i.e., (27) and (28), depending on whether

t0 is positive or not and whether at least one of the points lies on the boundary.
Thus we get an upper bound of the form max{ µ

1−δ ,
η
δ } and by choosing δ = η

µ+η it
becomes µ+ η. Hence we have (trivially in the case σ ≤ 0 as well)

(29) σ ≤ sup
x,y∈Ω

(
ω(|x− y|)− λ

2 |x− y|
2
)

+ T sup
|qF |≤

√
2εM0

(
sup

(r,q,X)∈Dλ+2ε

(
g(r,q, X − 2εI)− f(r,q + qF , X)

+ (3λ+ ε)d
(√

a(|q + qF |) + α(q + qF )−
√
b(|q|) + β(q)

)2

+ (3λ+ ε)

∣∣∣∣∣
√
a′(|q + qF |)
|q + qF |

(q + qF )−

√
b′(|q|)
|q| q

∣∣∣∣∣
2

+ 3dεa(q + qF ) + 3dεα(q + qF ) + 3εa′(|q + qF |)|q + qF |
))+

.

If now x ∈ Ω and t ∈ [0, T ) are arbitrary, then we have by the definition of σ
that

u(t, x)− v(t, x) ≤ E0 + σ +
ε

T − t + ε|x|2.
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If we now use (29) in this inequality and then let ε ↓ 0, we get for x ∈ Ω and
t ∈ [0, T )

(30) u(t, x)− v(t, x) ≤ sup
y∈Ω

(
u0(y)− v0(y)

)+ + sup
r≥0

(
ω(r)− λ

2 r
2
)

+ T sup
(r,q,X)∈Dλ

(
g(r,q, X)− f(r,q, X) + 3λ

(√
|q|a′(|q|) −

√
|q|b′(|q|)

)2

+ 3λd
(√

a(|q|) + α(q) −
√
b(|q|) + β(q)

)2
)+

,

since f is lower semi-continuous, g is upper semi-continuous and the functions α,
β, a, b, ra′(r), and rb′(r) are continuous.

If we have f = g, a = b, α = β and u0(x) ≤ v0(x) for all x ∈ Ω, then we let
λ→ ∞ in (30) and conclude that u(t, x) ≤ v(t, x) for all t ≥ 0 and x ∈ Ω, that is,
comparison holds. If u and v are solutions of (2) and (3), respectively, then we can
interchange the role of u and v above and conclude that (5) holds.

Thus it remains to show that there are solutions of (2) and (3). Uniqueness will
then follow from the fact that comparison holds. The argument is essentially the
same as in [3, Sec. 4] (but see also [4]) and we consider equation (2) only. Note
that for this argument there is nothing to be gained by not writing the equation in
the form

ut + F (u,Dxu,D
2
xu) = 0.(31)

First we observe that we have the following version of [3, Lemma 4.2]: LetW be
a set of subsolutions of equation (31) in (0,∞)×Ω. If W (t, x) = sup{w(t, x)

∣∣ w ∈
W }, then W ∗ is a subsolution of ut+F (u,Dxu,D

2
xu) = 0 in (0,∞)×Ω, where W ∗

is the upper semi-continuous envelope of W . The proof is almost exactly the same
as in [3] and the convexity of Ω is, of course, not needed here.

Suppose for the moment that u0 ∈ C2(Ω;R) with bounded second derivatives
and let

c
def= sup

{
|F (r,p, X)|

∣∣ r = u0(x),p = Dxu0(x), X = D2
xu0(x), x ∈ Ω

}
.(32)

Then we easily see that −ct+u0(x) is a subsolution and ct+u0(x) is a supersolution
of (31) on (0,∞) × Ω. Above we showed that the maximum of two subsolutions
is a subsolution so we know that max{^u0(x),−ct+ u0(x)} is a subsolution of (31).
Similarly, min{_u0(x), ct+ u0(x)} is a supersolution.

For t ≥ 0 and x ∈ Ω let

u(t, x) def= sup
{
w(t, x)

∣∣ w is a subsolution of (2) and if s ≥ 0 and y ∈ Ω,

then max{^u0(y),−cs+ u0(y)} ≤ w(s, y) ≤ min{_u0(y), ct+ u0(y)}
}
.

If we let u∗ be the upper semi-continuous envelope of u, then it follows by the
result above that u∗ is a subsolution of (31) and by the definition of u and by
(11) (and the corresponding inequality for

^
u0) we conclude that the initial and

boundary conditions are satisfied. Since we can use almost the same argument as
in [3, proof of Thm. 4.1] to show that u∗ (the lower semi-continuous envelope of u)
is a supersolution, we conclude from the fact that the comparison principle holds
that u∗ = u∗ and we have found a solution.



3660 G. GRIPENBERG

If u0 is not twice continuously differentiable, then we can approximate it by such
functions and use the estimate contained in (5) to show that these approximations
converge uniformly, and therefore their limit is a viscosity solution; cf. [3, Sec. 6].
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