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ABSTRACT. This paper introduces a nonoscillatory theory for differential in-
clusions based on fixed point theory for multivalued maps.

1. INTRODUCTION

This paper presents new nonoscillatory results for the differential inclusions

(L) @)y () € e(t) + F(t,y(®), ¢ > 1o >0,
and
(12) % (0 G0 +oslt=1D) € Flo), o>t

Recall that a nontrivial solution of (1.1) or (1.2) is called oscillatory if it has arbitrar-
ily large zeros; otherwise it is called nonoscillatory. In the single valued case many
nonoscillatory results are available in the literature [I], [6], [9], [10], [12], [13], [I5],
[I7)—[21] for (1.1) and (1.2). However, to our knowledge, no nonoscillatory results
are available for the multivalued case. Our results rely on two fixed point results, the
first known as Ky—Fan’s fixed point theorem [2], [8], [I1] and the second known as
the Fitzpatrick—Petryshyn fixed point theorem [7], and on a compactness criterion
5] in B[T,00) (the Banach space of all continuous, bounded real valued functions
on [T, 00) endowed with the usual supremum norm, i.e. |u|oc = SUP;cir,o0y |u(t)]
for u € B[T, c0)).

Theorem 1.1. Let @ be a nonempty, closed, convex subset of a Banach space
E and F: Q — CK(Q) an upper semicontinuous, compact map; here CK(Q)
denotes the family of nonempty convexr compact subsets of Q. Then there exists
x € Q with © € F(x).

Theorem 1.2. Let @ be a nonempty, closed, convex subset of a Banach space
E and F: Q — CK(Q) an upper semicontinuous, condensing map with F(Q)
bounded. Then there exists x € Q with x € F(x).

Theorem 1.3. Let E be an equicontinuous and uniformly bounded subset of the
Banach space B|T,00). If E is equiconvergent at oo, it is also relatively compact.
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2. DIFFERENTIAL INCLUSIONS
In this section we discuss the differential inclusion
(2.1) (a(t)y (1)) € e(t) + F(t,y(t), t>to>0;

the functions a and e are single valued and F' is a multifunction.
For our first result we assume the following conditions hold:

(2.2) a € C([tg,o0),RT),

(2.3) e € L' ([ty, =), R™),

(2.4) In € O([tg, <), R) with (a(t)n'(t)) =e(t) forae. t>tg
and

F:[tg,0) x R — CK(R) is a L!'-Carathéodory
multifunction. By this we mean:

(a) for each measurable w: [tg,00) — R, the map

t — F(t,u(t)) has measurable single valued selections,
(2.5) (b) for a.e. t € [tg,00), the map ur— F(t,u)

is upper semicontinuous,

(c) for each 7 >0 there exists h, € L![ty,00) with
|F'(t,u)| < hy(t) fora.e. t€[ty,00) and all u e R with
|u| <r; here |F(z,u)| =sup{|v|: v € F(z,u)}

and

(2.6) inf n(t) > —o0.
te[to,oo)

Remark 2.1. In (2.5), part (a) could be replaced by: the map t — F(t,u) is

measurable for all u € R.

Now let 8 € R be such that

(2.7) 8> — inf nt),
tE[to,OO)

and let d > 0 be such that
(2.8) g+ inf n(t)>d

t€[to,00) -

Theorem 2.1. Suppose (2.2)—(2.6) hold, and let 3 (respectively d) be chosen as in
(2.7) (respectively (2.8)). Also assume the following three conditions are satisfied:

(2.9) F : [tg,00) x (0,00) — CK([0,00)),
(2.10) IM >d with M > 3+ sup n(t),
t>to
and
o0 1 o0
2.11 / —/ sup |F(t,w)|dtds < oo.
( ) a(s) Js weld, M) [t )

Then there is a nonoscillatory solution y of

(a()y' (1)) € e(t) + F(t,y(t), t=T,
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NONOSCILLATORY SOLUTIONS OF DIFFERENTIAL INCLUSIONS 131

with
lim (y(t) —=n(t) = and lim a(t) (y(t) - 0(t)) = 0;

t—o0

here T is chosen as in (2.12).

Proof. From (2.11) there exists T > tg with
o0 1 o0
(2.12) / — / sup |F(t,w)|dtds < M — [ﬁ—i—sup n(t)] .
v a(s) Js  weld t>T
We wish to apply Theorem 1.1 with E = (B[T,00), |.|o) and
Q={yeB[T,0): d<y(t)<M for t >T}.

Clearly @ is closed and convex. Also if y € @, then for ¢t > T we have from (2.9)
and the definition of ) that

0<u(t)< sup |F(t,w)| for each u(t) € F(¢,y(t)).
we[d,M]

Define a mapping N : Q — P(E) (the power set of E) by (here y € @)
Ny(t) =B+ n(t) +/ % / F(z,y(z))dzds for t>T.

t

In fact [4, p. 777, Proposition 1.1] guarantees that N : Q — C(E); here C(E)
denotes the family of nonempty, convex subsets of E. We first show

(2.13) N:Q — C(Q).
For notational purposes for any y € @ let

F(y)={ue L' T, 00): u(t) € F(t,y(t)) forae. te[T,00)}.
Let y € @, and take w € N y. Then there exists 7 € F(y) with

w(t)—ﬂ—i—n(t)—i—/too %/O@ T(z)dxds for t>T.

Then for ¢t > T we have from (2.12) that

6+ sup n(t) + L' @)/ sup |F(t,w)] dt ds

t>T we(d,M]

w(t)

IN

< B+ sup n(t) { {ﬂ—i—supn H M.

t>T t>T

As aresult w(t) < M for t > T for each w € Ny. On the other hand if ¢t > T
we have

w(t) 2 B+ n(0) 2 B+ jnf n(0) 2 d

As aresult w(t) > d for t > T for each w € Ny. Thus (2.13) holds.
Next we show

(2.14) N :Q — C(Q) is a compact map.

To see this we will use Theorem 1.3. For y € Q let G(y) = Ny —n. Take any
y €@ and w € G (y). Then there exists 7 € F(y) with

w(t)—ﬂ—f—/too %/:O T(z)dxds for t>T.
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Now since N : Q — C(Q) we have for ¢t > T that
w(t) < M +max {|d - 5], |M - 5]},
and so for each w € Gy we have that

|Wleo = sup |w(t)] < M 4+ max {|d— 3|,|M — 3|} foreach ye Q.
te[T,00)

Thus the set
Y={Ny—0: ye@} isa uniformly bounded subset of BT, o).
Also for each t > T we have
o0 1 o0
(2.15) lw(t) — B < / — / sup |F(z,w)|dzds
¢ als) Jo o weld M

for w e Gy, y € Q. Now (2.11) and (2.15) guarantee that the set Y is equicon-
vergent at oco. Also for t1, to with T <t; <ty we have

to 1 [e'e]
|w(t2)—w(t1)|§/ —/ sup | F(z,w)| da ds
th a(s) s weld,M)]

for w € Gy, y € Q. Now Theorem 1.3 guarantees that Y is relatively compact in
B|T,c0), and as a result (2.14) holds.
It remains to show that

(2.16) N :Q — CK(Q) is an upper semicontinuous map.

From (2.16) and [2] p. 465] it is sufficient to show that the graph of N, G(N), is
closed. Consider (zn,yn) € G(N) with (z,,y,) — (z,y); here n € Ng = {1,2,...}.
We must show z € Ny. Fix t € [T,00). Note |y|oo < M, |ynloo < M for n € Ny,
since y, yn € Q for n € Ny. Also there exists v, € F(y,) with
z,(t) = B +n(t) + ftoo a(ls) fsoo vp () dx ds

=B+nt) + ftoo v () ftx a(ls) dsdzx.

We must show that there exists v € F(y) with

:v(t)—ﬂ+n(t)+/too L /:O u(x) dz ds.

(2.17)

a(s)
Notice (2.5) guarantees that there exists an hyy € LT, 00) with |v,,(s)| < har(s)
for a.e. s € [T,00). Consider {vy,}nen,. Take k € No and k > t. From (2.17) we
have
(2.18)
k zq 0o T q
x (t)—ﬁ—n(t)—/ v (x)/ —— dsdz S/ hM(a:)/ —— dsdz.

" b ¢ a(s) k ¢ als)
A standard result from the literature [16] Proposition 1.4] guarantees that Fj :
B[T,k] = C[T,k] — L*T,k] is upper semicontinuous with respect to the weak
topology (w—u.s.c.) and also weakly completely continuous; here Fj, is given by

Fe(w) ={ue LT, k] : u(t) € F(t,w(t)) forae. te [T kl}.

Now since v, € Fi (yn) for n € Ny, there exists a ux € L'[T, k] and a subsequence

of S of Ny with v, converging weakly in L*[T, k] to ux (i.e. v, — uy in LT, k])
as n — oo in S. Now y, — y in C[T,k] and v, — ug in LT, k] as n — oo
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in S, together with v,, € F, (y,) for n € S and F : C[T, k] — LY [T, k] w-us.c.,
implies that

(2.19) ug € Fi (y).

Note as well that |y|x = supscir ) [¥(s)] < M, |ynli < M for n € S, and |ug(z)| <
har(x) for ae. x € [T,k]. Let n — oo through S in (2.18) to obtain

(2.20)
t t ' tl dsdzx| < - h t dsd
o) =f=n) = [ wlo) [ dsas < [ i) [ s dsa

Similarly we can show that there exists uxy1 € LT,k + 1] and a subsequence
of S, say Si, with v, — wgyr in LYT,k+1] as n — oo in S; and with
Uk+1 € Fre1 (y). Of course this implies v, — ugy1 in LT, k] as n — oo in Sy
s0 ugt+1(x) = ug(x) fora.e. x € [T, k]. In addition note |ugt1(z)| < har(z) for a.e.
x € [T, k+1]. Continue and construct ugi2, Ugts,... . For I € {k,k+1,..} = P let
uj(z) be any extension to [T, 00) of w; with |uj(z)| < har(x) for ae. z € (1, 00).
Also let

Fi(w) = {v e LT, 00) : v(z) € F(z,w(x)) for a.e. z € [T,I],
[v(z)] < har(x) for ae. x € [T, 00)}.

Now {u}},ep is a weakly compact sequence in L[T,00) (see [3] or [5]) so there
exists a subsequence which converges weakly to a function u € L'[T,00). Note
u(z) = ug(x) for a.e. x € [T,k since uptm(r) = up(x) for a.e. x € [T, k], here

m € Nyp. This together with (2.20) yields
o xT 1
< ha () / ——dsdx.
/k ¢ als)
We next claim that

(2.21)
k T
x(t) — B —n(t) —/1t u(x) /t € ds dx
(2.22) Fly)=() 7y (here K ={[T]+1,[T]+2,..})

a(s)
leK

(and F (w) is nonempty, closed and convex). Note first that |ylcc < M so
|F(z,y(x))| < hap(z) for ae. x € [T,00). Let yi be the restriction to the in-
terval [T, k], k € Ny, of y. Note [8, 1] or [14] that

Fr(yp) = {v € LYT, k] : v(z) € F(z,yp(x)) forae. €T, k|}
is closed in L'[T, k] for all k € K. Let
Fi(yx) = {v € L'T,00) : v € Fp (y) for z e [T,k
and v(z) =0 for x> k}.
It is immediate that F} (yx) is a closed set in L'[T,00) for each k € K. Let
Ry = {v e LYT,0) : v(z) =0 for z € [T, k],
|v(x)] < hp(x) for a.e. x € (k,00)}
and notice it is clear that

Fi(y) = Fi (yr) © Ry
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It is clear that F} (y) is a closed set in L'[T,00). Also for each k € K we have
F(y) € Ff (y) and so

Fw <) 7w
leK

On the other hand if v € F} (y) for each | € K, then v(z) € F(z,y(x)) for a.e.
x € [T,00) and so

() 7 ) S F(y).
leK

Thus (2.22) holds and also F (y) is a closed subset of L![T,o0). Now since u
belongs to (,cx Fi (y) (note for each I € K that u € Ff (y)) we have u € F (y).
Let k£ — oo in (2.21) to obtain

o) =f=n0) = [ ute) [ s dsde=o

and so
x(t) —/3+n(t)+/t0o %S) /Oo u(x) dz ds.

Consequently G(N) is closed, so N : Q — C(Q) is an upper semicontinuous map
(see [2, p. 465]); in fact (2.14) guarantees that N : Q — CK(Q).

Theorem 1.1 guarantees that there exists y € @ with y € N y. That is for every
t > T we have

mweﬁ+mw+1m 1)/wF@w@»mw&

o

and so
(a(t)y' (1)) € e(t)+ F(t,y(t)) forae t>T.
In addition

ly(t) —n(t) —p] < /tooi/oo sup |F(z,w)|dzds

weE[d,M]

and

la(t) [y(t) —n(®)]| < /tOO sup |F(z,w)|dz — 0 as t — oo.

we[d,M]
O
We next show that we can obtain an existence result for (2.1) if (2.9) is replaced
by
(2.23) F : [tg,0) x (0,00) — CK((—00,0]).

Theorem 2.2. Suppose (2.2)—(2.6) and (2.23) hold, and let 3 (respectively d) be
chosen as in (2.7) (respectively (2.8)). Also assume the following two conditions
are satisfied:

d
(2.24) dK >1 and 3M > — with M >+ sup n(t)
K t>to
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and

o0 1 o0
(2.25) / ) /S wes[lg?M] |F(t,w)|dtds < oo.

Then there is a nonoscillatory solution y of
(a®)y' (1) € e(t) + F(t,y(t), t=T,
with
Jim (y(t) =n(t) =B and  lim a(t) (y(t) —n(t))" = 0;

here T is chosen as in (2.26).

Proof. From (2.25) there exists T' > t( with

(2.26) /TOO % /:O wes[ip?M] |F(t,w)|dtds < (%) d.

We will apply Theorem 1.1 with E = (B[T,0), |.|s) and

d
Q:{yEB[T,oo): ® <y(t)<M for tzT}.
Let N and F be as in Theorem 2.1. First we show
(2.27) N:Q — CQ).

Let y € @, and take w € N y. Then there exists 7 € F(y) with

w(t)=ﬁ+77(ﬁ)+/too ai)/Oo T(x)dxds for t > T.

(s
If ¢t > T we also have
oo 1 oo
wt) > B+nt) —/ — / sup  |F(t,w)| dt ds
T G(S) s we[%’M]
. K-1
B+ inf n(t) ~ <T> d

K-—-1 d
> d— (22— )d=—.
- ( K ) K

As a result w(t) > % for t > T for each w € Ny. On the other hand for ¢t > T
we have

v

w(t) < B +n(t) < B +sup nt) < M.
t>T

As aresult w(t) < M for t > T for each w € Ny. Thus (2.27) holds. Essentially
the same reasoning as in Theorem 2.1 guarantees that

N :@Q — CK(Q) is an upper semicontinuous, compact map.

Apply Theorem 1.1 to deduce the result. O

Notice that it is easy to remove assumption (2.23) (respectively (2.9)) in Theorem
2.2 (respectively Theorem 2.1) if we combine the analysis of both theorems. In this
case (2.24) has to be adjusted slightly.
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Theorem 2.3. Suppose (2.2)—~(2.6) hold, and let 5 (respectively d) be chosen as
in (2.7) (respectively (2.8)). Also assume that the following two conditions are

satisfied:
d
(2.28) dK >1 and 3IM > 7 with M > 3+ sup n(t)
t>to
and
oo 1 oo
(2.29) / — / sup |F(t,w)|dtds < oo.
a(s) S we[%,M]

Then there is a nonoscillatory solution y of
(a®)y' (1) € e(t) + F(t,y(t), t=T,
with
Jim (y(t) —n(®) = 6 and Jim a(t) (y(t) = n(t)) =0
here T is chosen as in (2.30).
Proof. From (2.29) there exists T' > t( with
(2.30)
I ﬁ [ SUD,e[ 4 ] |F(t,w)|dtds
< min{(%) d, M — [3+sup;>p n(t)] }.
Let @ and N be asin Theorem 2.2. Let y € ) and take w € N y. As in Theorem

2.2 we have w(t) > 4 for ¢t > T and as in Theorem 2.1 we have w(t) < M for
t>T. Thus N:Q — C(Q). O

Remark 2.2. Minor adjustments in the analysis of this section would enable us to
discuss the more general differential inclusion

(a(®) bt y(t))") € e(t) + F(t,y(t)), t=to=0.
3. NEUTRAL INCLUSIONS

In this section we discuss the neutral inclusion

d d

B g (a0 60 +pl-)) € Fey0) 2020

the function a is single valued, p and 7 are constants, and F' is a multifunction.
For the result in this section we assume the following conditions hold:

(3.2) reRT,
(3.3) a € C([ty,),R™T),
and

(34) F:[tg,00) x R — CK(R) isan L'-Carathéodory multifunction.

Theorem 3.1. Suppose (3.2)~(3.4) hold. Also assume the following three condi-
tions are satisfied:

(3.5) F : [tg,0) x (0,00) = CK((—00,0]),

(3.6) pl # 1,
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and
oo 1 oo
(3.7) JK >0 with / —/ sup |F(t,w)|dtds < oo.
a(s) S we[%,K]
Then

& (40 500 +mt =) € Flso). o>

has a bounded nonoscillatory solution; here T > to is suitably chosen (see the proof
of the theorem).

Remark 3.1. One cannot expect an analogue of Theorem 3.1 for the case |p| =1
even in the neutral equation case [6] Chapter 5] (see also [I, Chapter 3] for some
partial results when [p| = 1).

Proof. The proof will be broken into two cases, namely |[p| <1 and [p| > 1.
Case (I). |p| < 1.

Choose T > tg so that t — 7 > tg for ¢t > T and

(3.8) /oo L) /oo sup  |P(tw)|dtds < 2 (1 [p]) K.

T G,(S wG[%,K]

W

Let Ty =T — 7. We wish to apply Theorem 1.2 with E = (B[T},0), |.|s) and

K
Q:{yEB[Tl,oo): ?Sy(t)gK for tle}.

Define the single valued map N7 : Q — E and the multivalued map N, : Q —
P(E) as follows (here y € Q):

Niy(®) = { é(1 +p) K —pylt -7, t > T,
and
<t<
Nay(t) = { EO?; %I}FZ,@,(@)M ds, t > T.
First we show
(3.9) N=Ni+N;:Q— C(Q).
For notational purposes for any y € @ let
F(y)={u€ L' T1,00): u(t) € F(t,y(t)) forae. te[Ti,00)}.

Let y € Q,s0 & < y(t) < K for t € [T1,00), and take w € Npy. Then there

exists 79 € F(y) with

w(t):{ {0}, Ty <t<T,

- Jr a(ls) [5° 1o(z)dwds, t >T.

S
Our discussion is broken into two subcases, namely 0 <p <1 and —1 < p < 0.
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Subcase (1). 0 <p < 1.
If Th <t <T, then clearly

Niy(t) +w(t) =

Il
M~

and
3
Ny(t) +w(t) < 7 (1+p) K —p

If t > T, then (3.5) implies

?

Niy(t) +w(?) Zz(l +p) K —py[t—7] > %(1+p)K—pK2

and (3.8) implies

Niy() +u(t) < 3 (0+p) K —pylt -7+ (1-p) K

=~ | w

K 1
A+pK-p5+ 0-pK =K

As a result % < Nyy(t) +w(t) < K for t > Ty for each w € Nay. Thus (3.9)
holds in this case.

Subcase (ii). —1 <p < 0.

If Th <t <T, then clearly

<

3 3 K
Niy(t)+w(t) = —(1+p)K—-pyllT—71]>-(1+p K—-p—
4 4 2

3 1 K

- (24=p)K>=

(4+4p) =72

and
3 3 1
Nw@+ww<1ﬂ+mK—pK—<—~m)K<K~

If t > T, then (3.5) implies

] w

3 K
M)+t > 3040 K -pale -7 > (34 10) K2 5
and (3.8) implies

1
A+p)K-pK+ (1+pK = K.

> w

Nyy(t) +w(t) <

Asaresult £ < Nyy(t) +w(t) < K for t > T for each w € Noy. Thus (3.9)
holds in this case also.
Essentially the same reasoning as in Theorem 2.1 guarantees that

(3.10) Ny :Q — C(E) is an upper semicontinuous, compact map.
Next we claim that

(3.11) N :Q — FE is a contractive map.

To see this notice for y;, yo € @ and T1 <t <T we have

IN1y1(t) = Niyo()| = [p{on [T — 7] — yo[T — 7]} < [pl Y1 — y2loos
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whereas if ¢ > T we have
IN1y1(t) = N1y2(t)| = [p{walt — 7] —valt — 71} < Ip| Y1 — y2e
Combining gives
IN1y1 — N1 y2]loo <P/ Y1 — Y2]o0,

so (3.11) is true since |p| < 1.
Now (3.9), (3.10) and (3.11) imply that

(3.12) N :Q — CK(Q) is an upper semicontinuous, condensing map.

Theorem 1.2 implies that there exists y €  with y € Ny y + Noy. Hence for
t > T we have
3 t 1 00
w0) € J04 0K —pylt -] - [ 5 [ Pay@)deds
4 T G(S) s

and we are finished.
Case (II). [p| > 1.
Choose T > tg so that t — 7 >ty for ¢ > T and

— sup |F(t,w)|dtds < = (|p|—1) K.
| ) Tpl )

Let Ty =T — 7. Let E and @ be as in Case (I). Define Ny : Q@ — E and
Ny :@Q — P(E) as follows (here y € Q):

S(H22) K - LylT+7], Th <t<T,

Niy(t) =9 5 )14y 1

and
{O}a Tl S t S Ta
Noy(t) = t4r

2y(t) _1_11 T+T$fsoo F(x,y(z))drds, t > T.
A slight modification of the argument in Case (I) guarantees that N : Q — CK(Q)
is an upper semicontinuous, condensing map. Now apply Theorem 1.2. [l
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