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SYMMETRIC PRESENTATIONS OF ABELIAN GROUPS

MIKLÓS ABÉRT

(Communicated by Stephen D. Smith)

Abstract. We characterise the abelianisation of a group that has a presenta-
tion for which the set of relations is invariant under the full symmetric group
acting on the set of generators. This improves a result of Emerson.

Symmetric presentations have been investigated for a long time (see [Cox], [Eme],
[Bee] and [CM]). Recently the focus of interest has been in constructing the finite
simple groups in this way. The sporadic case is investigated in [Cu1], [Cu2], [CHB]
and [BC] while the Lie-type case is treated in [CR], [CRW], [RC] and [CHLR].

Definition 1. Let G = (F | R) be a presentation of the group G. We call this
presentation symmetric if R is invariant under the action of the full symmetric
group permuting the generating set F .

Definition 2. Let G = 〈g1, g2, . . . , gn〉 be an arbitrary group. We say that the
gi’s symmetrically generate G if the presentation belonging to that generating set
is symmetric.

In this paper we determine which finite Abelian groups can be symmetrically
generated. This can be considered as a ‘test of symmetric generation’ for an arbi-
trary group G, since if G is symmetrically generated, then its abelianisation G/G′

is symmetrically generated as well. Our result is a generalisation of the results of
Emerson (see [Eme]), who gives the canonical form of the abelianisation of a group
that can be defined by a single relation and all of its permutations. He expresses
the canonical form from the exponent sums of the single relation. We make use of
the methods of Emerson and obtain a somewhat surprising result.

Theorem 1. Let G be a finite Abelian group. Then G can be symmetrically gen-
erated by n > 2 elements if, and only if, there are positive integers a, b, c such
that

(i) G = Za × Zn−2
ab × Zabc, and

(ii) gcd(b, c)|n.

Comment. The case n = 2 is trivial, since Zab×Za ' 〈x, y | xab = yab = (xy−1)a =
x−1y−1xy = 1〉.
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Proof. First we prove that if G is symmetrically generated, then (i) and (ii) hold.
Let G = 〈g1, g2, . . . , gn〉 be a symmetric generating set of G. For an arbitrary

integer F that will be specified later, let us define h1, . . . , hn ∈ G in the following
way:
h1 = g1,
hi = ig1 −

∑i
j=1 gj (1 < i < n),

hn = Fg1 −
∑n

j=1 gj.
We claim that there is an F for which h1, h2, . . . , hn is a base of G. We have to

prove that G = 〈h1, h2, . . . , hn〉 and that if
∑n
j=1 rjhj = 0, then rjhj = 0 for all j.

Now G = 〈h1, h2, . . . , hn〉 directly follows from the fact that the transformation
matrix of gi → hi,

M =



1 0 0 . . . 0 0
1 −1 0 . . . 0 0
2 −1 −1 . . . 0 0
...

...
...

. . .
...

...
n− 2 −1 −1 . . . −1 0
F − 1 −1 −1 . . . −1 −1


,

has det(M) = (−1)n−1, so it can be inverted over Z.
Let us assume that

∑n
j=1 rjhj = 0 and there is an index k < n, for which

rkhk 6= 0. Let k be the largest such index.
First suppose that 1 < k < n. Taking the nonzero parts of the sum

∑n
j=1 rjhj =

0 and using the definition of hi we get
∑n

j=1 sjgj = 0 where sk = −(rk + rn),
sk+1 = −rn. Now using the symmetry of the generating set g1, g2, . . . , gn of G, and
applying the transposition (k, k + 1), finally taking the difference of the two zero
sums we get rk(gk − gk+1) = 0. Using the symmetry again we get rk(gi − gj) = 0
for all i 6= j. But then 0 6= rkhk = rk

∑k
j=1(g1 − gj) = 0, which is a contradiction.

So we have to find an F for which h1 and hn are independent and we will be
done.

Let p be the order of h1 = g1. Then for all g ∈ G, pg = 0 because of the
symmetry. So 〈h1〉 is a cyclic subgroup of maximal order in 〈h1,

∑n
j=1 gj〉 and, as

such, it has a direct complement. So we have an integer F such that

〈h1,
n∑
j=1

gj〉 = 〈h1〉 ⊕ 〈Fh1 −
n∑
j=1

gj〉.

We have proved that h1, h2, . . . , hn is a base of G.
Now we show (i) and (ii). Let q be the order of h2. Then q(g1 − g2) = 0.

Using the symmetry we get q(gi − gj) = 0, from which qhk = q
∑k

j=1(g1 − gj) = 0
follows for all 1 < k < n. On the other hand, let us assume that there is a
z ∈ Z, for which zhk = 0 for some 1 < k < n. Using the definition of hk we get∑n
j=1 sjgj = 0, where sk = −z, sk+1 = 0. Applying the transposition (k, k+ 1) for

this and subtracting the result from the former equation we get z(gk − gk+1) = 0.
By symmetry zh2 = z(g1 − g2) = 0 follows. So for all 1 < k < n the order of hk is
q.

Now let c = p/q and let a be the order of hn. Here 0 =
∑n

j=1 q(g1 − gj) =
qng1 − q

∑n
j=1 gj , so qhn = q(Fg1 −

∑n
j=1 gj) = (qF − qn)h1. Thus using the
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independence of h1 and hn we have qhn = 0 and q(F − n)h1 = 0, proving a|q and
p|q(F − n), that is, c|F − n.

Now 0 = ahn = aFg1 − a
∑n
j=1 gj . Applying the transposition (1, 2) to this

equation and subtracting the result we get 0 = aF (g1 − g2) = aFh2, so q|aF . Let
b = q/a; then we have b|F . Now let d = gcd(b, c). Then d|F and d|(F − n), and
hence d|n which is what we wanted to prove.

Conversely we show that if a finite Abelian group satisfies (i) and (ii), then it
can be symmetrically generated.

Let G = 〈h1, h2, . . . , hn〉 be a canonical generating set of G, so that the i-th
component of the product in (i) belongs to hi.

We can solve the Diophantine equation n = bx − cy, because gcd(b, c)|n. Let
F = bx. Now b|F and c|F − n. Let us define g1, . . . , gn in the following way:
g1 = h1,
g2 = h1 − h2,
gi = h1 + hi−1 − hi (2 < i < n),
gn = (F − n+ 1)h1 + hn−1 − hn.
We claim that g1, g2, . . . , gn is a symmetric generating set of G.
The claim G = 〈g1, g2, . . . , gn〉 directly follows from the fact that the transfor-

mation matrix of hi → gi,

N =



1 0 0 0 . . . 0
1 −1 0 0 . . . 0
1 1 −1 0 . . . 0
1 0 1 −1 . . . 0
...

...
...

...
. . .

...
F − n+ 1 0 0 0 . . . −1


,

has det(N) = (−1)n−1, so it can be inverted over Z (in fact, it is the inverse of the
matrix M).

To prove the symmetry, we only have to show that for all 1 ≤ k < n the
transposition (k, k + 1) brings all relations to a relation, because these transposi-
tions generate the full symmetric group. Or, equivalently, we have to prove that if∑n
j=1 rjgj = 0, then we have

∑k−1
j=1 rjgj + rk+1gk + rkgk+1 +

∑n
j=k+2 rjgj = 0.

Using the definition of gj and the fact, that h1, h2, . . . , hn is a canonical gener-
ating set of G belonging to (i), we get the following reformulation of

∑n
i=1 riyi = 0:

(1)
∑n

i=1 ri + (F − n)rn ≡ 0 (mod abc),
(2) ri+1−ri ≡ 0 (mod ab) for all 1 < i < n (so these coefficients are all congruent

modulo ab),
(3) rn ≡ 0 (mod a).
All we have to prove is that this congruence system remains true if we apply the

transposition (k, k + 1) to (r1, r2, . . . , rn).
If 1 < k < n− 1, then (1) and (2) trivially remains true, while (3) even formally

does not change.
Let k = n−1. We know that c|F−n and ab|(rn−rn−1), so (F−n)(rn−rn−1) ≡ 0

(mod abc).
Subtracting this congruence from (1) we obtain

∑n
i=1 ri + (F − n)rn−1 ≡ 0

(mod abc) which precisely means that (1) remains true. Now (2) remains true
trivially, while (3) remains true because from (2) we infer rn−1 ≡ rn (mod a).
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Lastly, if k = 1, then we only have to check (2), the other two remaining true
formally. We know that b|F and a|rn, so ab|Frn. From this we get

rn ≡ −(F − 1)rn ≡ −(F − n)rn − (n− 1)rn ≡
n∑
i=1

ri − (n− 1)rn ≡ r1 (mod ab)

by (2), but then we have r1 ≡ rn ≡ r2 (mod ab) and so (2) remains true.
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