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ABSTRACT. In this paper we shall prove the following: For every non-trivial
o-product o, of uncountable number of spaces, having at least two points,
o \ 0y, is not pseudonormal. And every non-trivial o-product is not strongly
starcompact.

1. INTRODUCTION

Throughout this paper we assume that each space is a Tj-space having at
least two points. We recall the definition of o-products which were introduced
by H. H. Corson [4].

Definition 1. Let S = {X,|a € Q} be a family of spaces. “c = o(S) is called a
o-product of 8" if there is a point 2* = (2% )aca € X = I{Xa|a € 2} (called the
base point of o) such that o is the subspace of X consisting of z € X such that
Q(z) is finite. Here Q(z) = {ala € Q,z, # x5} Let [Q]" = {a C Q: |a] = n}
for each n € w and put [Q]<¥ = U{[Q]" : n € w}. Here |a|] denotes the cardinal
number of a.

Y={re X :|Q(x)] <w} is called a X-product of S.

A o-product o (resp. X-product X)) is called non-trivial if o # X (resp. ¥ # X).

Let X be a space and 7 be an infinite cardinal number such that |Q] = 7. In
case X, = X for each a € €, let us denote o(S) by o(X7). For a € X, we denote
by a* = (aa)acq, @ = a for each o € Q.

For a finite subset F of Q,TI{X,|a € F'} is said to be a finite subproduct of o.

The following fact concerning o-products is known.

Fact. Let 0 = ¢(S) and 0, = { € 0 : |Q(x)| < n} for each n € w. Then oy, is
closed in o.

In this paper we investigate normality-type properties of special subspaces of
o-products and compactness-type properties of o-products.

In 1959, Corson [4] proved that for every non-trivial X-product ¥, a subspace
¥~ {z} is not normal for every point z € ¥. In 1978, A. P. Kombarov [8] proved
that if a set Z is closed in the m-envelope Y = Y (z*,7) = {y € X = II{X,|a €
Q} 1 |1Q(y)| < 7} and [U{Q(2) : z € Z}| < 7, then Y \ Z is a non-normal subset
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of Y. As corollaries of this theorem we have non-normality of ¥ \ {z}, where X
is a non-trivial X-product and z € ¥, and non-normality of o \ {z}, where o is a
non-trivial o-product of uncountable number of spaces and x € o.

A space X is called pseudonormal if any two disjoint closed sets, one of which
is countable, are separated by open sets in X. Obviously, any normal space is
pseudonormal.

In 1996, Kombarov [9] proved that if Y is a 7-envelope of spaces X,,a €
|| > max{wy, 7}, then a subspace Y ~\ {z} is not pseudonormal for every z € Y.
In particular he obtained the following.

Theorem A (Kombarov [9]). Let S = {X,|a € Q} be a family of spaces such that
|| > wy and let 0 = 0(S). Then o\ oy is not pseudonormal.

In this paper we shall prove a generalization of Theorem A.

2. NORMALITY AND PSEUDONORMALITY

Theorem 1. Let § = {X,|a € Q} be a family of spaces such that |Q| > w1 and let
o =0(S). Then o\ o, is not pseudonormal for each n € w.

Lemma 1. Let § = {X,|a € Q} such that || > wy. Let 0 = o(2“1) be the o-
product with the base point 0*. Here 2 = {0,1} is the discrete space of two points.
Then there is a homeomorphism f from o onto f(o) C o’ such that f(0*) = 2™ and
f(o~ oy) is a closed subset of o’ \ o,. Here o' = o(S) with the base point x*.

Proof. Let us choose a point a, € X, such that a, # x, for each a € Q. Let
us consider wy C Q. Let f: 0 — o’ as follows: for each * = (4)acw, € 0, let

() = (Ya)aca be

*
(03

ao if @ € w and z, = 1,
Ya =

x*  otherwise.

Then f has the desired properties. To prove that f(o \ 7,) is a closed subset of
o' ~Noa),lety € (¢ N o)\ f(o~o,). Then Q(y) N (L~ w1) # (. Let us choose
an element o € Q(y) N (2N w1) and put U = {z € 0/ \ 0}, |20 # 2 }. Then U is an
open neighborhood of y in ¢’ \ ¢/, such that U N f(o \ 0,) = 0.

Since pseudonormality is inherited by closed subspaces, Theorem 1 follows from
Proposition 1 below by using Lemma 1.

Proposition 1. Let o = 0(2¥1) be the o-product with the base point 0*. Then
o\ o, is not pseudonormal for each n € w.

Proof. We denote 0 = {f : w1 — 2|Q(f) is finite}. Here Q(f) = {a € w1|f(a) = 1}.
Put G = 0 \ 0,,. Let us choose a subset A C w; such that |A| = n. For each
«a € wy, let us define f¢: w; — 2 as follows:

w1 it Be AU{al,
f (6){0 ifﬁewl\(AU{Oé})-

Then

(1) f* € opy1 \ oy, for each a € wy L A.

Let us choose subsets I'y and T's of wy such that [T'1| = wy,|T2| =w, 1 NTy =
(Z), (Fl UFQ)QA = (Z),wl =Ty UI'yUA. Put £ = {fa|Oé S Fl} and F = {fa|Oé S FQ}
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Then ENF =0, |F| =w and

(i) E and F are closed subsets in G;

(ii) E and F are not separated by open sets in G.

Proof of (i). To prove that F is closed in G, let f € G~ E. If |Q(f)| > n + 2,
then f ¢ opq1. Put U = G N\ 0pq1. Then U is a neighborhood of f in G such
that UNE = (. If |Q(f)] = n+ 1, then Q(f) ~ A # 0 because |A| = n. Let
a € Q(f) N A. Then f(a) =1. If [ANQ(f)| =n, then o € T'y because f ¢ E. Put
U ={g € G|g(a) = 1}. Then U is a neighborhood of f in G such that U N E = {.
If [JANQ(f)|] < n, then there exists an element 3 € A such that f(8) = 0. Put
U = {g € Glg(B) =0}. Then U is a neighborhood of f in G such that UNE = §.
Therefore it is proved that F is closed in G. Quite similarly it is proved that F' is
closed in G.

Proof of (ii). Let U be an arbitrary open set in G such that E C U. Then, for
each « € T'y, there is a finite set 7, of wy such that AU {a} C r, and f* € U, =
{g € G|g(B) = 1 foreach 8 € AU{a},g(B) = 0foreach 3 € ro,~(AU{a})} C U. By
Sanin’s lemma, there are an uncountable set I'* C I'y and a finite set * C w; such
that {ro \ r*|a € I'*} is disjoint. Since Iy is infinite and r* is finite, Ty \ r* # ().
Let a* € 'y ~ r*. Then

(2) f& € FndU.

It is obvious that f* € F. Therefore it is sufficient to prove the following.

Claim. f* € clU.

To prove this, let V' be an arbitrary open set in G such that f* € V. Then
there is a finite set 7 of wy such that AU{a*} Crand f* € V' = {g € Glg(B) =1
for each f € AU{a*},g(8) =0foreach fer~(AU{a*}} C V.

Since I'* is uncountable and r and r* are finite, there is an element 5* € I'* such
that r N (rg- N~ 7*) =0 and §* € rg- ~r*. Then it is easy to see that

(3) a* # B%,07, 8" ¢ A.

Define g* : w1 — 2 by

“(a) = 1 ifae AU{a*, g},
790 if o €wyp N (AU {a*, 5*}).

Then ¢* € opt2 \ 0n4+1 and therefore g* € G. Moreover we have

(4) g* evV’'n Ug*

To prove that ¢g* € V', let B € r~ (AU{a*}). Then 3 ¢ rg- \r*. Thus § # [*.
Hence ¢g(3) = 0. Therefore g € V'. To prove that g* € Ug-, let 3 € rg« \ (AU{5*}).
If 5 € r*, then 8 # a*. Thus g(8) = 0. If 5 ¢ r*, then 5 € rg« . r*. Therefore
B¢ r. Then B # o* and so g(3) = 0. Hence g € Ug-.

It is known that there exists a non-normal o-product such that each finite sub-
product is normal (cf. [3]).

Theorem 2. If each X, € S is normal (resp. pseudonormal), then o1 is normal
(resp. pseudonormal).

Proof. We shall write only the proof of normality because the proof of pseudonor-
mality is quite similar. Let A and B be disjoint closed subsets in o1. Let z* € A.
There are a finite set {a;]i = 1,2,...,m} of Q and open sets U,, in X,, such that
¥ €W ={x € 01|xa, € Uy, fori =1,2,...,m} and ddW N B = 0. Since X,, is
normal, there is an open set U/, in X,, such that z}, € U/, and clU/, C U,, for
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i=1,2,..,m Put W = {x € g1]zo, € U}, for i =1,2,...,m}. Then W’ is open
in oy, z* € W and W' N B = 0.

Let Yo = {2 € o1|lzg = aj; for each 3 # a}, ie, Yo = Xo x {23}. Here
24, = (7)) pea~{a}- Then it is easy to see that

(1) Y, ¢ W' for each o € @~ {ay]i = 1,2, ...,m};

(2) Y, is closed in o;.

Put A; = ANY,, ~W and B, = BNY,, ~ W’. Then A; and B; are disjoint
closed sets in Y,, and z* ¢ A;,2* ¢ B;. Since Y,, is normal, there are open
sets V; and V' in X,, such that V; NV} = 0,z} ¢ V;UV/, A; C V; x {z}} and
B; C V] x{z%}. Put G; = {x € o1|za, € Vi} N U{Ya,lj = 1,2,...,m;j # i} and
H; = {x € o1]za, € V] N U} } N~ U{Ya,;|j = 1,2,...,m;j # i}. Then G; and H;
are open sets in o1 such that

(3) A; C G;, B; C Hj;

(4) G;n H; = 0.

Proof of (3). Let x € A; U B;. Then z, = z, for each a # ;. Since z ¢
W' xq, # al,,. Thus x ¢ Yy, if j # i. Hence, if x € A;, then 2 € G;. Let x € B;.
Then x4, € V/. If 2o, € U, then x4, € Ua,. Since zo; = 7, € Uq, for each
J # 1,0 € W. Therefore x ¢ B. This is a contradiction. Thus z,, ¢ clU/,,. Hence
r € H;.

Put G = W' UL, G; and H = |J"; H;. Then G and H are open sets in oy
such that

(5)AcG,BCH
and

(

6) GNH = .
(5
(7
(8

)
) is obvious. (6) follows from (4) and (7) and (8) below.
) W' N H; =0 for each i.
)Z#]éGlﬁHJIQ

(7) is obvious.

Proof of (8). If € G; N Hj, then z,, # a7, and x4, # z;,,. Thus |Q(z)| > 2,
which contradicts x € o;.

Example 1. There exists a o-product such that each finite subproduct is normal
and o is not normal.

To prove Example 1, we shall use the following lemma.

Lemma 2 ([2]). Let X be a space and A be a closed set of X which is not a Gs-
subset of X. Let F' be Bing’s Example G or H constructed by P = X ~ A. Then
X x F' is not normal.

Definition 2 (Bing’s Example G ([I])). Let P be an uncountable set and @ =
{¢l¢g c P}. Put F ={f:Q — 2}. For each p € P, define f, as follows:

1 if p € ¢,
fp(Q){O ifp¢q.

Put Fp = {f,] p € P}. Define the topology of F as follows: each f, has a
neighborhood base in Cartesian product topology and for each f € F . Fp,{f} is
open. For each r € R = Q<%, put V(fp;7r) = {f € F|f(¢q) = fp(q) for each ¢ € r}.
Then V(f,) = {V(fp;7)|r € R} is a neighborhood base of f,.
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Proof of Lemma 2. In case F' is Bing’s Example H, the proof is in [2]. The proof is
quite similar for the case of Bing’s Example G. But, since [2] is not widely known,
we shall sketch the proof of the case of Bing’s Example G. Let C = A x F' and
D = {{p, fp)|p € P}. Then C and D are disjoint closed subsets in X x F' and are
not separated by open sets in X x F'. To show this, let O be an arbitrary open set
in X x F such that D C O. For each p € P, there is a member V(f,;7p) of V(fp)
such that {J,c p({p} x V(fp;7p)) C O. Let us put P; = {p|p € P, |rp| = i} for each
i < w. Since A is not a Gg-set of X, there is an ¢ such that AN cl(P;) # (. Let us
fix this 4. Let o € ANcl(P;). Let us put Pi(r) = {p € P;|r, D r} for each r € R.
Then we can prove that there exists an element r* € R satisfying the following
conditions: (1) zg € cl(P;(r*), (2) xo & cl(P;(r* U{q}) for each ¢ € Q ~ r*.

Let us put R* = {s|s C r*}. For each s € R*, we define an element ¢, of Q
by ¢s = ({alg € s} ~U{qlg € r* ~ s}. Then {gs|]s € R*} is a finite cover of
P. Therefore, we can choose a member sy of R* such that xy € cl(P;(r*) Ngs,)-
For this sg, we choose an element p* € ¢s,. Then (xo, fp«) € C. Next we shall
prove that (zg, fp=) € cl(0). Let U be an arbitrary open neighborhood of zy in
X and V(fp+;7) be an arbitary member of V(fp+). Then we can choose an open
neighborhood U’ of zg in X such that U' N (J{P;(r* U{q})|g € r ~7*}) = 0. Then
UNU NP(r)Ngsy #0. Let pe UNU' N P;(r*) Ngs,. Then r, N (r~7r*) = 0.
Define f: Q — 2 by

1 ifp*eqgerorpeqger
flg) = . P
0 otherwise.

Then f € V(fp+;7) NV (fp;7p). Therefore (U x V(fp-;7)) N ({p} x V(fpimp)) # 0.

Proof of Example 1. Let o = 0(2¢?) be the o-product with the base point 0*. Then

(i) 0* is not a Gs-set in o;.

Proof. Assume that there exist countable open sets {W,,|n = 1,2, ...} in o1 such
that {0*} = ﬂn<wl W,,. Then there are finite sets a,, C w1 and open sets U, q in
X,, for each a € ay, such that 0* € U, = {z € o1|ze = 0 for each o € a,} C W,
for each n. Then {0*} =, Un. Since w1 \ U, o, an # 0, choose an element
a € w1 N\ U,cw @n- Let us define x = (25)g<w, by 2o = 1,25 = 0 if 3 # a. Then
x € (e Un ~ {0%}, which contradicts {0*} =, .., Un.

(ii) Put P =01 ~ {0*} and let F' be Bing’s Example G constructed by P. Then
o1 X F'is not normal.

Let § = {24]a < w1} U{F} where 2, = 2 for each a and let o' = o(S) with the
base point (0%, f*), f* € F . Fp. Then

(iii) o4 is not normal.

Since normality is inherited by closed subspaces, (iii) follows from (ii) and (iv)
below.

(iv) o1 X F'is a closed subset of o%.

Proof. Tt is obvious that o1 x F C g}. Let y € 04\ 01 x F. Then we can denote
y={(x,f),x €o,f € F. Since (z, f) ¢ 01 X F,x ¢ 01. Thus = € 03 \ 1. Hence
f = f*. Since (02 ~ o1) x {f*} is an open set in (02) x F, ((02 ~01) x {f*} =
(02 N o01) X F)Nob and (02 \ o1) x {f*} is an open neighborhood of y in o} such
that ((o2 ~o1) x {f*}H)N(o1 x F) =0.
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3. STARCOMPACTNESS

It is well known that every non-trivial o-product is not countably compact. A
space X is called countably compact if every countable open cover of X has a finite
subcover, or, which is equivalent, every infinite subset has a limit point. A space
X is called strongly starcompact if for every open cover U there exists a finite set
B of X such that st(B,U) = X. Here st(B,U) = J{U e U|U N B # 0}. A space
X is called starcompact if for every open cover U there exists a finite subfamily U’
of U such that st(JU',.U) = X.

It is known that countably compact = strongly star compact = starcompact,
and for Ty-spaces, the converses hold.

Theorem 3. FEvery non-trivial o-product is not strongly starcompact.

Proof. Let S = {X4|a € Q} be a family of spaces such that || > w. Let 0 = o(2%)
be the o-product with the base point 0* and let ¢/ = o(S). Let us choose a point
ao € X, such that a, # 2, for each o € Q. Let us consider w C €. Define
f o0 — o as follows: for each v = (24 )acw € 0, let f() = (Yo)aca be

*

. otherwise.

o ifa€wandz, =1,
Yo = "

Then f is a homeomorhism from o onto f(o) such that f(0*) = z* and f(o) is a
closed subset of ¢’. To prove that f(o) is a closed subset of o/, let y € o/ \ f(0).
Then there exists a € 2 \ w such that y, # z and put U = {z € 0’|z # z3}.
Then U is an open neighborhood of y in ¢’ such that U N f(o) = 0.

Claim. ¢’ is not strongly starcompact.

Proof. Let Uy = {x € o'|lxg # ao} and let U, = {zx € o|xg # zf,x1 #
XYy ey T # Th_1,Tn 7 ap} for each n > 1. Put U = {Uy|n € w} U {o’ \ f(0)}.
Then

(i) U is an open cover of o’;

(ii) there is no finite B C o’ such that st(B,U) = o’.

Proof of (i) is easy and so we omit it.

Proof of (ii). Let B be a finite set of ¢’. Then B C o, for some n. Since
UiNoy, =0 for each i > n+1,st(B,U) C U,<,, UiU (o' \ f(0)). However | J,,, Ui U
(0! \ f(0)) # o'. To show this, let us define z = (24)acq as follows:

i<n

*

»  otherwise.

{aa if « € wand a < n,
Za =
T

Then z € 0’ and z ¢ U,.,, U; U (0" \ f(0)). Therefore st(B,U) # o'

Theorem 4. If each X, € S is strongly starcompact (resp. starcompact), then o1
is strongly starcompact (resp. starcompact).

Proofs are easy and so we omit them.

Since for Th-spaces, starcompactness is equivalent to countable compactness,
every non-trivial o-product of To-spaces is not starcompact. However, for T7-spaces,
non-trivial o-product can be starcompact.

We denote o(X7) with the base point z* by o(X7; z*).

Example 2. There exists a starcompact space X such that X is not a Ty-space
and not countably compact and (1) o = o(X%;a*) is starcompact for some a € X.
(2) ¢’ = 0(X“;b*) is not starcompact for some b € X.
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Proof. Let X = R with the topology as follows: let U(0) = {U|0 € U, | X \U| < w}
be the neighborhoods of 0 in X and for each « # 0, U(x) = {U|U is a neighborhood
of z in usual topology of R} be the base of z in X. Then X is a Tj-space and
not a Th-space and X is starcompact and not countably compact. By Theorem 5
below, (1) o = o(X¥;0*) is starcompact. By Theorem 6, (2) ¢/ = (X%“;1*) is not
starcompact.

Theorem 5. Let X satisfy the condition: “there exists a € X such that if U and
V are open sets in X and a € U, then UNV # (07. Let 7 be an infinite cardinal
number, and 0 = 0(X7;a*). Then (i) o is starcompact, (ii) o, is starcompact (¥n),
(iii) X7 4s starcompact. Moreover let o' = o(X“;b*),b € X, b # a. Then (iv) o),
is starcompact (Vn).

Proof. Proof of (i). Let G be an arbitrary open cover of o. Let us choose Gy € G
such that a* € Gy. There are a finite set {o;li = 1,2,...,m} C 7 and open sets
Ua, in X,, such that a* € Wy = {z € olzg, € Uy, for i = 1,2,...,m} C Go.
For each x € o ~ Wy, let us choose G, € G such that x € G;. Then there are a
finite set {#;|j = 1,2,...,k} and open sets Vi, in X,, and Vp, in Xz, such that
€W, ={y € olya, € Vo, fori =1,2,....,myyp, € Vs, for j =1,2,....k} C G,.
Since a € U,,,Us, N V,, # 0 for each 1 = 1,2,...,m. Thus Wy N W, # 0 and so
Go NGy # 0. Therefore st(Gy,G) = o.

Proofs of (ii) and (iii) are similar.

Proof of (iv). First we define B, y*® as follows: put B = {W|W is a basic open
set in o’}. Here W C ¢’ is called a basic open set in o’ if W = {z € ¢'|x; € U; for
each i < n},n € w,U; is an open set in X; for each ¢ < n. Define [(W) = n. For
each s € [w]<¥, define y* = (¥ )icw, as follows:

s Ja ifies,
I ifigs.

To prove (iv), let G be an arbitrary open cover of o’. Let us prove that there
exists a finite subfamily G,, of G such that st(|JG,,G) D o), for each n € w.
(I) Let us choose an element Go € G such that b* € Gy. Then there is a set
Wy € B such that
(0-1) b* € Wy C Gp.
Put {(Wy) = ko. Then
(0-2) For z € o', if | > ky for each | € Q(x), then z € Wy.
(IT) For each n = 1,2, ..., inductively we can choose ky, S, and W, satisfying
the conditions:
(1) kp € w, kn < kpg1(Yn > 1), ko = k1.
(2) Sp, C Spt1(Vn > 1).
B)(n—-1)S,={s:sCw, 1 <|s| <n, Il <Ek,(Vl€s)}
(n—=2) W, = {Ws|s € Sp,} U{Wy} C B, W, is a partial refinement of G.
(n—3) y* € Ws(Vs € Spn), kn <U(Wy) < knt1(Vs € Sp).
(n—4) st(UWh,G) D al,.
Assume that k,, S, and W, have been chosen for each n < m. Define k11
=maz{l(Ws)|s € S} and Spp1 = {s:s Cw,1 <|s| <m+1,] < kpy1(Vl € s)}.
For each s € S;,41 N\ S, choose G5 € G and W, € B such that y* € Wy C Gs.
Put Winy1 = {Wsls € Spg1} U{Wo}. Then kpt1, Smy1 and Wi, 41 satisfy the
conditions. We only prove (m + 1 — 4) because others are obvious.
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Proof of (m +1 —4). Let x € 0y, \ 0,,. Put s = Q(x). Then |s| =m + 1.
Choose G € G and W,, € Bsuch that x € W, C G,. Put s ={l;]i = 1,2,...,m+1}
such that I; < l;41(Vi).

(1) f lypt1 < kme1, then s € Sy, 1 and W,NW # (). To show this, let Wy = {y €
o'ly; € U for Vi < (W)} and W, = {y € o'|y; € U7 for Vi < [(W,)}. Here we
may assume that (W), [(Wy) > kyq1. Since a € Uf for each i € s, UFNUF # () for
each i € s. For eachi ¢ s,i < min{l(W,),l(W,)},b € UsNUF. Hence U NUF # ().
Therefore W, N W #£ 0. Thus x € st(JWm+1,9).

(i) Case lyt1 > kmy1. If 11 > ko, then z € Wy by (0-2).

Suppose I1 < ko. Then there is a j such that 1 < j < m +1,Q(x) N {I|k; <
I <kji1} = 0. Let j be the greatest such number. Then there exists t € {i|i =
1,2,...,m+1} such that Iy < k; and l;41 > k;jq1. Then ¢t < j. Therefore s = {l;]i <
t} € S;. Since [(Wy) < kjy1, it is easy to see that W, N Wy # 0.

Since W, is a partial refinement of G, there exists G,, such that st(|JGn,G) D ol

Theorem 6. There are a countable closed subset A of X and a pairwise disjoint
open family U = {U(a)|a € A} such that a € U(a) for each a € A and X ~ A # (.
Let 0 = 0(X¥;a*),a € A. Then o is not starcompact.

Proof. Put A = {an|n = 1,2,...},U(an) = U, for each n and put Uy = X \ A.
Then {J,, ., Un = X. Without loss of generality we may assume that a = a;. For
each k = 1,2,..., let Ay, = {(lo, 11,y lk—1,1) € [w]*H1|lg # 1,1x_1 # 1} and put
A=U < Ax.

Define Gy = {z € glag € U1} and Gy = {z € o|z; € U}, fori = 0,1,...,k—1; 21 €
Ui} for each A = (lo, 1, ..., lk—1,1) € A and put G = {Gx|A € A} U{G;}. Then

(1) G is an open cover of o.

(2) For any finite subfamily G’ of G, st(|JG’,G) # o.

Proof of (1). Let x € o. If zy ¢ Uy, then a9 € U; for some i # 1. Since
|Q(z) = {i|lz; # a1}| < w, there is a k such that z; = a1 for each ¢ > k and
Tk—1 7# a1. Then x € G, for some X\ € A.

Proof of (2). Let G’ be an arbitrary finite subfamily of G. Then there exists
k > 1 such that

(2-1) G\ ¢ G’ for each A € U,,~ Am-

Define z = (z;)icw as follows:

S arp ifi <k,
" ey ifi> k.

Then

(2-2) z ¢ st(UG',G).

Proof of (2-2). Let © € G € G. Then G # G;. Therefore G = G, with
A= (lo,l1, .y lm—1,1) € Apy. Then m > k. To show this, assume that m < k. Then
Zm = ai by the definition of x. Since ay ¢ Ui,z ¢ G, which is a contradiction.
Therefore m > k. It is easy to see that [; = k for each i < k and [; = 1 for
each i > k+ 1. Thus lp > 2 and so U;, N U; = (). Hence Gy NGy = 0. If
m >k + 2, then [,,,_1 = 1. This contradicts the definition of \. Thus m = k + 1.
Let G, € G’ with u = (so, $1, ..., 8t—1,1) € A;. Then ¢ < k. Therefore I, = k. Since
U,NU; :(Z),GAQGM:@.

Remark. For o and o’ in Example 2, o, and o), are starcompact for each n by
Theorems 5 and 6.
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