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ABSTRACT. For the orthonormal basis of Hecke eigenforms in Sor(I'(1)), one
can associate with it a probability measure duy on the modular surface X =
T'(1)\H. We establish that this new measure tends weakly to the invariant
measure on X as k tends to infinity, and obtain a sharp estimate for the rate
of convergence.

1. INTRODUCTION

Let {f;r}1<j<J. be the orthonormal basis of Hecke eigenforms in Sax(I'(1)), the
space of holomorphic cusp forms of weight 2k with respect to the modular group
I'(1). Thus

i | [k/6] =1, if k= 1(mod6),
Ji = dime S51(T(1)) = { k/6,  if k% 1(mod6).

One expects that the following equidistribution law holds for f; as the weight
k — oo: for any measurable subset A on the modular surface X = I'(1)\H, we

have
- 2%k p. 25 _
(1) Jim - max /Ay | fie(2)["dp /Adu‘ 0,
where
di — 1 dzxdy
M_area(X) y?

is the normalized invariant measure on X.

The above statement can be viewed as a natural analogue of the unique quantum
ergodicity conjecture, as formulated by Rudnick and Sarnak [2], for holomorphic
cusp forms. While conjecture (1) seems out of reach at the present, one would like
to establish this conjecture on the average. In [I] the variance over short intervals
of k has been studied.
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22 WENZHI LUO

For each integer £ > 8, which we are assuming throughout the paper, we associate
with it a probability measure on X,

Edmiszk(r(l)) 2k|fj k(z)|2
] il
The purpose of this simple note is to establish the following.

(2) duy, = dp.

Theorem. For any measurable subset A on the modular surface X and any € > 0,
we have

3) / dyuy = / dyi+ O, (k/2)
A A
uniformly for all A on X.

Remark 1. What seems new here, at least for the non-compact modular surface, is
the sharp decay rate k~'/2t¢. The stronger statement that

/A Y21 ()P — /A s

seems out of reach at the present.

Jk

D

Jj=1

2
< k¢

Remark 2. One notes that duy, is actually independent of the choice of orthonormal
basis.

Remark 3. Our proof is direct, without employing the theory of L-functions or
imposing any conditions on A (other than the measurability). The key ingredient
is the holomorphic (automorphic) kernel h, (2, 2') (see §2) for the Hecke operator
2. HOLOMORPHIC KERNEL hy, (2, 2’) FOR Tj(m)
The Hecke operator Tj(m) (m > 1) acts on cusp form f € Sa;(T'(1)) by

:% Z 2" Z f(az;—b>.

ad=m 0<b<d

It was shown by Zagier (see [3]) that Tj(m) can be represented by the holomorphic
automorphic kernel Cp 'm?* = hy (2, 2') (C) defined in (7) below),

(4) hiem(2,2") = Z (cz2' +d2' 4 az +b)~2F
ad—bc=m
where the sum is taken over all integer matrices (‘é g) with determinant m, in the

sense that
(5) (f, Ot m®* g (-, =27), = (Tw(m) f)(2")

for any f € Sa2(I'(1)), where (, )i is the (normalized) Petersson inner product on

S2k(I'(1)).
The series in (4) is absolutely convergent and hg ., (2, 2z’) as a function of each
variable z or 2’ is a cusp form in Soy (F(l)) and we have the identity

(6) C ' m hy (2, 2) Z&k m) ik (2) fi1(2"),
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where A; (m) is the Hecke eigenvalue of f; ; under Tj(m) and

3(=1)*

@ Cr = 20E=3)(2k — 1)

In particular, for m = 1 and 2z’ = z, we obtain
(8) Cithia(z =2) = > |fin(2).

The kernel hy (2, 2’) was used in [3] to give a new proof of Eichler-Selberg trace
formula on I'(1). This note is motivated by [3].

3. PROOF OF THE THEOREM

Throughout we denote I' = T'(1) and let x4 denote the characteristic function
of A on X. One can extend it (with the same notation) to H as a I'-invariant
function. We have

/ e = — / <z><i 2 £, 1(2)2)d
" Mt = Ti XXA j:1y g,k 1%

1
= hia(z, —2)y**d
JoCh /X xa(2)hi(z, —2)y™ du
1 y2k
= d .
(9) JiCx /X xalz) <adzbc_1 (c|z|? +dz — az — b)2k> :

Since replacing z by vz (y € T') in each term of the sum in (9) amounts to

replacing
a b _1( a b
( . d) by v ( ¢ d )%

we may decompose the sum into I'-invariant pieces with a +d =t, t € Z. Thus,

(10)
/ dpy, = Z L/ xA(2) Z v dp.
A JiCr Jx (c|z]2 + dz — az — b)?k

t=—o0 ad—bc=1, a+d=t

There is a bijection between the integral matrices (‘é Z) with determinant 1
and trace ¢, and the set of integral binary quadratic forms g with discriminant
disc(g) = t? — 4. The bijection is given by

(11) ( Z Z ) — g(u, v) = cu® + (d — a)uv — bv?,
(12) g(u, v)—au2+6uv+'yv2»—>((t_f)/2 (t;g)/Z)

For g(u, v) = au® + Buv + yv? and z =  + iy, set

y2k

(2?2 +y2) + P + v —ity)?k

(13) Ry(2, 1) =
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Then for v € I' we have (here we identify the quadratic form g with the symmetric
2 X 2 matrix representing g)

(14) R.ry (2, t) = Ry(72, t),

and (10) can be written as

15 dw - > > e fue| X men |

disc(g)=t2—4

where the sum is taken over all forms of discriminant ¢ — 4.
For each discriminant D = t?> — 4 and a quadratic form ¢ of discriminant D, we
let I'y denote the isotropy group of elements leaving ¢ fixed, and observe that

Z Ry(z, t) = Z Z Ryrg. (2, t)

disc(g)=D disc(g)=D,modI’ yeT',\T"

)R DI XA

disc(g)=D,modI' yeT',\T"

(16)

where mod I' means the sum is taken over a set of representatives for classes of
quadratic forms with discriminant D. For D # 0, recall the class number h(D) is
finite, and thus we obtain

(17)
[ | X Beo)|di- Z / a2 Ry (=, t)dp
X disc(g)=D disc(g)=D,modT
where
(18) X,= (J X
YETG\T

is a fundamental domain for the action of I'y on H with X identified with a funda-
mental domain of T'.

We distinguish the following three cases:
Casel. D=t>—-4<0.

In this case [Iy| =1, 2, or 3 and ¢t =0, or + 1. For a quadratic form

g(u, v) = au? + Buv + yv?

with discriminant D, we have

/X xa(2)Ry(z, t)dp = T, |/ xa(2)Ry(z, t)dp

g9

2k
Y
Tl 022 = Pl e
where in the last step, we made the substitution z — (2z — 3)/(2|«|), and the sign
‘£’ is ‘=7 or ‘4’ according to whether o > 0 or not.
Since
2y <1,

|(|2[* =ity = D/4)| ~
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we deduce that, with D = t> —~4 and By = {z = x+iy : |z| < k-1t 0 <y <3},

Z Z J:Ck/x xa(z)Ry(z, t)dp

D<0 disc(g)—D modI

2k
d
< / ||z|2—zty D/ay

< k—1/2+€+ sup (2y)2k 2 / d/.L
=¢By (|22 =ity — D/4)[?2 |(12]2 —Zty D/4)|2

< k*l/Q*‘rE + (1 _ k*lJre) < k71/2+e.

In the last step above, the double integral converges and we estimate the function

(2y)?
(|22 — ity — D/4)|?

in the cases {z =z +iy: y>3}and {z = +iy: |z >k /2> 0<y <3}
separately.
Case 2. D=1t?>—-4=0.

In this case, we can take as a system of representatives the forms g, (r € Z),
where g,(u, v) = rv?. Ty is equal to I' for r = 0, and is equal to

== {(o 1))

for r # 0. In the last case, in view of (16), we infer that

[ a0 X Rt )= [ xae) Rz, 01

disc(g)=0
+ /X A R )i

r#0

(19)

where X, is a fundamental domain for ', say the strip between 0 and 1.
First we have (recall t = £+2)

(20)

2 2 i\ -1
e /X XA Ry o, £2)d = 2 /A (5) dyt = u(A) + O(k™).

Next we deduce that

J:Ck /X XA(Z)(ZRg,,.(Z, t))du

r#0
Y22 —2k
= xal(z r —ity)” “"dzdy
JxCk / / ;
1 pl/2—c 1
Y22 —2k
= xa(z —ity)” “"dxdy
JkCr Jo /o Z,;)
1
+ L /00 / xa(z)y*— QZ —ity) dexdy.
Jka kl/2—¢ Jo ’1"750
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pl/2—¢

/ XA 2k 2 Z Zty del‘dy

We infer that
r#0

/
Jk:CkJ 0
k1/2 €

(23/)2 o r2 2\—1 -1
< max <71+(2y)2> /0 O+ 2y)?) Ny < k7

<y<kl/2—e
Osy<k r#0

On the other hand, since

and for s # 0,

d2k—2
T sinh™?(msy) = 4 Z n(2mny)** =2 exp(—27n|sly) > 0
s
n>1

we have

L - ' 2k—2 ok
JiC /kl/z—e/o xa(z)y (Z(r — ity) " =")dxdy

r#0

d2k 2 )
- r —isy)” “)dxd
chk 2]6 — 1 /kl/2 . / d82k 2 s (,Z;éo( y) ) Yy

ko 2 1 2
= - dxd
Jka 2k— 1)! /kl/z E/ xalz ds% 2] (82y2 sinh2(7rsy)> o

< kW4 m/k/ (D n(4mny)* =2 exp(—4mny))dy
! 1/2—e 1

< RTVPROL RN T2k — 1, 4k 2,

n>1
where
1 o) xm—l xm—Q
F = — —Egm—1 —e 7 1
moe) = gy [t = e (g g )

is the incomplete I'-function.
We deduce that

> T2k —1,4mnk'* ) = " T(2k - 1,4mnk'/>7)
n>1 n<kl/2+2e
+ Z [(2k — 1, 4wnk'/?7°)
n2k1/2+2e
< k1/2+26,

in view of the estimates 0 < I'(m, z) <1 for > 0, and

L(m,z) < e (nim—;! (1 s 1>1

T

provided = > m — 1.
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Thus

> o [ @ | X Rele )] du= a4
p=o YkYk X disc(g)=0
Case 3. D =t2—4> 0.

Here again the class number is finite as in the case D < 0, but the isotropy
groups are infinite cyclic. Let g(u, v) = au?® 4+ Buv + yv? be a quadratic form with
the discriminant D. The conjugate of I'y by some v € SLa(R) acts on H as the
infinite cyclic group generated by z — €2z, where € > 1 is the fundamental unit of
the order in Q(v/D) associated with g. We have

(v"g7)(u, v) = VDuw,

and we can choose the fundamental domain X, such that y~'X, is an annulus
defined by
A: y>0; 0<r0§|z|§62r0.
We infer that

1 o -
T, Ch /Xg XA(Z)RQ(Z7 t)dﬂ = JoCh /Xg XA(Z)R,yTg,Y(’y z, t)du
— 1 // XA(')/Z)( D —ity)_Qkka_dedy
7 ) s v

™ pero 4 * dr
— ) —df
< /0 /TO (t2—400829> T

1
1 4/5)F ————.
< (os /5
Since h(D) = h(t* — 4) < |t|**¢, we conclude that

> > Jklck /X Xa(2)Ry (2, t)dp < (4/5)".

D>0disc(g)=D,modI"

This completes the proof of the theorem.
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