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ABSTRACT. Interpolation operators associated with wavelets sets introduced
by Dai and Larson play an important role in their operator algebraic approach
to wavelet theory. These operators are also related to the von Neumann subal-
gebras in the “local commutant” space, which provides the parametrizations of
wavelets. It is a particularly interesting question of how to construct operators
which are in the local commutant but not in the commutant. Motivated by
some questions about interpolation family and C*-algebras in the local com-
mutant, we investigate the interpolation partial isometry operators induced
by sub-frame sets. In particular we introduce the 27-congruence domain of
the associated mapping between two sub-frame sets and use it to characterize
these partial isometries in the local commutant. As an application, we obtain
that if two wavelet sets have the same 27-congruence domain, then one is a
multiresolution analysis (MRA) wavelet set which implies that the other is
also an MRA wavelet set.

1. INTRODUCTION

An orthonormal wavelet (or wavelet for short) is a function 1 € L?(R) such that
{1 : j,k € Z} forms an orthonormal basis, where v, () = 22¢(2/z — k). If T
and D are the translation and dilation unitary operators, respectively, on L?(R)
defined by (T'f)(t) = f(t — 1) and (Df)(t) = V2f(2t), then 1 is a wavelet if and
only if {D'T*y) : j,k € Z} is an orthonormal basis for L?(R).

Let F be the Fourier-Plancherel transform on L?(R). Then F is a unitary
transformation and if f,g € L*(R) N L?(R), we have

(FF)(s) = \/%T / e f(t)dt = f(s)

and

F a0 = —= [ o(s)as

Let D= FDF 'and T = FTF~'. Then D = D~' = D* and T = M,—.., where
for h € L>=(R), M}, denotes the multiplication operator f — hf, f € L*(R).
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276 DEGUANG HAN

Following Dai and Larson ([DI]), a measurable set E of R is called a wavelet set
if the inverse Fourier transform of XE is a wavelet. Such a wavelet is called an

Van
s-elementary wavelet in [DL] and minimally-supported frequencies wavelet (or MSF

wavelet for short) in [HW]. Shannon’s wavelet 1g is a simple example of MSF
wavelet since g = \/LQ—WXE with F = (=27, —7] U (7, 27]. There are many others.
Indeed it was proved in [Sp] that all the s-elementary wavelets are path-connected
in norm ([Sp]), and the collection of all the wavelet sets forms the Borel algebra
(IDLS)).

Let S be a subset of the algebra of all bounded linear operators on a Hilbert
space H and x € H. Recall from [DI] that the local commutant of S at x is defined
by

Co(S) = {T € B(H): (TS — ST)z =0,s € S}.

When S = {D"T"™ : m,n € Z} (resp. S = {D"T"™ : m,n € Z}), we write
Cy(S) = Cy(D,T) (resp. Cy(D,T)). The connection between the wavelets and
the local commutant at a fixed wavelt 1 is that there is a one-to-one correspondence
in the sense that for each wavelet ¢, there is a unique unitary U € Cy (D, T) such
that ¢ = U, and vice versa. It is known ([DL], [La]) that there exist many non-
trivial von Neumann algebras in Cy (D, T') that induce the interesting interpolation
theory for wavelets. In particular, Meyer’s wavelet family can be obtained by
interpolating two simple wavelet sets. Although many structure properties for
local commutants have been extensively investigated in [DL], it is still far from
clear to understand the structure of Cy(D,T). In particular it is not even known
whether a local commutant contains von Neumann algebras of infinite type. In this
paper we investigate a special class of partial isometry operators in Cy(D,T) that
are induced by some measurable sets. In the case that these sets are wavelet sets,
we get the interpolation unitary operators which are important in deriving new
wavelets by interpolating two simple wavelet sets ([DL], [La]). We will characterize
when these operators belong to the local commutant. As an application, we get a
special result connecting MRA wavelet sets (for the definition see section 2), stating
that if two wavelet sets form an interpolation pair, then one is an MRA wavelet set
if and only if the other is. We hope that our investigation will eventually lead to
some progress in constructing some interesting operator algebras in a given local
commutant.

Some of the ideas in this paper were developed when the author was a graduate
student at Texas A&M University, and he would like to thank Professor D. Larson
for many stimulating discussions about the interpolation families of wavelets.

2. INTERPOLATION MAPPINGS AND OPERATORS

Let E and F' be two measurable subsets of R. We say that E is 2w-congruent to
F (denoted by E ~q, F) if there exists a measurable partition {E,} of E such that
{E, + 2n7} is a partition of . By a partition of £ we mean J, ., B, = E and
{E,} is a disjoint family in the sense that E,, N E,, has measure zero when m # n.

Recall that a sequence {f;} in a Hilbert space H is called a normalized tight
frame for H if the following holds:

AP =Y AP fed
J
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INTERPOLATION OPERATORS 277

A measurable set F is called a sub-frame set if E is 2w-translation congruent
to a subset of [0,27) and {2"FE : n € Z} is a disjoint family. It is known (cf.
[IDDG], [DDGH]) that E is a sub-frame set if and only if {D™T"¢g : m,n € Z}
is a normalized tight frame for the closed subspace generated by this sequence,
where g = #XE. The term frame set is used in [HL] when this subspace is
the whole space L?(R). Therefore a sub-frame set E is a frame set if and only if
Unez2"E = R, while it is a wavelet set if and only if both (J, ., 2"F = R and
w(E) = 27, where p is the Lebesgue measure on R (cf. [HL]).

For any subset G of R we write G = Uncz2"G. Let E and F' be two sub-frame
sets such that £ ~9, F. Then UE E — F, uniquely defined by 2n-translation
congruence, can be extended to E by

ob(x) :=2"0k(272), xe2"E.

It is easy to check that O'g is a measure preserving mapping from E onto F. We
will call it the interpolation mapping from E to F. The associated interpolation
operator UE on L?(R) is defined by

F L f(UE(S))7 s € F7
Ugf)(s) = { 0 e

The following lemma summarizes some properties which will be used later.

Lemma 2.1. Let E and F be two sub-frame sets. Then:
() (UE) = UE. i ]
(ii) UE is a partial isometry with initial subspace L?(E) and final subspace L*(F).
(iii UE = V @® 0 for some unitary operator V. on some subspace of L*(R) if and
only if E =
(iv) UL = (Ug)* if and only if (c5)? =id on E and E = F.
(v) UE is a projection if and only if E = F.

Proof. (i) For any f,g € L*(R), we have

aﬁﬁm=/aﬁﬁ@a§w

/fUE

f(t)g(og(t))dt
/f )UEg)(t)dt = (f.ULg).

Thus (UE)* = UE.

(i) Let f € L*(F). Since (0k o 0E)(s) = s on F, it follows from the definitions
of UE and UE that (UEUE f)(s) = f(s) and (UEUE)g = 0 when g € L*(R\ F).
Thus (ii) follows from (i).

(iii) follows from (i).

(iv) The sufficiency follows from the definition of UL and (i). For the necessity,
by (iii), we have that £ = F and UL = V @ 0 with V* = V. Thus V? = I, which
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278 DEGUANG HAN
implies that if f € L?(E), then (UE)2f = f. That is

{f((UE)Q(S)), seF,

fle)= 0, s¢F.

Thus (0%)? = id on F since E = F. Therefore (05)? = id on E.

(v) Suppose that UL is a projection. Then, by (iv), we have UL f = f for all
f e LQ(E). Thus 0Z(s) = s if s € F, which implies that F C E. Similarly
ECF. ([l

We will first characterize E and F so that UL belongs to C. (ﬁ T), where

)= Xa for some measurable set G (in what follows we also use Ce(D,T) to denote
Cw(D, T)) For this purpose we introduce the following;:

Definition 2.1. The domain of 27-congruence of o0&, denoted by DL, is the set of
all points s € F for which o (s) — s is an integral multiple of 27.

Theorem 2.2. Let G be any measurable subset of R such that u(G) < co. Then
UL € Co(D,T) if and only if GN E C DE.

Proof. For any n,m € Z, we have

D a)) =2 F e o)
Thus

—n jm B ~

UF(ﬁnj—vaG)(s) _ 27 2¢%2m F( )ing(dg(s)), s € F’
_ 2_%ei%a£(S)XU§(2"GﬂE)(S)) sc F,7
0, s¢F

=2~ 26 ivbgp( )X F(Q"GFTE)( )
and

= 2_§ez%arg(GmE)(2_n5)
:2_5 oS XQ” F(GﬁE)(S)
= 27%6i7_'7l‘9

since 2"E = F and 2"0E(z) = o5 (2"x).

Thus we have that UL € Cg(D T) if and only if for any n,m € Z and any
s € 2"GNE (hence ok (s) € 0E(2"G N E)), there is an integer k such that
Top(s) + 2k

Suppose that UL € Cg(ﬁ,f’). Let m =1 and n = 0; we get that GN EC DE.

Ts =
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INTERPOLATION OPERATORS 279

Conversely, if GNE C DE. then, for any n,m € Z,Vs € 2"G N E (this implies
that 27"s € G N E), there is an integer k such that 27"s = o5 (27"s) + 2km. So
5wS = UE( ) + 2kmm. Thus UE € Cg(D T) by the above argument. O

To get some other conditions we need the following properties:

Lemma 2.3. Let E and F be two sub-frame sets. Then:

(i) 2DE C DEL.

(i) D = Upez Une (k] 2" Bk, where Ep = {s € E : ob(s) — s = 2km} and
[k] = min{-m € Z:m >0,2"|k}.

(iii) DE 2 UL, 2"E, and DE = U~ 2"E if and only if ok (s) — s is an odd
integral multiple of 21 for s € E a.e.

(iv) DE = E if and only if E = F.

(v) DE = oB(DE).

(Vi) DE ~ax DE and (DE\ U, 202" E) ~2x (DE\ U,202"F).

(vii) DE = DE if and only if 0E(s) — 0E(s) € 2Zr for all s € DE UDE.

Proof. (i) follows from the definition of DL and the fact that ok (2s) = 205 (s).

(ii) Suppose that t € Ek Then ok (t)—t = 2kn. Since 2"k € Z if n > [k], we have
that 2"t € Df; because o, (2"t) — 2"t = 2(2"k)w. Thus U,y Upe “ 2 Bk C DE.

Conversely, let s € DE. Then s € 2"E}, for some n and k. This implies that
s = 2"t for some t € Ej. Hence ok (2"t) — 2"t = 2"(0L(t) — t) = 2"(2kn). Thus
2"k € Z since 2"t € D, and so s € Jycz Upe —ik) 2" B

(iii) By the definition of of;, we have E C DL. Thus the relation DL D |7 2"E
follows from (i).

The second part of (iii). By (ii), we have that DL = (7 2" F holds if and
only if u(Ex) = 0 whenever [k] # 0, which, in turn, is equivalent to the fact that
of(s) — s is an odd integral multiple of 27 for s € E, a.e.

(iv) By (ii), we get that DE = E if and only if E}, is a measure zero set whenever
k #0. That is, Ey = E. But Ey = E is equivalent to E = F. Hence we get (iv).

(v) Let s € DE. Then there is an integer k satisfying 02 (s) — s = 2kn. That is,
oB(s) — ok (0E(s)) = 2kn. Thus oZ(s) € DE.

Similarly, for any ¢t € DL, we have oL(t) € DE, which implies that t =
oB(oL(t)) € oE(DE). Thus we get (v).

(vi) From (ii), we have

pp\U2E={J U 2"Ex

n>0 kEZ [k]<n<0
and
pE\J2r=J U 2R
n>0 k€EZ [k]<n<0
By the definition of Ej and Fj, we also have
QnEk ~orn 2nF,k
if n > [k].
Thus DE ~ax DE and (DE \ Uy502"B) ~3e (D \ Uy 2°F)

(vii) Assume that DL = DE and let s € DE. Then o£(s) — s € 2Zr. Since also
s € DE, we have that 0E(s) — s € 2Zr. Thus ok (s) — o&(s) € 2Zn.

License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



280 DEGUANG HAN

Conversely, suppose that ok (s) — oZ(s) € 2Zr for all s € DE UDE and let
s € DE. Then o£(s) — 0E(s) € 2Zn and oE(s) — s € 2Zn, which implies that
oE(s)—s € 2Zn, and so s € DE. Similarly, DE C DL and therefore DL =DE. O

By Lemma 2.3 and Theorem 2.2, we immediately have the following;:

Corollary 2.4. (i) UL € Cg(D,T).

(i) UE € Cp(D,T) & ENF C DE = ¢5(DE). In particular, if both E and F
are wavelet sets, then UE € Cp(D,T) < E C DE = o5(DL).

(iti) If E C U2, 2"F, then UL, UE € Cg(D,T).

In order to consider when (U5)* € Ca(D, T), we need to extend Definition 2.1
to the following more general case. The k-th domain of 2m-congruence of ok is
the set of all points s € E for which (¢5)*(s) — s is an integral multiple of 27. We
denote it by DL (k).

Replacing of by (¢£)* in the proof of Theorem 2.2, we get

Theorem 2.5. (UL)* € Cq(D,T) if and only if GN E C DE(E).

Corollary 2.6. Thg fgllowz'ng are equivalent:
(i) (Uf)? € Cp(D,T).
(ii) oL (s) — oE(s) is an integral multiple of 2w, Vs € F.

(ili) F c DE.
Proof. Suppose that (UE)? € CE(ﬁ,T) Then, by Theorem 2.5, E = ENE C
DE(2). Thus for every s € E, there is an integer [ such that (0f)2(s) — s = 2Im,
ie. oL(cE(s)) — oE(0k(s)) = 2lm. Since oL (E) = F, we have that for each
s € F,oE(s) — oE(s) is an integral multiple of 2. Hence (i) implies (ii).

Now assume (ii). Then for each s € F, we have both 0£(s) — 0E(s) € 2Zr and
oB(s) — s € 2Zn. Thus ok (s) — s € 2Zm, which implies (iii).

For (iii)=-(i), take any s € E. We have o£(s) € DL by the assumption and
the fact that ok (s) € F. So (05)%(s) — oL(s) € 2Zn. Note that s € DL. We
get (0£)2(s) — s € 2Zn. Hence s € DE(2). By Theorem 2.5 we have (UL)? €

Cg (D, T). O
Let E and F be two wavelet sets. If (UL)? = I, then (E, F) is called an
interpolation pair. In this case the inverse Fourier transform \/LQ—W(GX g+ ibxr) is

always a wavelet when a and b are real numbers such that a? 4+ b2 = 1. This can be
generalized to function coefficient cases (see [DL]). If (E, F') is an interpolation
pair, then DL = DE since oL = oE. Conversely, if DL = DE, then by (vii)
of Lemma 2.3, (ii) of Corollary 2.4 and Corollary 2.6, we have UL, UE (UE)? €

Cp(D,T). We ask:
Question. Does DE = DII? imply (U};)Q = J?

Multiresolution analysis (MRA) developed by Mallat [Ma] and Meyer [Méd] is
an important tool in constructing orthogonal wavelets and in applications such as
signal and image processing. Recall that a multiresolution analysis (MRA) is a
sequence {V; : j € Z} of closed subspaces of L?(R) satisfying:

(1) V; C Vi1, j €2,

2) Nyez Vi = {0}, Uyea Vs = LA(R),

(38) feVjifandonlyif Df € Vj11, j €Z,
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INTERPOLATION OPERATORS 281

(4) there is a scaling function ¢ € Vj such that {T;¢ : ¢ € Z} forms an orthonor-
mal basis for Vj.

It is known (cf. [Dau|) that there is an orthonormal wavelet ¢ in V; ©V;, which is
called an MRA wavelet associated with (V;). Not every wavelet is an MRA wavelet.
A wavelet set F is called an MRA wavelet set if the corresponding wavelet is an

MRA wavelet. It is easy to check (cf. [HW]) that E is an MRA wavelet set if and
only if B := J;7 , 27™E is 2r-congruent to [0, 27). The connection between MRA
wavelet sets and the interpolation operators is given by the following result:

Theorem 2.7. Suppose that E is an MRA wavelet set. Then F is an MRA wavelet
set if one of the following equivalent conditions is true:

(1) UE € Cp(D,T),

(2) (UE)? € Cp(D,T).

Proof. By Corollary 2.4(ii) and Corollary 2.6, (1) and (2) are equivalent.

Assume that (1) (or equivalently (2)) holds. By the characterization of an MRA
wavelet set, we first need to show that | J, ., (F** + 2nm) = R. Since E is an MRA
wavelet set, {E® 4 2nm : n € Z} forms a partition of R. So it suffices to show that
27 € Unez(F° + 2nm) for every x € E and for all integer j > 1. Fix » € E and
let k be the unique integer such that 2¥z € F.

If k > 0, then clearly 277z = 2-0U+k) (2kz) € F* since 2F2 € F and j + &k > 0.

Now assume that k is negative and write k = —I with [ > 0. Since U} €
Cr(D,T), then, by Corollary 2.4(ii), we have F C Dk. Hence ok (27'z) — 27 lx =
2mm for some m € Z. Let o£(x) = x + 2nm € F. Then

27l + 2mr = ok (27'2) = 270 E () = 27 (z + 2nm).

This implies that n = 2'm.

There are two cases. Case (a): If j > I, then 2772 = 2=U=0z27ly € F* since
j—1>0and 27!z € F. Case (b): If 1 <j <1, then 277n € Z since we know that
27'n =m € Z. Thus 2792 = 279 (x + 2n7) — 2(279n)7 € U,y (F* + 2im) since we
know that z + 2nm € F and 277n € Z.

Therefore we have covered all the cases and hence 277 € ;5 (F* 4 2im) for all
r € F and all integers j > 0. Therefore |J,,c,(F* + 2n7m) 2 U,z (E° + 2n7) = R.
This implies that there exists a subset of F'¥ which is 27-congruent to [0,27) (cf.
[Hanl]). Note that F'® has measure 27r. Thus F® is 27-congruent to [0, 27) which
implies that F' is an MRA wavelet set. O

In general we have the following;:

Theorem 2.8. Let E be an MRA wavelet set. Then a wavelet set F s also an
MRA wavelet set if and only if (R\ DE) ~2r (R\ DE).

Proof. Since E* =J;_, 2B, R =, ez F and Df = Uyes Uns k) 2" Ek, it follows
that £*\ DE = R\ DL. Similarly for F, F*\ DE = R\ DE. We also have

E* = (B°\Dg)U(Dg\ | 2°E),

n>0

F* = (F*\DE)U(DE\ | ] 2"F).

n>0
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Now suppose that both E and F' are MRA wavelet sets. Then E® ~o [0,27) ~

F*. By (vi) of Lemma 2.3,

(DEN\ (J 2"E) ~a2x (DEN | 27F).

n>0 n>0

Thus we have (E* \ DE) ~o, (F¥\ DE).

Conversely, suppose that R\ Dg ~or R\ DI]?: . Then E® ~o, F* follows from

(Dg \ UnZO 2"E) ~or (DE \ UnZO 2"F).

The following is an immediate corollary of Theorem 2.8 or Theorem 2.7.

Theorem 2.9. If DL = DE | then E is an MRA wavelet set if and only if F is. In

particular, this is true when (E,F') is an interpolation pair.

The following example shows that UL may not be in Cp(ﬁ, T) for some sub-

frame sets E and F.

Example. Let E = [27,47) and let F = [-37, —2F) U[Z,7) and

G:[_57_1)U[WaZ)U[IaQW)U[7a3W)U[ 4 2)U[67Ta

T T 51 T 57 13_7r 7_7r 13_7r

Then F' and G are wavelet sets (see [DL]). A simple calculation shows that

s —A4m, s € [27r,577r),
F —
op(s) = s — 2, s € [5%,37&,
s — 6, s € [3m,4m),
and
F = n o™ = n o™ n
D= 2'kr 50U 2[5 3m) u (U 2B, 4m)
n=-—1 n=0 n=0
o
= [, —) U[27m, 00)
4
Similarly, we have
s+ 6, s € [-3m, —2m),
3
oE(s) = s+4m, s € [—277,—%),
s+ 2m, s €=, m),
and
37 3 s
E _ il o2 z
DF_( 00, 2)U[ , 4) [2500)

Thus by Theorem 2.2 we have UL, UE ¢ Cq(D,T) and UL ¢ Cp(D,T), but

they both belong to Cr(D,T). So UE is a non-unitary isometry in C(
the property that (UF)* is not in Cr(D,T).
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Now let K = [—4m, —2m). Similarly we have

s+ 2m, s € [—47r,—777r],
Frg) = 7
Tk (s) = s+ 4m, s€ [—;,—?m),
s, s € [-3m, —27),
and
F fm 3w n
D = (~o0,—2m) U [, - Ty u (| 2[-37, ~2m),
n<0
3 m

,00) U (U 2" [—3m, —2m)).
n<0
Thus EN f(qb C ng and ENF =F C Dﬁf, which implies by Theorem 2.2 that
UE and UK also belong to Cg(D,T).
Note that USUE + UEUE = I, and UE, UK have orthogonal ranges. Therefore
CE(ﬁ, T) contains the generators and their adjoints for the Cuntz algebra Os.

U[Z

We conclude this paper by extending Theorem 5.2 in [DL] to the sub-frame set
case. The proof is similar to that in [DL] and is left to the interested reader.

Theorem 2.10. Let EAanAd F be sub—fn}mg sets. Thep: R
(1) UE normalizes {D, T}, ie. UE{D,TYUE c {D,T};
(ii) if E # F, then UL ¢ {D,T}".

Corollary 2.11. If F is a sub-frame set, then CE(ﬁ,T) is nonabelian.

Proof. Choose any sub-frame set F' such thaAt F r~on E and E 7% F. Then, by
Corollary 2.4 and Theorem 2.10, UL € Cg(D,T) and UL ¢ {D,T}". Note that

Cg(D,T) > {D,T}. We obtain that C(D,T) is not abelian. O
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