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ABSTRACT. The paper characterizes the length of maximal sequences satis-
fying conditions (i) and (ii) of (FC)-sequences, and proves some properties
of (FC)-sequences, such as a bound on their lengths. As a consequence we
get some results for mixed multiplicities and multiplicities of Rees rings of
equimultiple ideals. We also prove that if I is an ideal of positive height and
Z1,Z2,... ,%p is an arbitrary maximal sequence in I satisfying conditions (i)
and (ii) of (FC)-sequences, then (z1,z2,...,xp) is a reduction of I.

1. INTRODUCTION

Throughout this paper, let (A, m) be a Noetherian local ring with maximal ideal
m, infinite residue field k = A/m, and Krull dimension dim A = d > 0. Let J be
an m-primary ideal and {I1, s, ... , I} a set of ideals of positive height. Then the
Bhattacharya function

JIP I

is a polynomial of degree d — 1 for all large values of n,n1, ... ,ns. This polynomial
is called the Bhattacharya polynomial of (J,I1,... ,Is). The terms of total degree
d — 1 in this polynomial have the form

B(n,ni,...,ns) =1la(

do,, di ds
[do+1] ,[di] [y ™M .- Ts 7
Z eA(J 0 7Il 1)"'7IS ) do'dl'dg' °
do+di+-+ds=d—1 ¢
Here eA(J[dOH],Il [dl}, vy I [d'*]) are non-negative integers not all zero, called the

mized multiplicity of (J,Ir,...,Is) of the type (do + 1,d1,... ,ds) [3].

Mixed multiplicities were first considered in [I1] by Teissier and Risler for two
m-primary ideals and in this case they can be interpreted as the multiplicity of
general elements. Next, Rees in [9] showed the existence of joint reductions of d
m-primary ideals and the mixed multiplicity of those ideals is the multiplicity of the
ideal generated by a joint reduction. A natural question is the relationship between
mixed multiplicities of arbitrary ideals and Zariski-Samuel multiplicities. In answer
to this question, Viet in [I6] built a sequence of elements called an (FC)-sequence.
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Definition ([16]). Let U = {I1,I2,... ,Is} be a set of ideals of A, [ = I 15 --- I,
N :=J,5o(0:I"), A* = A/N, I" = ;A*;i=1,2,...,s. Recall that an element
x € A satisfies the condition (FC) with respect to U if there exist an ideal I; of U
and an integer n} such that

(i) z € I; \ mI; and
o™t (at) =M ;75%—113n4—11;+1ni+1...];"sx*

for all n; > n} and for all non-negative integers ny, ..., ni—1, Ni41, ..., Ns, Where
x* is the image of x in A*.
(ii) « is a filter-regular element with respect to I, i.e., 0: 2 C |J,~0(0 : I™) (see

[12]).
(iif) dim A/ U, 50l(z) : "] = dim A/N — 1.
A sequence x1, 2o, ...,z of Aissaid to be an (FC)—sequencelvith respect to U if
T;t1 is an element satisfying the condition (FC) with respect to U = {I1, I, ... , Is}
for eachi =0,1,... ,t—1, where A = A/(z1,72,...,7;), Tiy1 is the image of z;1,

inA, I =LA,... I, =IA

These elements satisfy the properties of filter-regular elements in [I2] and ele-
ments of a complete reduction in [9]. That is why in [I6] the author chose the name
“ (FC)” .

The results of [16] showed that (FC)-sequences carry important information on
mixed multiplicities. One of interesting results of [16] is the following theorem.

Theorem ([I6, Theorem 4.1]). Let A be a Noetherian local ring and J an m-
primary ideal. Let I be an ideal of positive height h. Suppose that x1,x2,... ,2q 1S
a mazimal (FC)-sequence in I with respect to U = {J,I}. Then

() e(JU=0 16y = e(J; A/ (z1, 20, ... , ;) for all i < h — 1.

(i) e(J=1 10 = e(J; A/ U, sol(z1, 22, ... y2;) : 1)) for h < i < q.

(i) e(J=4 110) £ 0 if and only if i < q.

It follows readily from this theorem that for any m-primary ideal J, the length
of mazimal (FC)-sequences in I with respect to U = {J, I} is an invariant and this
invariant is the largest nonvanishing degree of mized multiplicities e(J [d=d] Tty

Based on the fact that maximal (FC)-sequences in I with respect to U have the
same length (see Lemma 2.1(i)) and maximal sequences in I satisfying conditions
(i) and (ii) of (FC)-sequences have also the same length (see Proposition 2.2), we
can state the first main result of this paper as follows:

Theorem 2.3. Let J be m-primary. Let I be an ideal of positive height ht(I)
and analytic spread £(I). Suppose that p is the length of mazimal sequences in I
satisfying conditions (i) and (i) of (FC)-sequences with respect to U = {J, I} and
q is the length of mazimal (FC)-sequences in I with respect to U. Then

(1) p=dim R(I)/ U, R(I) : J"R(I)].

(i) (1) —1<qg<p—-1<¢I)-1.

(i) Let x1,x2,... ,z; be a sequence in I satisfying conditions (i) and (i) of (FC)-
sequences with respect to U, then x1,xa, ... ,x; is an (FC)-sequence if and only
ifi <gq.

At this point we remark that if I is equimultiple, then as immediate consequences
of Theorem 2.3 we have ht(I) — 1 =¢ =p—1 = ¢(I) — 1. Moreover, we also get
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some interesting results for mixed multiplicities and multiplicities of Rees rings of
equimultiple ideals (see Theorem 3.1 and Theorem 3.2, Section 3).
Finally, we get the second main result of this paper as follows:

Theorem 3.3. Let J be m-primary. Let I be an ideal of positive height. Set
p=dimR(I)/ U, >o[J" T R(I) : J"R(I)]. Suppose that 1,2, ... ,x, is a sequence
in I satisfying conditions (i) and (ii) of (FC)-sequences with respect to {.J, I}. Then
(x1,22,... ,2p) is a reduction of I.

2. THE LENGTH OF MAXIMAL (FC)-SEQUENCES

From [16] Theorem 4.1] we see that the length of maximal (FC)-sequences is
connected closely with the degrees of vanishing and non-vanishing of mixed multi-
plicities. In this section we give bounds for this length and characterizations for the
length of maximal sequences satisfying conditions (i) and (ii) of (FC)-sequences.

We begin by establishing the following lemma.

Lemma 2.1. Let J be an m-primary ideal and let I be an ideal of positive height.
Set U = {J,I}. Then

(i) Mazimal (FC)-sequences in I with respect to U have the same length.

(i) Let ea(JU=4 T £ 0 and i > 0. Suppose that  is an element in I satisfy-
ing conditions (i) and (ii) of (FC)-sequences with respect to U. Then x also
satisfies the condition (iii) of (FC)-sequences (i.e., x satisfies the condition
(FC)) with respect to U.

Proof. The proof of (i): By [I6] Theorem 4.1], it follows that the length of any
maximal (FC)-sequence in I with respect to U is equal to

max {ilea(JI9, 110 £ 0},
So the length of maximal (FC)-sequences in I with respect to U is an invariant.
The proof of (ii): Set N :=J,,~,(0:I"); A* = A/N, J* = JA*, I* = [A*. We
denote by B(m,n) the Bhattacharya polynomial of function [ 4~ (%) By [2]
we have deg B(m,n) = d— 1. Let € I be an element satisfying conditions (i) and
(ii) of (FC)-sequences with respect to U. If z* is the image of x in A*, then z* is

not contained in any prime ideal belonging to Ass A*(see condition (ii) of (FC)).
Hence z* is a non-zero-divisor in A*. Set

B=A"/z"A*b=J"B,c=I"B.
For all large m and n, we have
bmcn J*ml*n + (fL‘*) J*mI*n

l =y~ =y«
B(bmcn) A (J*erlI*n + ((E*)) A (J*erlI*n + (LL'*) N J*mI*n)
J*ml*n
= lA*(J*erlI*n e )(see condition (i) of (FC))
J*mI*n J*m+1I*n _’_x*J*mI*n*l
= la (=) — lax( ST R )
J I J I
JEmEn armnTt
=g (——————) — L s~
- Gamp) ~ e G s oy m o)
JEm gt
= la () — la (et
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Since z* is a non-zero-divisor in A*, it follows that
)

J*mI*nfl x*J*mI*nfl

La~( ) =la~(

J,‘*.]*m+1f*n_1 )

J*m-‘rll*n—l
Hence
b " J " Jmrr!
0 1o (i) = L o) = )

= B(m,n) — B(m,n — 1)
for all large m and n. By [16, Proposition 3.1] we have
ear (J*[d—i]J*[i]) = e, (JI1, 11,

So e+ (J*147 1*ly £ 0. Note that i > 0. By (x), it follows that lB(bbTﬁc) is a
polynomial of degree d — 2 for all large m and n. Thus,

dimA/ | (@) : I"=d—1=dimA* -1
n>0

and z satisfies condition (iii) of (FC)-sequences. O

By (%), there exists a positive integer z such that

pm e J*mI*n J*mI*nfl
lB(bm-‘rlcn) = A*(J*m-i-ll*n) - lA*(J*m-HI*n—l)
= B(m,n) — B(m,n — 1)
for all m,n > z. Fix an integer v > z, set m = v and Q(n) = B(v,n). Let Q*(n)

1

denote the polynomial in n of function [ B([,E+—c1c) From this it follows that

(%) Q(n) —Q(n—1)=Q"(n).
Motivated by this fact, we introduce the following result.

Proposition 2.2. Let J be an m-primary ideal and let I be an ideal of positive
height. Set U = {J,I}. Then mazximal sequences in I satisfying conditions (i) and
(ii) of (FC)-sequences with respect to U have the same length and this length is
equal to deg Q(n) + 1.

Notes. (a) J is an m-primary ideal, then JT is nilpotent if and only if T is nilpotent.
(b) By [16] Remark 1], it follows that if x1,z2,... ,zs is a sequence in I satisfying
conditions (i) and (ii) of (FC)-sequences with respect to {J, I'}, then z1,z2,... , x5
is a maximal sequence if and only if I = I[A/(x1, 2, ... ,x)] is nilpotent.

Proof of Proposition 2.2. Since ht(I) > 0, there exists an element 7 € I satisfying
conditions (i) and (ii) of (FC)-sequences (see [T6] Remark 1]). Let 1, z2, ... ,zp, be
a maximal sequence in I satisfying conditions (i) and (ii) of (FC)-sequences with
respect to U. Set t = degQ(n). Since ht(I) > 0,deg Q(n) > 0. We shall begin by
showing that p =t + 1. Set N :=J,,~((0:I"); A* = A/N, J* = JA*, I* = I A*.
Let 27 denote the image of 1 in A*. Set B = A*/2iA* b = J*B,c = I*B. We will
denote by z} the image of z; in B for i = 2, ... ,t. The proof is by induction on ¢. For
t =0, by (**) we have Q*(n) = 0. From this it follows that bc is nilpotent. Hence
¢ is nilpotent by Note (a). By Note (b), this implies p = 1. So p = deg Q(n) + 1.
Suppose that the result has been proved for t — 1 > 0, we need to show that the

result is true for ¢. Since deg Q*(n) = t—1and x5, ... , 2}, is also a maximal sequence
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in ¢ satisfying conditions (i) and (ii) of (FC)-sequences with respect to {b,c}. By
inductive assumption, it follows that p — 1 = deg @*(n) + 1 = ¢. Thus, p = ¢ + 1.
The induction is complete. By the result just obtained, it follows that the length
of maximal sequences in I satisfying conditions (i) and (ii) of (FC)-sequences with
respect to U is an invariant and this invariant is equal to deg Q(n) + 1. O

Let I be an ideal of positive height. We call ¢(I) := dim &, - ,(I"/mI™) the
analytic spread of I. Then our first main result is the following theorem.

Theorem 2.3. Let J be m-primary. Let I be an ideal of positive height ht(I) and
analytic spread ¢(I). Suppose that q is the length of maximal (FC)-sequences in I
with respect to U = {J, I} and p is the length of mazximal sequences in I satisfying
conditions (i) and (i) of (FC)-sequences with respect to U. Then

(1) p=dim R(I)/ U, R(I) : J"R(I)].

(ii) A(I) -1 <g<p—-1<¢()~

(i) Let x1,x2,... ,z; be a sequence in I satisfying conditions (i) and (i) of (FC)-

sequences with respect to U, then x1,xa, ... ,z; is an (FC)-sequence if and only
ifi <q.
Proof. The proof of (i). Let B(m,n) denote the Bhattacharya polynomial of func-

tion
lA(J,,Z{;,L) We assume that B(m,n) = ZA(JJWT{I) for all m,n > 2. Fix an in-
teger v > z, set m = v and Q(n) = B(v,n). Set

JYR(I)
JUR(I)’
it is easily seen that M, is a finitely generated graded R(I)—module (see [4]). Ev-
idently, the component of degree n of M, is (M,),, = J*I"/J" 11", Consequently,

JUIm
Lal(Mo)n] = la( o) = Q)

is a polynomial in n having degree dim M, — 1 for all n > v. It can be verified
that dim M, = dim[R(I)/J"T'R(I) : J°R(I)]. By Proposition 2.2 we have p =
deg Q(n) + 1. Hence

p =dim[R(I)/J"T'R(I) : J'R(I)] for all large v.

M, =

Since

JUYR(I) : JPR(I) € JPT2R(D) - JUTER(T)
for all ¢, dim R(I)/ U, ~o[J" ' R(I) : J*R(I)] = dim[R(I)/J**'R(I) : J'R(I)] for
all large v. Thus, p = dim R(I)/ U, 5o[J" T R(I) : J"R(I)].

The proof of (ii): We write the terms of total degree d — 1 in the Bhattacharya

polynomial B(m,n) of the Bhattcharya function I ( Jm:—{lﬂ) as

i—1

[d=i) 7lil) _mT it
Z eal’ Md—i— 1)
Since \/ JUHIR(I \/ mR(I), it follows that
dnn[R( )/J”“R(I)] = dim[R(I)/mR(I)] = £(I).
Further, we have

dim[R(I)/J" T R(I) : J°R(I)] < dim[R(I)/J T R(I)].
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Using the results just obtained we get p < ¢(I). Since
e(J194 119y £ 0 and e(J1474, 111) =0
for all i > g,

d—i—1,,7

q_degzeA — e )Wnl),_degQ( n).

Sowegetq<p-—1= dlmR( )/ UpsolJ" T R(I) : J"R(I)] — 1 < 4(I) — 1. By [16]
Theorem 4.1] we have ¢ > ht(I) — 1. Thus, (ii) of Theorem 2.3 have been proved.
The proof of (iii): We first will prove by induction on ¢ that if i < ¢ and
X1,Ta,...,x; 1s a sequence in I satisfying conditions (i) and (ii) of (FC)-sequences
with respect to U, then x1,zs,...,x; is also an (FC)-sequence. If ¢ = 0, in this
case the result is trivial. For suppose the result has been proved for ¢ — 1 > 0. As
the next step, we claim that the result is true for ¢. On the one hand ¢ > 0 and
on the other hand e(JI?~4 119y £ 0. By Lemma 2.1(i), it follows that z; satisfies
condition (iii) of (FC)-sequences with respect to U. Hence by [16] Proposition 3.3],
we get e(J4d [l4) = ¢ ;(Jld=dl Jla=1) where A = A/(x;) and J = JA, [ = I A.
From this equality we have ez (JI4=4 [l9=1) = 0. It can be verified that ¢ — 1
is the length of maximal (FC)-sequences in I with respect to {J,I}. Moreover,
To2,...,%; is a sequence satisfying conditions (i) and (11) of (FC) sequences with
respect to {J, I}, where Z; the image of z; in A, j = 2,...,4. Since i — 1 <
g — 1, by our inductive assumption applied to (¢ — 1) that ig, ..., T; is a sequence
satisfying conditions of (FC)-sequences with respect to {.J,I}. Since x; satisfies
the condition (FC) with respect to U and Z2,Zs3,...,%; is a sequence satisfying
conditions of (FC)-sequences with respect to {J, I}, it follows that x1, 2, ... ,x; is
a sequence satisfying conditions of (FC)-sequences with respect to U. The induction
is complete. So we have proved that if i < ¢ and x1,x2,...,2; is a sequence
in I satisfying conditions (i) and (ii) of (FC)-sequences with respect to U, then
X1,T2,...,x; is an (FC)-sequence. Since g is the length of maximal (FC)-sequences
in I with respect to U. Hence, using the result just obtained we get (iii). Theorem
2.3 has been proved. [l

3. MaximAL (FC)-SEQUENCES AND REDUCTIONS

First, we will give some results on (FC)-sequences and mixed multiplicities of
equimultiple ideals.

It is well-known that if £(I) is the analytic spread of I, then ht(I) < ¢(I). In the
case ht(I) = ¢(I), the ideal I is called equimultiple.

Let J be m-primary. Let I be an equimultiple ideal of positive height. If ¢ is
the length of maximal (FC)-sequences in I with respect to U = {J, I} and p is the
length of maximal sequences in I satisfying conditions (i) and (ii) of (FC)-sequences,
then by Theorem 2.3 we have ht(I) —1 =¢qg=p—1=¥¢(I) — 1. As a consequence
of Theorem 2.3 and [16, Theorem 4.1], we immediately get the following result.

Theorem 3.1. Let J be m-primary. Let I be an equimultiple ideal of positive height
ht(I) = h. Suppose that q is the length of mazimal (FC)-sequences in I with respect
toU ={J,I}. Then
(i) ¢= hi(I) -
(ii) The length of mazimal sequences in I satisfying conditions (i) and (i) of
(FC)-sequences with respect to U is equal to h.
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(iil) e(J=4 100y = 0 if and only if i > ht(I).

(iv) Ifz1,29,... ,xp_1 s a sequence in I satisfying conditions (i) and (ii) of (FC)-
sequences with respect to U, then x1,x2,... ,xp—1 is also an (FC)-sequence
and e(JI=U T0) = e(J; A/ (x1, 22, ... ,25)) for all i < h —1.

From Theorem 3.1(iv) and [16] Theorem 4.2] we immediately get the following
theorem for multiplicities of Rees rings of equimultiple ideals.

Theorem 3.2. Let R := ®n20 I™ be the Rees algebra of an equimultiple ideal
I of positive height ht(I) = h. Let J be an m-primary ideal of A. Suppose that
Z1,&2, ... ,Tp—1 18 an arbitrary sequence in I satisfying conditions (i) and (i) of
(F'C)-sequences with respect to {J,I}. Then

e((J,It); R) = Y00 e(J; Af (x1, .., a)) and e(R) = Y020 e(A/ (a1, ..., x:).

An ideal J is called a reduction of I if 3 C I and I™t! = JI™ for some non-
negative integer n.
We proceed now to establish the second main result of this paper as follows.

Theorem 3.3. Let J be m-primary. Let I be an ideal of positive height. Set
p=dimR(I)/U,>olJ" " ' R(I) : J*R(I)]. Suppose that x1,x2,... ,x, is a sequence
in I satisfying conditions (i) and (ii) of (FC)-sequences with respect to {J, I}.
Then (x1,%2,...,%p) is a reduction of I.

Proof. Let x1,%2,...,2, be a sequence in I satisfying conditions (i) and (ii) of
(FC)-sequences with respect to {J, I'}. Since

dim R(I)/ | J[J"T'R(I) : J"R(I)] = p,

n>0
x1,T2,...,Tp is a maximal sequence by Theorem 2.3(i). By Note (b), this implies
that I[A/(x1,22,...,2,)] is nilpotent. Hence v = \/(z1,%2,...,x,). Next, the
proof is by induction on i that (z1,z2,...,2;) N I"T = (1, 22,... ,2;)I" for all

large n and all ¢ < p. If ¢ = 0, in this case the result is trivial. For suppose the
result has been proved for i — 1 > 0. As the next step, we claim that the result
is true for i. Set I' := U, 5ol(z1,22,... ,2:-1) : I"]. Denote by z; the image of
x; in Af(x1,22,...,x;—1). Since 2} is an element satisfying condition (i) of (FC)-
sequences, it can be verified that (I"*! + I')N (I',x;) = (z; 1™ + I') for all large n.
From this it follows that
) =10t + )y n (I, x)
="' N (@ I"+ ) =x, 0"+ ' NI

for all large n. Therefore,

(1) InJrlﬁ(I/,(Ei):{EiIn-l—I/ﬂInJrl
for all large n. By the Artin-Rees lemma, then there exists an integer ¢t such that
NIl =1"tItNnr) for all n > t. Hence, as I"I' C (x1,2,...,2;_1) for large n,

weget I"NI'=T1""YI'NnI")yCI"NI" ' CI"N(x1,x9,...,7;—1) for all large
n. Consequently,

(2) I”ﬂI':I”ﬂ(xl,:cg,...,xi,l)
for large n. By our inductive assumption applied to (i — 1) we get

((El,xg,... ,xi,l) NIt = (xl,xg,... ,:Cifl)In
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for all large n. Combining this fact with (2), we have I" NI’ = (z1,22,... ,2;_1)I"
for all large n. Hence by (1), we get I" T N (I',x;) = (x1,22,... ,2;1)[" + 2, 1" =
(z1,22,...,2;)I™ for all large n. It follows readily from this that
(3) IO (@, 20,y x) = (21,20, ... )"
for all large n. The induction is complete. Since vT = /(x1, 2, ... ,Tp), it follows
that I"™ C (z1,x2,...,xp) for all large n. Hence

It = "0 (2,29, ... ,2p) = (21,22, ... ,2,)I" for all large n. Consequently,
(x1,22,...,p) is a reduction of I. The proof of Theorem 3.3 is complete. O

Remark 3.4. Let I, J, p and x1,22,... ,2p as in Theorem 3.3. Then combining
(2) with (3), we get I"*1 N (Ujsol(zr, 22, 2i) « IP]) = (21,22, @) " for
all large n and all 7 < p.

Remark 3.5. From Theorem 3.1(ii) and Theorem 3.3 it follows that if I is an equi-
multiple ideal of positive height h and x1,xs,... ,z, is a sequence in I satisfying
conditions (i) and (ii) of (FC)-sequences with respect to {J, I'}, then (z1,x2,... ,2p)
is a reduction of I.
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